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Introduction 


Let E be a p-adic field and let ae be the complement of all E-rational hy- 
perplanes in the projective space P?-!. This is a rigid-analytic space over 
E equipped with an action of GLg(£). Drinfeld [Dr 2] has constructed a 
system of unramified coverings Q4 of Q¢ to which the action of GLa(Z) is 
lifted. These covering spaces are interesting for at least two reasons. Firstly, 
these spaces can be used to p-adically uniformize the rigid-analytic spaces 
corresponding to Shimura varieties associated to certain unitary groups. 
This uniformization looks formally very similar to the complex uniformiza- 
tion by the open unit ball which gives rise to these Shimura varieties. Sec- 
ondly, Drinfeld conjectured that the adic cohomology groups with compact 
supports H (0G @g E,Qz), £# p, give a realization of all supercuspidal 
representations of GLg(E) which would give a construction of these repre- 
sentations analogous to the construction of the discrete series representa- 
tions of semi-simple Lie groups through L?-cohomology (Griffiths, Schmid, 
Langlands, ...). 


In the present work we generalize Drinfeld’s construction to other p-adic 
groups. This construction is based on the moduli theory of p-divisible 
groups of a fixed isogeny type. The moduli spaces obtained in this way 
are formal schemes over the ring of integers Og whose generic fibres yield 
rigid-analytic spaces generalizing 2%. The covering spaces are then ob- 
tained by trivializing the Tate modules of the universal p-divisible groups 
over these formal schemes. Furthermore, we show how these spaces may be 
used to uniformize (an open part of !, see below) the rigid-analytic spaces 
associated to general Shimura varieties. We will also exhibit a rigid-analytic 
period map from the covering spaces to one of the p-adic symmetric spaces 
associated to the p-adic group. 


Vil 
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Before describing in some more detail our main results we sketch the back- 
ground of the problems considered here and our motivation. The subject 
of p-adic uniformization starts with the paper of Mumford [M2] which was 
inspired by Tate’s work on the uniformization of elliptic curves with mul- 
tiplicative reduction over a discretely valued field. In this paper Mumford 
introduced the one-dimensional formal scheme era and showed that an al- 
gebraic curve with completely split reduction over SpecOg is uniformized 
by a suitable subset of 22,. Cherednik [Ch] discovered that Shimura curves 
associated to quaternion algebras which ramify at the prime p admit a p- 
adic uniformization in the sense of Mumford by the whole of ‘Te Drinfeld 
[Dr2] subsequently gave an algebro-geometric proof using the moduli the- 
ory of p-divisible groups. In his paper Drinfeld formulates for any d > 2 
a moduli problem of p-divisible groups and shows that it is representable 
by the formal scheme of, a higher-dimensional analogue of Mumford’s for- 
mal scheme which had been introduced by Deligne and Mustafin [Mu]. For 
higher-dimensional Shimura varieties a p-adic uniformization by of is pos- 
sible only in rare cases, comp. theorem IV below (comp. (6.50), cf. also 
[R1]). For instance, the naive hope that if the group giving rise to the 
Shimura variety is anisotropic at the place p one should have uniformiza- 
tion at the places of the Shimura field lying above p turns out to be quite 
false, as was first observed by Langlands [La]. Indeed, the special fibre of 
the Shimura variety usually is not totally degenerate, comp. [Z1], [R1]. 
A closely related observation is that there may be infinitely many isogeny 
classes in the special fibre. This explains why our theorem III below which 
applies to a general Shimura variety exhibits a uniformization only of the 
tubular neighbourhood of a fixed isogeny class. 


Another motivation for us was Drinfeld’s conjecture on the ¢-adic coho- 
mology groups of Og. This conjecture was made more precise by Carayol 
[Ca]. His version also involves an action of the multiplicative group of 
the division algebra D with center FE and invariant 1/d on the covering 
space ik It roughly states that the resulting action of the triple prod- 
uct We x D* x GLa(E), where Wg denotes the Weil group of EF, is a 
Langlands correspondence. There recently has been a flurry of activity con- 
cerning this conjecture (we mention the work of H. Carayol, of G. Faltings, 
of A. Genestier and of M. Harris). Carayol [Ca] also pointed out that a sim- 
ilar conjecture can be made in the case where the Drinfeld moduli problem 
is replaced by the formal deformation problem of Lubin and Tate. Shortly 
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after Kottwitz formulated a very elegant recipe for such correspondences 
for arbitrary reductive p-adic groups, cf. [R2], §5. From this point of view 
our construction of the covering spaces yields the rigid-analytic spaces for 
which his recipe should describe their ¢-adic cohomology. The conjecture of 
Kottwitz is the analogue in this purely local context of the global problem 
of determining the reciprocity laws describing the correspondence between 
automorphic representations and ¢-adic representations of Galois groups of 
number fields defined by Shimura varieties [Ko2]. 


The third motivation for us was to elucidate in this context the role of 
p-adic period morphisms. This subject starts with Dwork’s investigation 
(comp. [Kal]) of the formal deformation space of an ordinary elliptic curve 
(comp. also [Ka 3], [DI]). His period morphism 7 maps the open unit disc 
D to the affine line A’ and is given by the famous formula z*(r) = log q 
where g = J'+ 1 in terms of the coordinates rT on A! resp. T on D. It de- 
scribes the variation of the Hodge filtration of the deformed elliptic curve. 
Grothendieck [Gr2] introduced a new point of view through his rigidity the- 
orem for p-divisible groups up to isogeny. The rigid-analytic point of view 
(which was present in Dwork’s original work) was re-introduced by Gross 
and Hopkins [HG2] when they defined a period mapping in the case of the 
formal deformation space of a supersingular elliptic curve. Their period 
morphism maps the open unit disc to the projective line. Although it can- 
not be expressed in terms of elementary functions, a great deal is known 
about it, comp. [HG2], [Yu]. In the general case the period morphism maps 
one of our covering spaces to a Grassmann variety and describes the varia- 
tion of the Hodge filtration induced by the universal p-divisible group. Our 
construction of it is closest in spirit to Grothendieck’s approach. In addi- 
tion, the question of determining the image of a period morphism touches 
on one of the fundamental open problems in the domain of p-adic cohomol- 
ogy, namely the conjectures of Fontaine [Fo2]. They constitute the p-adic 
analogue of Riemann’s theorem characterizing the classical periods coming 
from abelian varieties. Assuming his conjectures to hold it turns out that 
the image is a p-adic symmetric space, either in the more elementary sense 
as defined by Fontaine’s condition, or as defined by van der Put and Voskuil 
[PV] through geometric invariant theory (they are identical, as proved by 
Totaro). 

We will now give an overview of our main results. We will first describe the 
moduli problems of p-divisible groups and the representability theorem which 
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yields the formal schemes generalizing Q4, above. Next we will describe the 
covering spaces and the rigid-analytic period morphism. Finally we shall 
explain our non-archimedean uniformization theorems for Shimura varieties. 


To formulate our representability theorem we introduce some notations. We 
fix a prime number p. If O is a complete discrete valuation ring of unequal 
characteristic (0,p) we denote by Nilpo the category of locally noetherian 
schemes S over Spec O such that the ideal sheaf p- Os is locally nilpotent. 
We denote by S the closed subscheme defined by p-Ogs. A locally noetherian 
formal scheme over Spf O will be identified with the set-valued functor on 
Nilpo it defines. A morphism 4 — Y of formal schemes is called locally 
formally of finite type if the induced morphism Areq — Vrea between their 
underlying reduced schemes of definition is locally of finite type. 

In what follows we call a quasi-isogeny between p-—divisible groups X and Y 
over a scheme S € Nilpz, an isogeny multiplied by a power of 1/p. 

The moduli problems of p—divisible groups which we want to consider are 
of two types. The type (EL) will parametrize p—divisible groups with 
endomorphisms and with level structures within a fixed isogeny class. The 
type (PEL) will parametrize p—divisible groups with polarizations, endomor- 
phisms and level structures within a fixed isogeny class. The moduli prob- 
lems depend on certain rational and integral data which we now formulate 
in both cases in a simplified form where the level structures are absent. Let 
L be an algebraically closed field of characteristic p and let W(L) be its ring 
of Witt vectors. Let Ko = Ko(L) = W(L) @z Q and let o be the Frobenius 
automorphism of Ko. 


Case (EL): The rational data consists of a 4-tuple (B,V,6,), where B 
is a finite-dimensional semi-simple algebra over Q, and V a finite left 
B-module. Let G = GLp(V) (algebraic group over Q,). Then 6 is an 
element of G(Ko). The final datum yp is a homomorphism G, — Gx 
defined over a finite extension K of Kp. Let V @q, K = @V; be the 
corresponding eigenspace decomposition and Vi = Bis; V; the associ- 
ated decreasing filtration. We require that the filtered isocrystal over K, 
(V Gq, Ko, b(id@a), Vf), is the filtered isocrystal associated to a p-divisible 
group over SpecOx ([Gr1], [Fol], [Me]). The integral data consists of a 
maximal order Og in B and an Og-lattice A in V. 


Case (PEL): In this case we assume p # 2. The rational data are given by a 
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6-tuple (B,*,V,(, ),b,u). Here B and V are as before. Furthermore, B is 
endowed with an anti-involution + and V is endowed with a non-degenerate 
alternating bilinear form (, ) : V @q, V — Q, such that 


(dv, v') =(v,d*v'), de B. 


The remaining data are as before relative to the algebraic group G over Qp 
whose values in a Q,-algebra R are 


G(R) = {9 € GLa(V @R); (gv, gv’) =c(g)(v, v), e(g) € RX}. 


We require that the rational data define the filtered isocrystal associated to 
a p-divisible group over Spec Ox endowed with a polarization (= symmetric 
isogeny to its dual). The integral data are as before. We assume that Og is 
stable under * and that A is self-dual with respect to the alternating form 


(,). 


In either case let E be the field of definition of the conjugacy class of p, a 
finite extension of Q, contained in kK. Let E = E.Ko, with ring of integers 
Oj. The representability theorem in rough outline may then be formulated 
as follows (3.25). 


Theorem I We fiz data of type (EL) or (PEL). Let X be a p-divisible 
group with action of Og over SpecL with associated isocrystal isomorphic 
to (V@q, Ko,b(id ®c)). In the case (PEL) we endow X with a Op- 
polarization defined by the alternating form on V @q, Ko. We consider the 
functor M on Nilpo, which associates to S the set of isomorphism classes 
of the following data. 


1.) A p-divisible group X over S with Op-action. 
2.) An Op-quasi-isogeny @: X X speck S=>X x58. 


These data are required to satisfy the following conditions. 


(i) We have deto,(d; LieX) = detx(d; Vg/Vgx) as polynominal functions 
ind € B (Kottwitz condition [Ko3]). 

(ii) Let M(X) be the Lie algebra of the universal extension of X. Then 
locally on S there is an Og-tsomorphism M(X) ~ A @z Os. 

(iii) In the case (PEL) there exists an isomorphism p: X — XY into the 
dual p-divisible group such that @60>po@: X XSpecL S — X Xspeck S 
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differs from the quasi-isogeny induced by the fired Op -polarization on X by 
a constant in QY. 

The functor M is representable by a formal scheme locally formally of finite 
type over Spf Oj. 

This representability theorem is more general than Drinfeld’s but it is also 
less precise in that it does not identify the formal scheme M. In fact we 
know very little about M in the most general case, not even about its local 
structure. For instance, we do not know if M is flat over Spf Oj, although 
this has been proved in numerous special cases ([CN1], [CN2], [DP], [dJ1], 
(R.1], [St], [Z1]). We reduce here this conjecture to the corresponding state- 
ment on the local model of our moduli problem ((3.26)). Namely, we define 
an explicit closed subscheme M'* of a finite product of Grassmannian vari- 
eties over Spec Op such that M is locally for the étale topology isomorphic 
to the completion of M!** along a closed subscheme (this generalizes and 
makes more precise a concept introduced in [R1], cf. also [dJ1], [DP]). We 
hope that the conjecture is of interest in commutative algebra. 

The above representability theorem is reduced by standard techniques to 
the universal case. In the proof of the universal case we have to allow the 
field ZL appearing above to be an arbitrary perfect field of characteristic 
p. A p-divisible group over LD is called decent ((2.13.)) if the Ao-vector 
space underlying its isocrystal (NV, F) is generated by elements n satisfying 
an equation F*n = pn for some integers r and s > 0. If L is algebraically 
closed any p-divisible group is decent. The definition of decency is implicit 
in Kottwitz [Kol], comp. (1.8). Using this concept the representability 
theorem in the universal case may be formulated as follows (2.16). 


Theorem II Let X be a decent p-divisible group over Spec L. We consider 
the functor on Nilpwcr) which associates to S € Nilpwyzy the set of iso- 
morphism classes of pairs (X, @) consisting of a p-divisible group X over S 
and a quasi-isogeny 0: X X Speck SX xs 8 of p-divisible groups over S. 
This functor ts representable by a formal scheme locally formally of finite 
type over Spf W(L). 


Just as in Drinfeld’s case, the moduli problem appearing here is not of 
the type usually considered in algebraic geometry, hence we cannot directly 
apply standard methods. We ultimately use a finiteness theorem in the 
Bruhat-Tits building of GL, (2.18) which seems interesting in its own right. 
Before turning to the next circle of ideas we mention that the formal scheme 


INTRODUCTION Xill 


M associated to the moduli problem of type (EL) or (PEL) comes with ad- 
ditional structure. To the pair (G, b) there is associated (1.12) the algebraic 
group J over Q, with points in a Q,-algebra R 


J(R) = {9 € G(R @q, Ko); o(g) = b= gb}. 


The group J(Q,) of quasi-isogenies of X acts on the left of M, via 


g -(X,@) oe: (x, 200). 


The formal scheme M can be broken up into a disjoint sum of open and 
closed formal subschemes as follows. Let A be the abelian group dual to 
the group of Q,-rational characters of G. The group J(Q,) acts on A by 
translations. There is a canonical J(Q,)-equivariant map x : M—A 
(3.52). In essence, the morphism x associates to an S—valued point (X, g) 
of M the height of g. It is not clear to us under which conditions the fibres 
of x are connected. (A similar question may be asked in the rigid—analytic 
context, cf. below). We also remark that the formal scheme M depends 
only on the equivalence class (3.18) of the data of type (EL) or (PEL). We 
finally mention that M is equipped with a natural Weil descent datum from 
Spf Ox to Spf Og (3.48), i.e. an isomorphism 


a:M—M’. 


Here r € Gal(E/E) is the relative Frobenius automorphism. Although this 
descent datum is not effective, it becomes effective after suitably complet- 
ing M: a suitable completion of M can be written in a canonical way as 
M spf Og Spf O for a pro-formal scheme M over Spf Og (3.51). This 
will be used in the uniformization theorems below. 


We next turn to the rigid-analytic aspects of the situation. We continue 
with the formal scheme M associated to our moduli problem of f type (EL) or 
(PEL). Let M4 be its associated rigid—analytic space over E (its generic 
fibre). It should be pointed out that, contrary to what happens in Drinfeld’s 
case, the formal scheme M may not be p-adic, ie. pO 44 May not be an 
ideal of definition. (Indeed, we believe that Drinfeld’s moduli problem and 
trivial variants of it are the only ones yielding a p-adic formal scheme but 
we were unable to prove something along these lines.) Therefore Raynaud’ 5 
construction of the associated rigid space no longer applies. That M should 
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still have a generic fibre was suggested to us by the paper of Gross and Hop- 
kins [HG2]; it turned out that this construction had occurred simultaneously 
for somewhat different reasons in work of Berthelot [Ber]. With hindsight, 
the generic fibre of a formal scheme may be interpreted in a very natural 
framework in terms of Huber’s adic spaces [Hu]. 

The flatness conjecture alluded to above would imply that M9 is non- 
empty. Using now level structures on the universal p-divisible group over 
M we may imitate the procedure of Drinfeld to construct a tower of non— 
trivial étale coverings of M”#9 (5.34). If the algebraic group G is connected 
(this excludes the orthogonal groups), the covering group of this tower is 
G(Q,) which acts through Hecke correspondences, and commutes with the 
action of J(Q,) which is lifted from M9 to the tower of coverings. For 
the layers in the tower {Mx; K Cc G(Q,)} which correspond to parahoric 
subgroups K C G(Q,) we have models as formal schemes Mx defined by 
moduli problems of p-divisible groups. All we have said about M remains 
valid for Mx. That the covering group is G(Q,) is due to the following 
observation (5.33). Let (X,@) be a point of M over the formal spectrum 
of a complete discrete valuation ring of unequal characteristic. Then the 
rational p-adic Tate module of the generic fibre of X, is isomorphic to 
V, where the isomorphism respects the structures of B-modules and the 
alternating bilinear forms of both spaces. When G is no longer connected 
we obtain coverings whose covering group is an inner form of G. The general 
problem of determining the rational p-adic Tate module of the generic fibre 
of a p-divisible group over the ring of integers of a p-adic field in terms of 
its filtered isocrystal has been solved to a large degree by Fontaine [Fo2], 
but important questions remain unsettled, cf. (1.20). 

The next ingredient of the rigid—analytic picture is the period morphism 
(5.16) 


Here 7? = x"*9 is derived from the morphism of formal schemes introduced 


above, and F = F X Spec B Spec E is the homogeneous projective algebraic 
variety under G» defined by the conjugacy class of the one-parameter sub- 
group #t. The definition of the first component 7! of the period morphism 
is based on the observation that, if (X,@) denotes the universal object over 
M, there is a canonical isomorphism 
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V @aQ, PS = M(Xaq) QO y ee 


This is essentially merely a re-interpretation of Grothendieck’s rigidity the- 
orem for crystalline Dieudonné theory up to isogeny but the new feature 
here, the passage to the rigid category, originates with the paper of Gross 
and Hopkins mentioned above. The first example of such a period mor- 
phism is due to Dwork (comp.[Kal]), in the context of abelian varieties 
with ordinary reduction ((3.80) and (5.51)). 

The period morphism 7 is étale (5.17) and J(Q,)-equivariant. Furthermore, 
at least if G is connected, the fibre of * through a point may be identified 
with G(Q,)'/Ka where G(Q,)! is the group of points of G(Q,) where the 
values of all Q,-rational characters of G are units and where Ka is the 
subgroup which fixes the lattice A. Something similar holds for the period 
morphism induced on the tower of coverings mentioned above ((5.37)). In 
Drinfeld’s example, the first component of the period morphism coincides 
with the inclusion of 24 in P4~!. The proof of this comparison result (5.47) 
was communicated to us by Faltings. 

The question of the image of the period morphism, or rather of its first com- 
ponent 7, leads directly to the concept of a p-adic symmetric space (or a 
p-adic period domain). Namely, by a conjecture of Fontaine, this image is 
described by the weakly admissible points in F (5.28). Here a point z of 
F(K ) is called weakly admissible if for every Q,-rational representation 
(V, a) of G the filtered isocrystal (V @q, Ko, (6) - (idv @@), Fg) over K, 
where F$ is the filtration of V @q, K defined by z, is weakly admissible 
[Fo2]. It is easy to see (1.36) that the set F”* of weakly admissible points 
in F is a rigid—analytic admissible open subset of F* stable under the 
action of J(Q,). The admissible open subsets of generalized flag varieties 
obtained in this way from a triple (G, b, {u}) where G is a connected reduc- 
tive group over Q,, where b € G(Ko) and where {y} is a conjugacy class 
of one-parameter subgroups of G, are called p-adic symmetric spaces. It 
turns out that, as proved by Totaro in response to a conjecture in a first 
version of our paper, this definition gives the same spaces as the definition 
in terms of geometric invariant theory due to van der Put and Voskuil [PV] 
(comp.(1.51)). (However, it should be pointed out that these spaces do not 
in general satisfy the axioms imposed on p-adic symmetric spaces in [PV], 
as these authors prove themselves in loc. cit. ). Summarizing this part of 


xvi INTRODUCTION 


our paper, it may be said that the system of é:ale coverings of MM? bears 
many resemblances to the tower of varieties over a number field defined 
in the theory of Shimura varieties, and this analogy seems to go quite far 
(comp. [R2]}). In fact, we conjecture ((1.37), cf. also (5.53)) that there is a 
rigid-analytic space (F“*)’ mapping in an étale and bijective way to F“", 
and a local system in Q,-vector spaces over (F““)' with typical fibre V 
such that Mx is the space of level structures of level A’ of this local system. 
It was pointed out by de Jong that (F“*)' may not be isomorphic to F““. 


We finally turn to the description of the non-archimedean uniformization 
theorems for Shimura varieties. We slightly change our notations. Let 
B be a finite-dimensional algebra over Q equipped with a positive anti- 
involution *. Let V be a finite B-module with a non-degenerate alternating 
bilinear form (, ) with values in Q satisfying the identity appearing in the 
description of the case PEL above. We define the algebraic group G over 
Q in complete analogy with the case (PEL). Let A: RescsyrnGm — Gr be 
such that (G, A) satisfies the axioms of Deligne defining a Shimura variety 
over the Shimura field E C C. We fix an order Og of B such that Op Q Zp 
is a maximal order of B Qq Q, stable under *, and a self-dual Og Qz Zp- 
lattice A in V QQ Qp. We fix an open compact subgroup C? C G(A4). Let 
Q be the field of algebraic numbers in C and fix an embedding v : Q => Os 
We denote by the same symbol the corresponding place of E above p and 
let E, the completion of F in v. 

These data define a moduli problem of PEL-type parametrizing triples 
(A, \, 7?) consisting of a Og-abelian variety, a Q-homogeneous principal 
Og-polarization and a C?-level structure and which is representable by a 
quasi-projective scheme Ac» over Spec On, (cf. §6 for details). Let Cy be 
the fix group of A in G(Q,) and C = C?.Cy. The Shimura variety SA(G, A)e 
is contained as an open and closed subscheme in the generic fibre of Ac». 
We take for L the algebraic closure of the residue field of Ox,. We fix a 
point (Ao, Ao, 7) of Ace (L). Let No be the isocrystal associated to Ap. We 
fix an isomorphism No ~ V ®q, Ko which respects the actions of B © Ko 
and the alternating bilinear forms on both sides. This allows us to write 
the Frobenius operator on No as (id @ @), with 6 E G( Ko). Let M be the 
(pro-) formal scheme over Spf Ox, associated to the data of type (PEL), 
(BOQp,*, VOQp,(, ), 6, 4, OpQZy, A). It is acted on by the group J(Q»). 
Here j: denotes a l—parameter subgroup of G defined over a finite extension 
K of Ko in the conjugacy class defined by h. The methods employed to 
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relate M and the local model M!** may be used to show that locally for 
the étale topology Ac» is isomorphic to M!®°. The formulation of one 
uniformization theorem is as follows (6.30). 


Theorem III Assume that (Ao, Ao, Nh) 1s basic, t.e. the corresponding ele- 
ment b € G(Ko) ts basic [Kol]. Then 

(i) The set of points (A,r,7) of Acr(L) such that (A, A) is isogenous to 
(Ao, Ao) ts a closed subset Z of Ac». 

(ii) Let Acr;z denote the formal completion of Ac» along Z. There is an 
tsomorphism of formal schemes over Spf Org,, 


T(Q) \[M x G(A5)/C?] = Acrjz. 


Here I is an inner form of G such that I(Q) is the group of quasi-isogenies 
of (Ao, Ao), which acts diagonally through suitable natural embeddings of 
groups, 


1(Q) — J(Qp), I(Q) — G(A}). 


The source of this tsomorphism 1s a finite disjoint sum of formal schemes of 
the form T\M, where T C J(Q,) is a discrete subgroup which is cocompact 
modulo center. 


Heuristically, Z should be thought of as an isogeny class in Ac»(L) which 
is the most supersingular. In the Siegel case (principally polarized abelian 
varieties with level structure prime to p) the subscheme Z is the supersin- 
gular locus. It may be conjectured that such isogeny classes always exist 
in the special fibre. The above uniformization theorem for formal schemes 
implies a corresponding rigid—analytic uniformization theorem, cf. (6.36). 
This represents an admissible open subset of the rigid—analytic variety over 
E, associated to the Shimura variety Sh(G,h)c (the tubular neighbour- 
hood of Z) as the finite disjoint sum of quotients of M5, resp. of one of its 
coverings, by a discrete subgroup of a p-adic group. In this rigid~analytic 
version the open compact subgroup CC G(Ay,) is completely arbitrary. 

We prove in fact a uniformization theorem even for non—basic isogeny classes 
but since these do not form in general a closed subset the formulation is more 
technical. Indeed, we prove this more general but somewhat formal version 
first (6.24) and then deduce the above theorem from it. In the deduction we 
use the fact that Tate’s theorem on endomorphism of abelian varieties over 
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a finite field becomes extremely simple in the basic case, as well as results of 
Katz [Ka2] on the constancy of isocrystals over a complete discrete valuation 
ring (these are also behind the results of [RR] which are used here as well). 
In general the set of points in a basic isogeny class makes up only a small 
part of the special fibre of a Shimura variety. (This supports the earlier 
statement that most often the formal schemes M described above are not 
p-adic). There are, however, examples of Shimura varieties where the points 
in the special fibre form one basic isogeny class in which case we obtain 
a p-adic uniformization theorem (6.50). As explained above we believe 
that it is not simply coincidental that the uniformizing formal scheme is in 
these cases one of Deligne’s formal schemes 2 (or products of them). We 
content ourselves with stating the following special case of such a p-adic 
uniformization theorem which generalizes a result in [R1]. 


Theorem IV In the above notation we assume that B is a division algebra 
over Q and that the involution « ts of the second kind, 1.e. induces a non- 
trivial automorphism of its center K. We further assume that the B-module 
V is of rank 1. Let F denote the field of invariants under + in K. We assume 
that there ts precisely one prime ideal p above p in F and that p = q-q 
splits in K. We assume that 


IVa BR: = od/d 
InvgB = —l1/d. 


Let ® C Hom(K,Q) be the unique CM-type of K such that vo y defines 
the place q of K for allpe€®. For any y € ® there ts an isomorphism 


B OK C~ M,(C) 


such that the tensor product of * with complex conjugation becomes the in- 
volution X +'X. We may write V @x,4 C = C2 @ C4 in such a way that 
the action of Ma(C) is via the first factor and such that 


(21 ®Wi, Z2 @ We) = Trejr('Z1 Ze - Wi - Hp We) 
and where 


Hy = diag (-V-1,...,-V-1; V=1,..., V—1). 


INTRODUCTION xix 


Let ry be the number of places where —\/—1 appears in Hy. Let Jp: VOxy 
C + V@xK,oC be the endomorphism given by idga @Hy, andlet J=@Q a ; 
V@R—V OR. The homomorphism h : RescjrnGm — Gr defining the 
Shimura variety Sh(G,h) is defined by the condition that h(r) forr € R* 
acts on Vp by multiplication by r and h(/—1) acts as J. 

We fiz an element a € ® and assume that 


Use as Sl 
LY es 0, pe ®\ {a}. 


Let Cp C G(Qp) be the unique mazimal compact subgroup and let CP C 
G(A‘) be a sufficiently small open compact subgroup and put C = C?.C,. 
Then there is a model Shc of the Shimura variety of level C over On, 
which ts open and closed in Acr and there is an equivariant isomorphism 
of p-adic formal schemes 


1(Q) \ (Q, spr on, SPf Op,) x G(As)/C ~ ShE x5pp On, SPf Op, 


Here Sh& denotes the completion of Shc along its special fibre. Furthermore 
I(Q) ts the group of Q-rational points of an inner form of G such that 
I(Qp) = {(a,b) € GLa(Fp) x GLa(Fp)??; ab € Qp} and with I(AG) ~ 
G(A}). We used a to identify Fp with E,. The natural descent datum on 
the right hand side induces on the left hand side the natural descent datum 
on the first factor multiplied with the action of 


a -1 ,f 0 
ath Ay ap Ue «RS is 


on G(As)/C. Here II is a uniformizing element of Dg and f ts the index 
of inertia of Fp. 

The rigid —analytic version of this theorem represents the Shimura variety 
Shc as a finite disjoint sum of quotients of one of Drinfeld’s covering spaces 
of om by a discrete cocompact subgroup of J(Q,). The rigid-analytic 
version is also considered in [V]. 

This concludes our brief description of the subject matter of this paper. 
We refer to the report [R2] for further remarks on general p-adic period 
domains and their cohomology. 


We now describe briefly the contents of the various chapters. Section 1 
besides defining the p-adic symmetric spaces assembles various facts about 
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(filtered) isocrystals. We point out in particular our conjecture (1.20) on 
the Fontaine functor which we prove in a special case by an extension of 
an argument of Kottwitz. We also mention that the present formulation 
of the Harder—Narasimhan filtration in this context is due to Faltings and 
is an improvement on our first version. This chapter also contains various 
examples which are considered again in later parts of the manuscript from 
other points of view. These various examples are (in our opinion) fun but 
they also form the backbones of the theory. Section 2 is devoted to the 
proof of the representability theorem in the absolute case. In chapter 3 
we formulate the moduli problems and prove their representability. We 
also construct the local models M!®° mentioned above. In the appendix 
to chapter 3 we prove the existence of normal forms for polarized chains 
of lattices over a general base scheme. This existence theorem is more or 
less standard when the base is a complete discrete valuation ring (Bruhat- 
Tits theory) but we were unable to find it in this form in the literature. 
In chapter 4 which may be omitted at a first reading we define the Hecke 
correspondences on the formal schemes of chapter 3. In chapter 5 we treat 
the rigid—analytic aspects of the situation and in chapter 6 we prove the 
uniformization theorems for Shimura varieties. 
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gestation of this work (our main results were presented at the Oberwolfach 
meeting on arithmetic algebraic geometry in July 1992). It is a pleasure 
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giving us generous advice on rigid—analytic geometry. We furthermore thank 
J. de Jong for his careful reading of parts of the manuscript and his many 
suggestions. We are thankful for helpful discussions to M. Aschbacher, J.-F. 
Boutot, P. Deligne, J.-M. Fontaine, M. Harris, G. Laumon, W. Messing, A. 
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2 ng sere: 


Period Spaces for p-divisible Groups 


1. p-adic symmetric 
domains 


The aim of this chapter is to introduce the p-adic symmetric domains and 
to discuss the conjectural local systems on them. In chapter 5 we will show 
that in many cases the p-adic symmetric domains are the conjectural image 
of the pertod morphism. In addition, we introduce the concept of a decent 
isocrystal, cf. (1.8). 


1.1 We first recall some concepts of o-linear algebra. Let L be a perfect field 
of characteristic p. Let W(L) be its ring of Witt vector and Ko = Ko(L) = 
W(L)gq its fraction field. We denote by o the Frobenius automorphism. An 
isocrystal over L is a finite-dimensional Ko—vector space V equipped with a 
bijective o—linear endomorphism ®. The dimension of V is called the hezght 
of the isocrystal. The isocrystals over L form in an obvious way a Q,-linear 
category. Let L be algebraically closed. Then the category of isocrystals 
over L is a noetherian, artinian semi-simple abelian category. Its simple 
objects are parametrized by the elements of Q. To A € Q,A =r/s, (r,s) = 
1,s > 0 (r,s € Z) there corresponds the simple object 


0° 241 
Ex =( a ea -o) 
p 0 


and D, = End(£)) is a division algebra with center Q, and invariant —1. 
If (V, ®) is an isocrystal we will write 


v=On 


3 


4 CHAPTER 1 


for its isotypical or slope decomposition. 

Over an arbitrary perfect field L, the category of isocrystals is no longer 
semi-simple, but the isotypical decomposition continues to hold, compatible 
with base change L — L’, [Z2]. An isocrystal (V,®) over L is isotypical iff 
there are integers r,s with s > 0 and a W(L)-lattice M in V such that 


®'(M) = p'M. 


There is an obvious variant of these concepts where instead of a o-linear 
endomorphism one considers a o’~—linear endomorphism, for r # 0 fixed. 


1.2 Let L be a perfect field of characteristic p. Let Ko = Ko(L) and let K 
be a finite extension of Ko. A filtered isocrystal over K (Fontaine uses the 
name "filtered module” [Fo2] - neither terminology is very good, ours not 
since these are not filtered objects in the category of isocrystals) is given 
by an isocrystal (V,®) over L and a decreasing filtration F* on the K- 
vector space V @x, K such that #” = (0) and F* = V @x, K for suitable 
r,s € Z. The filtered isocrystals over K form a Q-linear category with @ 
and internal Hom. It is an exact category, but not an abelian category. An 
admissible monomorphism (V,®, F°), also called a subobject, is given by a 
subvector space V’ which is ®-stable, for which V’ @x, K is equipped with 
the induced filtration. 


1.3 A filtered isocrystal (V,®, F*) over K is called weakly admissible ([Fo2], 
§4) if for every subobject (V’, ®’, F’*) we have 


ei -dim gr¢(V’ @x, K) < ordpdet(®’) 


and if for (V’,®’, F’*) = (V,®,F*) we have equality in this relation. It 
is known that the full subcategory of weakly admissible filtered isocrystals 
over K is an abelian category which is closed under extensions and under 
passage to the dual object. A theorem of Faltings ({Fal], comp. also [TT]), 
proving a conjecture of Fontaine [Fo2], 5.2.6, states that it is closed under 
®. If K C K’, the obvious base change functor from the category of filtered 
isocrystals over K into the category of filtered isocrystals over K’ preserves 
the corresponding subcategories of weakly admissible objects. We shall 
need to analyze how a filtered isocrystal can fail to be weakly admissible, 
by introducing the analogue of the Harder—Narasimhan filtration. 
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Let (V,®, F*) £0 be a filtered isocrystal over K. We define its H N- slope 


WV) = pV, ©, F*) = Li dim ar-(V Oxe K) ~ ordpdet() 
er dim V 


In analogy with Mumford’s definition for vector bundles over a curve we 
call (V, ®, F*) semi-stable if for every subobject (V’, ®’, F’*) # (0) we have 


u(V’) < w(V). 


Therefore, (V,®,F*) is weakly admissible if and only if it is semi-stable 
and u(V) = 0. The following proposition is the analogue of the canonical 
filtration of Harder—Narasimhan—Quillen—Tjurin in the context of vector 
bundles. The proof of this proposition is almost word — for — word the same 
({HN]), the main point being that for a morphism of filtered isocrystals 
V’ — V which induces an isomorphism of the underlying vector spaces we 
have p(V’) < p(V), and will therefore be omitted. 


Proposition 1.4 (Faltings) Let V = (V,®, F°) be a filtered isocrystal over 
K. Then V possesses a unique decreasing filtration by subobjects V* para- 
metrized by Q, called its canonical filtration, with the following property.. 
re jee Oa VF. Ifyet ZV, then V%/V% is semi-stable of HN- 
slope a. 

Furthermore, tf V® g V, then 


B(V*) > WV). 


In particular, V is semi-stable if and only if its associated canonical filtra- 
tion is trivial. 

Remarks 1.5 (i) It is obvious that any morphism of filtered isocrystals 
over K is strictly compatible with the canonical filtrations. The canonical] 
filtration is also compatible with passage to the dual and with the formation 
of the tensor product of two filtered isocrystals. This last fact follows from 
the theorem of Faltings mentioned above. 

(ii) We recall the definition of the Tate object 1(n), n € Z. In the context 
of isocrystals, 


1(n) a (Ko, p’a). 
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In the context of filtered isocrystals over K, we filter 1(n) such that 


K : 
Fil'(1(n)) = { ‘) ae 


A Tate twist of a (filtered) isocrystal V is defined as 
Vin) = V @1(n). 
It is obvious that p(V(n)) = p(V). 


1.6 We also recall Fontaine’s functors. Let Z be a perfect field of character- 
istic p. Let Kp = Ko(Z) and let K be a finite extension of Kp. We denote by 
B.rys Fontaine's crystalline period field ([Fo3]). It is a Kp-algebra, equipped 
with a continuous action of Gal(K/K), a c-linear endomorphism and with 
a filtration of the A-algebra B.-y; @x, K- A p-adic Galois representation 
U of Gal( K/K) is called crystalline if the dimension of the Ko—vector space 


G(U) = (U ®q, Berys)OM™*!®) 


is equal to the dimension of U. From B.-y; the Ko-vector space G(U) 
inherits the structure of a filtered isocrystal relative to the extension K/Ko. 
Fontaine has shown [Fo2] that the functor G induces a fully faithful exact @- 
functor from the category of crystalline Galois representations of Gal(K/K) 
to a full subcategory of the category of weakly admissible filtered isocrystals 
over K. An object of the essential image over G is called admissible. We 
denote by F Fontaine’s quasi-inverse @-functor to G from the category of 
admissible filtered isocrystals over K to the category of crystalline Galois 
representations, 


F(V) = (Fil?(V @x, Berys))*. 


1.7 Let G be a linear algebraic group over Q,. Let L be a perfect field of 
characteristic p and Ko = Ko(Z) and let 


b € G( Ko). 


Then to any Q,-rational representation V of G we associate an isocrystal 
over L, 
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(V @ Ko, b(id@o)). 


In this way we obtain an exact @-functor from the category REP(G) of 
finite-dimensional rational representations of G over Q, to the category of 
isocrystals over L. Let g € G( Ko) and put 


b' =g bo(g)'. 


Then multiplication by g defines an isomorphism between the @-functor 
associated to b and the @-functor associated to b’. If L is algebraically 
closed and G is connected we use the notation B(G) to denote the set of 
o-conjugacy classes of G( Kg) (cf. [Kol]). The fact that L does not appear 
in this notation is justified by proposition (1.16) below. 

We denote by D the algebraic torus over Q,, whose character group is Q. 
Kottwitz [Kol] associates to b a morphism of algebraic groups defined over 
Ko, 


v:D—Gkx,. 


We will call this the slope morphism. If V is a Q,-rational representation 
of G, the morphism v defines a Q-grading on the vector space V @ Ko. The 
morphism v is characterized by the property that this grading is the slope 
decomposition of the isocrystal associated to b and V. We say that 1€ Q 
is a slope of V, if the isotypic component of slope 4 is not equal to zero. 
The property that » is a slope of V does not depend on the choice of b in 
the o-conjugacy class b. 

The group Q” acts on D, since it acts on the character group Q. For s € Q* 
we use the notation sv for the composite D —+ D —+ G. Let D — Gy, be 
the projection to the multiplicative group induced by the inclusion of the 
character groups Z C Q. Then for a suitable s the morphism sv factors 
through this projection, 

sv: Gm — G. 


Since both sides of the slope morphism are defined over Q, the conjugate 
vy” by the Frobenius morphism is defined. We have the formula: 


by?b-1 =v. 
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To check this we may replace v by sv. Then it is enough to check that for 
a € Gm(Ko) we have: 


bo(sv(o~'a))b~* = sv(a) 


We interpret both sides as endomorphisms of V ® Ko. Let ® = ba be the 
Frobenius on V @ Ko. Then the assertion is: 


Osv(o—'a) = sv(a)®. 
This is obvious if we restrict to an isotypic component. 


Definition 1.8 We call a o-conjugacy class b in G(Ko) decent if there 
exists an element b € b such that for some natural number s: 


(bo)*° = sv(p)o*. 


We suppose here that sy factors through a morphism G,, — G, which is 
also denoted by sv. The identity is between elements of the semi-—direct 
product G(Ko)™ <o >. We will call 6 a decent element in b and the above 
equation a decency equation for b. 


Corollary 1.9 Assume that b is decent, and that b and s are from the 
definition (1.8). Then b € G(Qps), and v is defined over Qps. 


Here Q,s denotes the unramified extension of degree s of Qp. 


Proof: Let us first prove the second assertion. We set 6, = ba(b)...0°—1(0). 
Then we get from the formula above 


o*7—1 
bet <b =, 


By definition of decent we have b, = sv(p). Inserting this in the equation 
above we get the desired v”’ = v. 
To prove the first assertion we consider the equation: 


(bo)* (bo) = (bo)(bo)’. 


We obtain sv(p)o*bo = bosv(p)o*. Taking into account that sv(p) com- 
mutes with bo, the assertion follows. 
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Corollary 1.10 Let b;,b2 € b which satisfy a decency equation for the same 
integer s. Then the elements b; and bz are o-conjugate in G(KoN Qp:). 


Proof: There is an element g € G(Ko), such that by = gb,o(g~!) and 
V2 = g\g~1. The decency equations for b; and by are: 


(bic) =svi(p)o*,  — g(b17)*g~* = gsr (p)g7 0°. 


Comparing these equations we see that g commutes with o*, so that g € 


G( Keri Q,:): 


1.11 Let b be a decent o-conjugacy class and let b € 6 be decent. Then 
b € G(Q,:) defines for every Q,—rational representation V of G an isocrystal 
over the field L; = Fp» ML. The corollary (1.10) says that this isocrystal 
only depends on b, up to isomorphism. Its base change under L, — L is 
(V @ Ko, be ). 

Assume that G is connected and that L is algebraically closed. Then by 
Kottwitz [Kol] any o—conjugacy class is decent. 


Proposition 1.12 Let L a perfect field of characteristic p, and b € 
G(W(L)q). Then the following functor on the category of Q,-algebras is 
representable by a smooth affine group scheme over Qp, 


J(R) = {9 € G(R @aq, W(L)aq); g(bc) = (ba) g}. 


Assume that b € G(W(L’)q), where L’ is an algebraically closed subfield of 
L. We denote by J’ the corresponding functor defined with L’. Then the 
canonical morphism J' — J is an tsomorphism. 


For the proof we need a lemma. 
Lemma 1.13 Let V be a finite dimensional vector space over W(L)q. As- 


sume we are given a o*-linear isomorphism ¢ : N — N, where s ts some 
nonzero integer. Then the functor on the category of Q,-algebras 


F(R) ={n€N @q, RB; o(n) =n} 


is representable by an affine space over Qp. 
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Proof: Choosing a basis of the Q,—vector space R, we see that 


F(R) = N* qa, R. 


Here N*% denotes the invariants of ¢. Hence the assertion is that N® is a 
finite dimensional Q,-vector space. To see this we may assume that L is 
algebraically closed and then apply a theorem of Dieudonné (e.g. [Z2] 6.29), 
which tells us that the dimension of N® over Q, is the dimension of the 
part of slope zero of V over W(L)q. This proves the lemma. 


Let us assume for a moment that LD is algebraically closed. Let L’”’ be a field 
extension of L. Then the argument of the proof shows that the functor F” 
defined by NV @w(z)qg W(L")q and the o*-linear operator ¢ @ o* coincides 
with F. 


Proof of proposition (1.12): We choose an embedding G C GL(V). We 
denote by B the endomorphism of V induced by b. We consider the following 
functor: 


F(R) = {9 € EndV @W(L)Qg @R; Bo'gB = a(g)} 


By the lemma above, applied to the o-linear map Bo(g)B™', it is repre- 
sentable. 

More precisely there is a finite-dimensional Q,-subspace W C EndV @ 
W(L)q, such that F(R) = W @ R. We choose a basis Aj,..., Am of W, 
where the A; are endomorphisms of V with coefficients in W(L)q. Hence 
we have an identification of F' with an affine space: 


(r1,...,%m) E R™ Hr Ay +...+1rmAm. 


Let {f;} be the equations of the subset G in GL(V). Then the subfunctor 
J C F is given by the following conditions: 
i=m 


am rj A;) = 0, rey r;A;) - 0 
i=1 t=1 


Using a basis of W(L)q over Q,, we may rewrite these conditions in terms 
of polynomials in r1,..., 7m with coefficients in Q,. Hence J is a locally 
closed subfunctor of F’. 

Finally, if the coefficients of B lie in W(L’), then we have remarked that the 
functor F' does not change if we replace L by L'. Then J does not change 
because it is defined inside F by the same conditions for L and L’. | 
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Corollary 1.14 In the notation of proposition (1.12), assume that b satis- 
fies a decency equation of the form 


(bo)° = sv(p)o* 


(cf. (1.8)), where sv factors through a homomorphism Gm — G which is 
also denoted by sv and which is defined over Qp:. Then J is an inner form 
of the centralizer Gsy(p), a Levi subgroup of Case: 


Proof: By the decency equation bo defines a 1—-cocycle of the adjoint group 
(Gsv(p))ad(Qps). Hence 


J'(R) = {9 € Gsvp)(R ®Q, Qp*); g(b) = (bo) g} 


defines an inner form of G,,,p). It remains to be checked that any element 
in J(R) lies in J’(R). For this it is enough to remark that an element in 
J(R) commutes with sv(p) (cf. (1.9)). By the decency equation it therefore 
commutes with o°*. 


Remark 1.15 Let G be a connected reductive group and let L be al- 
gebraically closed. By Kottwitz [Kol] the following conditions on b € 
G(W(L)q) are equivalent: 


(i) The slope homomorphism v factors through the center of G. 


(ii) The element 6 is o—conjugate to an element in T(W(L)q) where T is 
an elliptic maximal torus of G. 


(iii) The algebraic group J of (1.12) is an inner form of G. 


In this case the element b respectively its class b € B(G) is called basic. 
Proposition (1.12) admits the following variant. 


Proposition 1.16 Let b; and bz be two elements of G(W(L)q). Consider 
the functor 


J(R) = {9 € G(R ®q, W(L)a); g(bic) = (b20)g}- 


Then this functor is representable by a smooth affine scheme over Qp. As- 
sume that b;,b2 € G(W(L’)q), where L’ is an algebraically closed subfield 
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of L and let J' be the corresponding functor. Then the canonical morphism 
J' — J is an isomorphism. 

In particular the map from the set of o-conjugacy classes in G(W(L’)q) 
to the set of a-conjugacy classes in G(W(L)q) ts injective. The map ts 
bijective if both L and L' are algebraically closed and G 1s connected. 


Proof: Indeed, the surjectivity part of the last assertion follows from (1.9) 
since by Kottwitz every o—conjugacy class is decent, if G is connected and 
L algebraically closed. 


1.17 Let Ko be the fraction field of the Witt vectors of an algebraically 
closed field L. Let K be a finite extension of Ko. Let G be an algebraic 
group over Q,. Let us consider a cocharacter 


pb: Gm—oG 
defined over K, and an element 
bE G(Ko). 


Then to any Q,-rational representation V of G we have associated a filtered 
isocrystal 
I(V) =(V ® Ko, bo, Vi), (1.1) 


where the filtration Vj is given by the weight spaces Vx; with respect to 
El: 


Vi = OQ Vij. (1,2) 


j2i 


Definition 1.18 Let G be a reductive group. We call the pair (1, b) admis- 
sible, if one of the following equivalent conditions is fullfilled: 


(i) For any Q,-rational representation V of G the filtered tsocrystal Z(V) 
is admissible. 


(ii) There is a faithful Qp-rational representation of G, such that T(V) ts 
admissible. 
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We make the same definition for weakly admissible. 


Proof: If V is a faithful representation, then any Q,-rational representation 
appears as a direct summand of V®" @ V®™. Hence the equivalence of the 
conditions follows from the following facts (Fontaine [Fo2]). A direct sum of 
filtered isocrystals is admissible, iff each summand is admissible. A tensor 
product of admissible filtered isocrystals is admissible. The same is true for 
weakly admissible filtered isocrystals, but the last fact is then a theorem of 
Faltings (cf. (1.3)). O 


1.19 Let (jy, b) be an admissible pair in a reductive algebraic group G. Con- 
sider Fontaine’s functor ¥ from the category of admissible filtered isocrys- 
tals over K to the category of crystalline representations of the Galois group 
Gal(K/K). We denote by F, the composite of F with the natural forget- 
ful functor to the category of finite-dimensional Q,-vector spaces. Let 
REP(G) be the category of finite dimensional rational representations of G 
over Q,. Then the composite of F, with the functor (1.1) defines a fibre 
functor 


F, oT : REP(G) — (Q, — vector spaces). 


Let Ver be the standard fibre functor. Then Hom(Ver,F,Z) is a right 
torsor under the group G and hence defines a cohomology class: 


cls(u, b) € H1(Q,, G). 


We have a conjecture to compute this cohomology class in the case that 
G is a connected reductive group, as follows. Denote by G the connected 
component of the L-group of G. We denote the center by Z(G). Let T 
be the group Gal(Q,/Q,). Then Kottwitz [Ko2] defines a commutative 


diagram: 


H1(Qp,G) B(G) 
X*(Z(G)¥ ) tor X*(Z(G)*). 
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The left vertical arrow is an isomorphism. 


Proposition 1.20 Assume that the derived group of the connected reduc- 
tive group G is simply connected. Let (1,6) be an admissible pair. The 
cocharacter yt defines in a canonical way a character of Z(G). We denote 
its restriction to Z(G)" by pt. Then we have: 


cls(,b) = «(b) — pl. 
Here we consider the left hand side as an element of X*(Z(G)E,,,. 


We conjecture that this proposition holds without the assumption that the 
derived group is simply connected. It shows that for a fixed b the invariant 
cls(yz, b) depends only on the conjugacy class of y, if it is defined. 

Before proving proposition (1.20) we note that for a torus T over Q, all 
admissible pairs may be described in an elementary way: 


Proposition 1.21 The following conditions for a pair (1,6) with respect to 
the torus T are equivalent: 


(1) (u,b) ts weakly admissible 


(it) —v is orthogonal to all Q,-rational characters of T. Here we view 
v as an element of X(T) @Q. 


(12) For any Qp-rational character y of T, we have 


ord, x(6) =<. ><. 
(iv) (u,b) is admissible. 


Proof: Clearly the conditions (ii) and (iii) are equivalent. The first condition 
implies the third. Indeed, let V be the one-dimensional representation given 
by x. Then the isocrystal N = (V @ Ko, bc) is isotypic of slope ordp(x(b)). 
The only non zero weight space of Vx is Vx,; for j =< x, p>. 
Next we have to show that (ili) implies (i). Let V be an irreducible repre- 
sentation of T. Let 

Fh a B Ne 


a€Q 
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be the decomposition of the associated isocrystal into isotypic components. 
We need to verify: 


do adim Ng = S > idim Vx, (1.3) 


The characters of T appearing in Vx form an orbit under the Galois group 
Gal(Q,/Q,). Let x be a particular character of this orbit and Nmy be the 
product of elements of this orbit. Clearly the right hand side of (1,3) is 


SS the Naw, a> 
x/€orbit 


Assume that sv factors through G,,. Then the left hand side of (1.3) is 


. > idim Wy; , 


where W; C Vg, is the weight space with respect to sv. But since Va, = 
@x’ the last expression is equal to 


1 
ie aye < Niny é 
x! 


Since Nm y is rational over Q, this proves the claim. 

It remains to be shown that Z(V) is semistable. We may take 6 to be 
decent and Ko = W(F,)q for some finite field, cf (1.9). We consider the 
Harder—Narasimhan filtration of Z(V). If Z(V) is not semistable we have 
a subisocrystal M C N belonging to this filtration with H N-slope strictly 
bigger than zero. But by the uniqueness of the H N-filtration M is T(Q,)- 
invariant. Since T(Q,) C T(Ko) is Zariski dense, we get that M is T(Ko)- 
invariant and in particular bM = M. On the other hand boM = M since 
M is asubisocrystal. Therefore 7M = M, i.e. M is defined over Q,. From 
the irreducibility of V we get the contradiction M = N. 

Finally we show that the first three conditions of the proposition are equiva- 
lent to (u,b) being admissible. Our argument follows that of Kottwitz [Ko3] 
§12. We fix a finite Galois extension F of Q,, such that the torus T splits 
over F. Then p is defined over F and we get a map: 


FX — T(F) =3 T(Q). 
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By local class field theory its restriction to the units in F defines a p-adic 
representation V(j) of Gal(Ko/KoF) on V. This representation is crys- 
talline and hence the image of some admissible filtered isocrystal N(V(j)) = 
(N, ®, Fil) under the functor F. The filtration of V is given over the com- 
posite K = F'Ko. ‘ 
One can give an explicit description of the isocrystal N(V()). Let 6, be 
the image of y under the map (Kottwitz [Kol]): 


X,(T) — BT). 


Lemma 1.22 Let b, € b,. Denote by Zy5,(V) the isocrystal associated by 
(1.17) to the pair (ut, b,). Then the image of this isocrystal by the Fontaine 
functor is V(p), 


F (Ly, (V)) = V(x). 


Proof of lemma (1.22): The functor V + N is a fibre functor on the tan- 
nakian category REP(T) over Ko. We may choose an isomorphism of fibre 
functors 


N= YV @ Ko: 


By Kottwitz this isomorphism may be taken in such a way that it maps the 
Frobenius ® to 6,0. We claim that the filtration on V @ K induced by this 
isomorphism is the filtration given by p. 

Indeed, the isomorphism above defines a filtration of the category REP x (T), 
which is independent of the choice of that isomorphism. The filtration is 
given by a unique cocharacter p’ € X,(T). 

Let us consider the category of tori over Q, that split over F. Then the 
assignment p++ py’ is an automorphism of the functor T ++ X,(T). We have 
to show that this automorphism is the identity. But the functor X,(T) 
is represented by the torus Resr/q,Gm,r and its universal cocharacter 
Huniv. The elements r € Gal(F/Q,) define in a natural way characters 
Xr of Resrjq,Gm,r. This is a basis. We denote the dual basis for the 
cocharacters by A,. Then Ay = Muni» is the universal cocharacter. 

The p-adic representation associated to the representation V = F of the 
torus Resr/q, Gm,r and the cocharacter 4; is isomorphic to the rational 
Tate module of the Lubin—Tate formal group associated to F, by the main 
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theorem of formal complex multiplication ([Se]). As a representation of 
Resrjq,Gm,r the isocrystal of the Lubin—-Tate formal group is a direct 
sum of the characters y;. By definition of the Lubin—Tate formal group 
the Lie algebra corresponds to y;. Hence the filtration defined by the Lie 
algebra is given by A,. This proves the equality univ = Lini,- By the 
universality we get our lemma. O 
Hence we have shown that the pair (1, b,,) is admissible. We are now able 
to prove the proposition (1.20) for tori. We have an exact sequence: 


i H*(Gal(QP"/Q,), T(Q?")) — B(T) — X,(T)r @Q 1. 


Since 6 and b, have the same image p in X,(T)r @ Q, their o-conjugacy 
classes differ by a cocycle t,, which is defined over a finite unramified ex- 
tension L of Qp. 

Hence we have for a suitable choice of 6, in its o—-conjugacy class that 
b=t,b,. 

We set (V @ L)'*? = W. Then we have an equality of filtered isocrystals 


(V @ Ko, tcb, ©, Fil) = (W © Ko, b, @o, Fil). 


Since we know that the right hand side is the filtered isocrystal associated 
to the crystalline representation W(j), it follows that (jy, 6) is admissible. 
Moreover we have an isomorphism of functors: 


FI(V) = W(u). 


Especially the proposition (1.20) holds for T. O 


From this proposition (1.20) follows in the general case. Indeed, let D be 
the quotient of G by the derived group G?". Since the cohomology of Ger 


vanishes we get an injection 
H*(Qp, GC) H*(Qp, D). 


Hence cls(j, b) is uniquely determined by the image of (4,6) in D. Since we 
know the proposition for D, the proof is finished. O 


Definition 1.23 Let G be a connected reductive group. We fiz a fintte 
extension K of W(L)q. We call two pairs (u,b) and (u’, b’) equivalent, 
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iff there is an element g € G(Ko) such that b! = gbo(g)~* and such that 
the cocharacters pi’ and gug~' define the same filtration on the category 
REP(G) (compare Milne [Mz]). 


One checks easily that two pairs are equivalent, iff the corresponding func- 
tors Z,,4 and Z,,y/ are isomorphic. 


Definition 1.24 We call a pair (u,b) special, iff there is a subtorus T of 
G, which is defined over Q,, such that there ts a pair (p’,b’) equivalent to 
(u,b) with the property that y’ factors through T and b' € T(Ko) and that 
(u1',b’) is an admissible pair with respect to T. 


A special pair is admissible. The proposition (1.20) holds for a special pair, 
since it holds for the torus JT. We have a weak assertion of existence of 


special pairs: 


Proposition 1.25 Assume that G is a connected reductive group. Let (pu, 6) 
be a weakly admissible pair in G, such that b is basic. Then there is a 
cocharacter p! in the G(K)- conjugacy class of such that (y’,b) is special. 


Proof: By Kottwitz [Kol] there is an elliptic maximal torus T over Q, in 
G, such that the o —conjugacy class of b is in the image of the map 


B(T) —» B(G). 


Changing (1,5) in its equivalence class, we may assume that b € T(Ko). 
Choose a p’ in the conjugacy class of yz, that factors through T. 

Let again denote by D the factor group of G by the derived group. The 
image of (j:’,b) in D is weakly admissible since it coincides with the image 
of (44, b). Since the groups of cocharacters that are defined over Q, of T’ and 
D coincide up to torsion, it follows from the proposition (1.20) that (y’, 6) 
is admissible for T. 


1.26 We also mention the following compatibility of our conjecture for the 
connected reductive group G and an inner form which was pointed out to 
us by J. de Jong. We assume that G is connected and fix a cohomology 
class n € H'(Q,,G). By Steinberg’s theorem we may represent 7 by an 
unramified cocycle @ ++ gg, go € G(Ko). Let G’ be the inner form of G 
defined by the image of this cocycle in the adjoint group. Hence we have 
an identification 
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Ge Gx 
Also, the cocycle defines a tensor equivalence 
REP(G) — REP(G’), 


such that the fiber functors of both tensor categories over Ko are the same 
under the identification of Gx, with G'x,. 

An admissible pair (j,b) for G defines an admissible pair (yu, b’) for G’ as 
follows. The functor Z corresponding to (1,6) defines by composing with 
the tensor equivalence above a functor Z’ from REP(G’) into the category 
of admissible filtered isocrystals over K. The composition with the obvious 
tensor functor into the category of Ko—vector spaces is the standard fibre 
functor over Ko and hence 7’ is given by a unique pair (p/’, b’). It is easy to 
see that under the identification of Gx, with G,, we have 


b= bet, yw! =p. 

Since G’ is an inner form of G there is a canonical identification 

X*(Z(G)P) = X*(Z(G")"). 
It induces an identification (comp. diagram before (1.20)) 

(Oy G)= H*(Qp, G"). 
Lemma 1.27 Under the above identification we have 

cls(p’, 6) cls(p, b) — 7 

K(b')— pt = w(b)—pl—n. 


Proof: By definition cls(j’, b’) measures the difference between the standard 


fibre functor Ver’ on REP(G’) and F, oT’, and similarly for cls(u, 6). The 
first assertion follows since 7 measures the difference between Ver and Ver". 


The definition of « ([Ko2]) implies 


K(b') = K(b) — 7. 


Since obviously pi = p!, the second assertion follows. O 
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We therefore see that our conjectures for G and for G’ are equivalent; by 
choosing 7) suitably we may assume in proving it that cls(y’, b’) = 0. Using 
this remark J. de Jong has checked our conjecture in some cases where the 
derived group of G is not simply—connected. 


1.28 We can make our conjecture explicit in the example of the special 
orthogonal group. Since this group (which is semi-simple) is not simply 
connected this case is not covered by proposition (1.20) and in fact we 
cannot prove our conjecture in this case. Let F be a finite extension of Q, 
and let V be a quadratic space over F’, i.e. a finite F—vector space with a 
non-degenerate symmetric F-bilinear form. Let G be the special orthogonal 
group of V, considered as an algebraic group over Q, by restriction of 
scalars from F to Q,. Then H!(Q,,G) ~ Z/2 classifies the isomorphism 
classes of quadratic spaces over F' of the same dimension and with the same 
discriminant as V. Let (,6) be an admissible pair and let V’ = F,Z(V) 
be the associated quadratic space over F’. An explicit way of describing the 
cohomology class cls(u, b) € H'(Qp, G) is as follows. Let w(V), resp. w(V") 
be the Witt invariant of V resp. V’ (take any of the various definitions to 
be found in the literature). Then 


cls(u, b) = w(V’) — w(V) € Z/2. 


Therefore, our conjecture in this case may be considered as a formula for 
the Witt invariant of V’. This formula is as follows. To p corresponds its 
class yp! € Z/2 which is trivial or non-trivial according as to whether s lifts 
to the spin group or not. Similarly, we associate to b the trivial resp. the 
nontrivial element of Z/2 according as to whether b may be lifted to the 
spin group G(Ko) or not. Our conjecture then states that 


w(V') = w(V) + (x(b) = pt). 


1.29 It is also interesting to consider certain non—connected groups. As a 
representative example we consider the orthogonal groups. We retain the 
previous notations, except that we denote now by G the orthogonal group 
of the quadratic space V. Now H'(Q,, G) classifies the isomorphism classes 
of quadratic spaces over F' of the same dimension as V. There is a bijection 


H}(Qp,G) = Z/2@ FX /F*? 
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which associates to a quadratic space V’ of the same dimension as V the 
differences of the Witt invariants and of the discriminants of V and V’. 
This decomposition is a splitting of the short exact sequence induced on 
cohomology 


0 — H*(Q,, G°) — H*(Q,,G) — H'(F, 2/2) — 0. 


Here G®° denotes the connected component of the identity, the special or- 
thogonal group. Let (1,6) be an admissible pair and let V’ be the corre- 
sponding quadratic space over F'. We wish to define an analogue of the right 
hand side of proposition (1.20). Since yw factors through G®, the invariant 
u! € Z/2 is defined. We consider p! as an element of H!(Q,, G) with trivial 
component in F*/F*?. 

We now define the component of «(b) in F*/F'*?. On the maximal exterior 
power A™®*V we have an induced symmetric F-bilinear form, 


(,): A™™*V @r A™™V — F. 


Since (det b)o commutes with the action of F it is easy to see that there is 
a generator w € A™*V @q, Ko with 


(detb)o(w) = w. 


Then (w, w) € F @q, Ko is invariant under id @¢, i.e. defines an element of 
F*. Its image in F*/F*? is independent of the choice of w. The difference 
between this element and the discriminant of V is the component of «(b) in 
F*/F*?. To define the component of «(b) in Z/2 we distinguish two cases. 


First case: dim V even. In this case there is a surjective homomorphism 
G( Ko) —> G(Ko) 


where G denotes the Clifford group of V (Bourbaki, Algébre IX, §9). If 
b € G(Ko) is any lifting of b, the component of «(b) in Z/2 is defined as 


ord, Nmr/q, (SNm(b)) € Z/2. 


Here SNm(b) € F @ Ko denotes the spinor norm of b, of which we take its 
norm Nm p7/q, down to Ko. (In loc.cit. the spinor norm is only defined on a 
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subgroup of G(Ko); however, when dim V is even, the definition given there 
extends to all of G(Ko).) 


Second case: dim V odd. In this case G is the direct product of G° and 
its center Z, 


G=G°x Z. 


This decomposition induces in this case the above decomposition of H! 
(Q,,G). If b = 6°. z with 6° € G°(Ko) and z € Z(Ko), then «(b°) € Z/2 is 
defined and may be considered as an element of H'(Q,,G), and z defines 
an unramified cocycle with class «(z) in H1(Q,,Z) = F*/F*? which we 
also consider as an element of H!(Q,,G). We put «(b) = «(b°) + K(z). It 
is easy to see that this element has the component in F* /F%*? described 
earlier in general. 


We now conjecture that again, with these definitions, 


cls(y, 6) = «(b) — wp! € H*(Q,,G). 
The following fact is well-known and easy to prove. 


Proposition 1.30 (Fontaine, Messing, Ogus): The images of cls(u,b) and 
of «(b) — p! in FX/F*? coicide. 


In terms of the generator w of (A™**V) @ Ko above this proposition states 
that (w, w) is the discriminant of V’. 

Another case of interest is the case of the group of orthogonal similitudes 
(with similitude factor in F'™ or in Q*). In this case we do not even have a 
conjectural description of cls(1, b) (except under special hypotheses), much 
less a proof. 


1.31 Let G be an algebraic group over Q,. We fix a conjugacy class of 
cocharacters 


HL: Gm — G. 


To fix ideas we consider the cocharacters defined over subfields of the com- 
pletion Cy of a fixed algebraic closure Q, of Qp. Let E be the field of 
definition of the conjugacy class. Then FE is a finite extension of Qp con- 
tained in Q,. It is a local analogue of the Shimura field. 
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Two cocharacters will be considered equivalent if they define the same filtra- 
tion on the category REP(G). The equivalence classes of cocharacters form 
(the C,—valued points) of a projective algebraic variety F defined over E,a 
partial flag variety. Let V be a Q,-rational faithful representation of G. To 
the cocharacter js defined over K we associate the filtration Fi(V) = Vi. 
given by the weight spaces Vx; with respect to p, cf. (1.2). This filtra- 
tion only depends on the equivalence class of yz and this defines a closed 
immersion of F into a flag variety of V, 


F — Flag(V) Sq, E. 


Here the points with values in a Q,—algebra R of Flag(V) are the filtrations 
of F* of V @ R by R-submodules, which are direct summands, and such 
that rk F* = dim V}. The variety F is a homogeneous space under the 
algebraic group Gg. Our next aim will be to construct rigid—analytic subsets 
of Fx =F Qe E. Here we denote by E=EK)= EKo(F>) the completion 
of the maximal unramified extension of FE. 


1.32 We will first give a general method of construction of a rigid—analytic 
structure on certain subsets of projective algebraic varieties. Let F' be a 
locally compact discretely valued field and let C, be the completion of an 
algebraic closure of F. For z € P”(C,) we will denote by Z a unimodular 
representative, 1.e. 


ei lal 75) [2;| = 1, atleast oned;.7-=0,...., 1. 


Such a representative is unique up to a unit in Cy. Let X C P”, TC P™ 
be projective schemes defined over F. Let K be a subfield of C, which is 
complete in its induced topology and which contains F’. Let 


HC(XxT)@pK 


be a closed subscheme. Let H: C X be the fibre through te T(F). We 
wish to put the structure of an admissible open subset (in the sense of 
the Grothendieck topology) of the rigid—analytic space over K underlying 
X(C,) on the set 


Ce) Sh: 


teT(F) 
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We imitate the procedure of [SS], §1. Represent 1 as the common zero set 
of a finite set. of bi-homogeneous polynomials with integral coefficients, 


fey STS oe Oe 
The real-valued function on X(C,) x T(Cp) 


(x,t) > |fa(#,t)| 


is independent of the choice of unimodular representatives of x and t respec- 
tively and will be denoted by |fa(z,t)|. For « > 0 and t € T(F) consider 
the tubular neighbourhood of H;, 


Hi(e) = {2 € X(C);|fa(z,t)| <€, a € A}. 


Let ¢ and ¢’ be unimodular representatives of points t and t’ in T(F). We 
use the triangular inequality 


fa(#, t’)| < max{|fa(2, t’) = {ADE |fa(#, t)|}. 


Observing that the coefficients of f,4 and the coordinates of % are integral it 
follows that for « > 0 there exists 6 > 0 such that for ||t/—¢|] < 6 (maximum 
norm) we have 


lfa(#,t’) — fa(#,#)| < eie. 
Hz: (€) G Hy (e). 


Using the fact that the set of unimodular representatives in F™+1 \ {0} of 
T(F) is compact we therefore deduce the following lemma. 


Lemma 1.33 For every € > 0 there exists a finite subset S C T(F) with 


LU (6) = LU 4.(0). 


teT(F) tes 


p-ADIC SYMMETRIC DOMAINS 25 


Proposition 1.34 For every « > 0, 


X(Cp) \Fi(e), t € T(F) 


ts an admissible open subset of XK hence so is also 


X_ = X(Cp) \ U H:(€), 
t€T(F) 


a finite intersection of subsets of the previous kind. On X(Cp)\ Urercry H: 
there is a structure of admissible open subset of Xx (considered as a rigid 
space over K ) characterized by the fact that for any sequence €, > €)...— 0 
the covering 


we Chek Guns, 
ts an admissible covering. 


Proof: For the first assertion it suffices to establish the following fact. Let 
fa(Xo0,.--,Xn),a@ € A, be a finite set of homogeneous polynomials. Then 
the subset of P”, 


{x € P”;|fa(x)| > €, some a} 


is an admissible open. This follows easily from the fact that fori =0,...,n 
the intersection of this set with the set of points c € P”(C,) where the 
unimodular representative % satisfies |Z;| = 1 is obviously isomorphic to the 
following admissible open subset of the closed polydisc in A”: 


Lo zL x; 5 Lo Ly 

{B..- PalZ <1,j=0,...,n|fx(—,--,=—)l>6 some a € A}. 
Ly Li ry iy Li 

The argument also shows that for €; > €2... 0 


X(Cp) \ Hi(e:),i =1,2,... 


is an admissible open covering of X \H;. To show the second assertion, let 
f :Y — Xx be a morphism of an affinoid variety Y into Xx such that 
f(Y) C X(Cp) \ Utercry Ht. We have to see that f factors through X¢, 
for suitable i. But by the above remark, for every t € T(/’) there exists a 
minimal i(t) such that . 
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f(¥) C X(Cp) \ He(€iy)- 


By the remarks preceding lemma (1.33) the function ¢ + i(t) is continuous. 
Since T'(F’) is compact it follows that it assumes its maximum, which proves 
the assertion. O 


1.35 Let G be an algebraic group over Q,. We fix a conjugacy class of 
cocharacters 6 : Gm — G and the corresponding flag variety F over E, 
cf. (1.31). Let Ko = W(Fp)q and fix an element 6 € G(Ko). Let K bea 
finite extension of F and let F « € F(K) be a point corresponding to the 
cocharacter pp. Then Fy will be called weakly admissible (with respect to 6) if 
the pair (1, 6) is weakly admissible, cf. (1.18) (this condition is independent 
of the representative ys of F,,). We denote by F’*(K) = Fy'*(K) the set of 
weakly admissible filtrations. Let J = J, be the algebraic group associated 
to b, cf. (1.12). Then J(Q,) C G(Ko) and hence operates on F(K). This 
operation preserves F,'“(K). In what follows we again sometimes take the 
naive point of view identifying F with the set of its C,—valued points. We 
denote by F.Qp+ the join. 


Proposition 1.36 (i) Let b € G(Ko). The set of weakly admissible fil- 
trations with respect to b in F has a natural structure of an admissible 
open rigid-analytic subset of F @g EB. If b’ = gbo(g)-, g € G(Ko), then 
Faye eae Bet | = F}-1,,4 induces an isomorphism between the weakly ad- 
missible subset corresponding to b and the weakly admissible subset corre- 
sponding to b’. 

(ii) Let b be a decent o-conjugacy class in G(Ko) and let b € b be a decent el- 
ement, satisfying a decency equation with the integer s > 0 (cf.(1.8)). Then 
the subset of weakly admissible filtrations in F(C,) with respect to 6b has 
a natural structure of an admissible open rigid-analytic subset defined over 
E.Qp:. If b' €b satisfies a decency equation with the same integer s, then 
any g € G(Qp+) with b’ = gbo(g)-! (cf.(1.9)) induces via F* + g-1(F*) 
an isomorphism defined over E.Qp+ between the corresponding admissible 
open subsets of F @p Ey. 


Proof: We first prove (ii). Let V be a faithful Q,-rational representation 
of G. The set of conditions on F* € F(K) to be weakly admissible is 
parametrized by the set of ®-stable subspaces Vi) C Vo = V @ Ko. Let 
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V; = V @ Q,» and equip V, with the o-linear operator ®, = b(idy @ ¢). 
Then (Vo, ®) = (V ® Ko, bc) = (Vs, ®,) ®q,» Ko and there is a bijection 
between the @-invariant subspaces of Vp and the ®,—invariant subspaces 
of V;. Let T’ be the projective algebraic variety over Q ps parametrizing 
the subspaces of V, which are compatible with the isotypical decomposition 
of V;. More precisely, let Vo = G) Vy be the isotypical decomposition and 
Vs = @(Vs AVy) be the induced decomposition of V,. For a Qp+—algebra 
R, 


T’(R) = {V' CV, @q,. R; V’ a direct summand with 
VE = B(V'N((Vs NV) OQ, R))}- 


Then T” is a disjoint sum of closed subschemes of Grassmannians of V,. We 
are going to put a Q,-rational structure on T” such that for the descended 
variety T over Q, we have 


T(Q,) = {®,5-stable subspaces of V; }. 
The Q,-structure is defined via a descent datum, 
a ST 


We may interpret T' ‘2 as the functor which to a Q,--algebra FR associates 
the set of direct summands of V; @q,.,0 & compatible with the isotypical 
decomposition. We have an isomorphism 


®,: Vs @Q,s,0 Rie Ve @Qys R. 


We define a to be the map which associates to the direct summand V’ of 
V; @q,. FR the direct summand ©;1(V') of V; @q,s,, R. To see that a is a 
descent datum we have to check that a” 0...0@: T’ + 7" is the identity. 
Let V = ®V, be the isotypical decomposition. Then V, = @(Vs N Vy) is 
a decomposition into @-stable subspaces. From the definition of the slope 
morphism rv it follows that 


(®,)°|(V; Va) =P" idvinvy, A=7/s. 


Any direct summand V’ of V, ® R in T’(R) decomposes as V' = @Vx where 
Vi is a direct summand of (V; NV)) @q,. and 
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(#.)'(Vx) = PT Vy = V4, 


as required. 

Consider the variety F; = Flag(V) of flags F* of V with dim F* = dim Fis 
This is a projective variety over Q, and there is a closed embedding defined 
over E, F C Fi @q, E. Consider the closed subscheme defined over Qp:, 


H C (Fi x T) aq, Qp: 


given by pairs (F*,V’) where F° is a filtration of V; @q,. R in F, and 
V’ = @V, is a direct summand of V; @q,, R = (Vs Vy) @q,. R such that 


So irk(greny(V’)) > >> A rk(V3). 


Noting that the left hand side is equal to 

> rk(FENV") — N -rk(V’) 

i=—N 
for some N > 0, we see that H is indeed a closed subscheme defined by 
conditions of Schubert type. Furthermore, the above considerations show 
that the set of weakly admissible filtrations in Fi(C,) is given by 


FulGp)"* =FilCy)\) the 
teT(Qp) 


Applying proposition (1.34) we see that this is an admissible open subset of 
Fi 2a, Qp: defined over Q,:. The result follows from intersecting Fi(C,)”* 
with F C Fi @q, E. The last assertion of (ii) is obvious. 

We now turn to the proof of (i). The case when 6b is decent follows at 
once from (ii). Let G be connected. Then by Kottwitz [Kol] there exists 
g € G(Ko) such that b’ = gbo(g)~' is decent. Identifiying F;(C,)”? with 
g Fv:(C,)”*, the result for b’ implies the assertion for 6. Let G; = GL(V). 
Then G is a closed subgroup of G; and 6 induces a o-conjugacy class b, 
which is decent since G; is connected. Let b; = gibo(gi)~! be a decent 
element in 6; and let Ff; © Fix E be the corresponding admissible open 
subset of weakly admissible filtrations. Then F”* = (F @g EB) NF" is 
an admissible open subset of F @g E, as required. The last assertion of (i) 
is trivial. O 


p-ADIC SYMMETRIC DOMAINS 29 


1.37 In the rest of this chapter we will consider F”* = F7/* as an admissi- 
ble open subset of F » with the rigid analytic structure given by proposition 
(1.36). We call this subset the p-adic symmetric space or p-adic period do- 
main associated to the triple formed by G, the conjugacy class {1} of pu 
and the element b € G( Ko). (We refer to (5.45) for the problem of lowering 
the field of definition to /). We are now in a position to state our basic 
conjecture on the existence of local systems on F”*. Here we adopt the fol- 
lowing definition of a local system in Q,~vector spaces on a rigid-analytic 
space X (it was suggested to us by J. de Jong). Recall (cf. e.g. [SS]) that 
the big étale site in the category of rigid spaces has as coverings morphisms 
Y — X which are étale and such that there exists an admissible covering 
of Y by affinoids such that its image is an admissible covering of X. Lo- 
cally constant sheaves in Z/p”~modules are defined exactly like in algebraic 
geometry, and so are smooth Z,~sheaves. However, the category of local 
systems of Q,-—vector spaces is defined starting with smooth Z,—sheaves, 
tensoring the Hom groups with Q, and then imposing descent with respect 
to étale coverings. (We mention that this last condition is automatic in 
the algebraic case, if the base is normal.) In particular, a local system in 
Q,-vector spaces on X is not necessarily defined by a smooth Z,-sheaf on 
X, but merely by a smooth Z,-sheaf over an étale covering Y of X. The 
local systems in Q,—vector spaces on X form a @-category and every point 
z € X defines a fibre functor in the category of finite Q,—vector spaces. 
Before stating our conjecture we mention that an étale surjective morphism 
Y — X factors in a unique way as Y + X' — X such that Y > X’ is an 
étale covering and X' — X is étale and a bijection on points (this fact was 
communicated to us by J. de Jong). 


We conjecture the existence of an étale bijective morphism (F4°)! + Fy° 
and of a @-functor from the category REP(G) to the category of local 
systems in Q,-vector spaces on (F;")’ with the following property: Let 
(u,b) be a weakly admissible pair of G and Ff € F;'*(K) the corresponding 
point. Then the pair (y,b) is admissible and the fibre functor on REP(G) 
which associates to a representation the fibre in F) of the corresponding 
local system is isomorphic to the fibre functor considered in (1.19) with 


respect to (p,)), 


Fy oT : REP(G) — (Q,-vector spaces). 
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We note that the conjecture that every weakly admissible pair (, 6) is 
admissible is due to Fontaine. The validity of this conjecture would imply 
the existence of interesting étale coverings of (F“*)’. We shall exhibit in 
cases related to p-divisible groups plausible candidates for these coverings, 
ef. (5.34). For further remarks on the tower of étale coverings comp. (5.53) 


1.38 We now introduce the algebraic groups G over Q, which will occupy 
us in this paper. We will distinguish two cases. The first case will be related 
to classifiying p—divisible groups with given endomorphisms and level struc- 
tures, the second one will be related to classifying p-divisible groups with 
given endomorphisms and polarization and level structures. Accordingly we 
will name these cases (EL) resp. (PEL). We will fix data of the following 
type. 

Case (EL): 


Let F be a finite direct product of finite field extensions of Q,. 
Let B be a finite central algebra over F. 

Let V be a finite dimensional B—module. 

Let G = GLp(V) considered as an algebraic group over Q,. 


Case(PEL): 


Let F, B, V be as in case (EL). 
Let (, ) be a nondegenerate alternating Q,—bilinear form on V. 
Let 6+ 6* be an involution on B which satisfies: 


(bv, w) = (v, b*w), vwe Vv. 
Let G be the algebraic group over Q,, whose points with values 
in a Q,-algebra R are given by: 


G(R) = {9 € GLa(V @ RK); (gv, gw) = e(g)(v,w), e(g) € R}. 


We denote by Fo the elements of F, which are fixed by the 
involution *. 


Let 6 € G(Ko) where again Ko = Ko(F>). Then we obtain an isocrystal 
associated to the natural representation of G on V, 


N(V)=V@Ko, =} (idy Qo). 
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It is equipped with an action of B and in the case (PEL) with an alternating 
bilinear form of isocrystals, 


vb: N(V) @ N(V) — 1(n). 


Here n = ord c(b). Indeed, since F, is algebraically closed we may write 
c(b) = p” - uo(u)~* with a unit u. Then the pairing is defined as 


p(v,v') =u-*-(v,v'),  v, 0’ EN(V). 


Any other choice of u multiplies % by an element in Q,;. Furthermore, the 
isocrystal with B—action (resp. and its Q,—homogeneous polarization y in 
case (PEL)) depends up to isomorphism only on the o-conjugacy class of 
b. 

We now fix in addition to the data above a conjugacy class of cocharacters p : 
G, — G and the corresponding homogeneous algebraic variety F defined 
over E. Let us make these objects more explicit. We fix a cocharacter ji, in 
our conjugacy class defined e.g. over Q, and let F% be the corresponding 
B-invariant filtration of V @ Q,y. In the case (PEL) we have 


Fea (Fry. 
Here m denotes the composite co p € Hom(Gm, Gm) = Z. 
Lemma 1.39 (i) The field E may be described as the field of definition of 


the isomorphism class of F§ as D-invariant filtration, or equivalently as 
the finite extension of Qp generated by the traces 


Tr(d; gre, (V @Q,)), d€B, ieZ. 
(ii) The variety F may be described as follows. Let R be a E-algebra. Then 


F(R) is the set of filtrations F*® of V @q, R by R-submodules, which are 
direct summands, and such that 


Tr(d; gri-(V @ R)) = Tr(d; gr>,(V@Q,)), dEB, i€Z 


and in case (PEL) such that in addition 
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74 = (FRaIL YS. 


Proof: The equivalence of the two descriptions of EF in (i) holds because 
two representations of D are isomorphic iff they have identical traces. Let 
Fj be the scheme whose R-valued points are described in (ii). Then it is 
easy to see that the remaining assertions follow if we can prove that F, is 
a homogeneous variety under Gg. We restrict ourselves to the case (PEL), 
the case (EL) being similar but simpler. After extending scalars from Qp 
to Q5: the data (F, B,*,V,(, )) decompose as a direct product of data of 
one of the following kind. 


(A) B= End(W)x End(W), where W is a finite-dimensional vector space 
over Q, and W its dual, and (u,v)* = (v,'u). 


V=WeV'+WeV', where V’ is a finite-dimensional vector space 
over Qp. 


(w, @ v, + Wi © B1, we @ vg 4+ 2 @t,) = < wi, te >< vj, >—- 


< ti, w2 >< B41, 09 > 


G= {(1@q',c(1@'9'"*)), g EGL(V’), c€ Gm} 


(C) B = End(W), where W is a finite-dimensional vector space over 
Q, equipped with a symmetric bilinear form ( , )w, and * is the 
transposition with respect to (, )w. 


V = WeV’', where the vector space V’ is equipped with an alternating 
bilinear form (, )v and(, )=(, )w @(, )w-. 


G = {cg’; g' €Sp(V',(, )v'), c€ Gm}. 


(BD) As in (C), except that (, )w is anti-symmetric and ( , )y: is sym- 
metric. Furthermore, in this case 


G= {eg’; g ESO(V',(, )v"), ¢€ Gm}. 


Corresponding to this decomposition, the variety F;@p Q> also decomposes 
into a product of varieties of partial flags of V of either of the following type 
(as does the adjoint group of G). 
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(A) Fawertewerm pt, 


The correspondence F* ++ F’* identifies F with the variety of partial 
flags of V’ with fixed dimensions dim(F"). 


(C, BD) Fi =W @ F", and the correspondence F* ++ F’® identifies F with 
the variety of partial flags of V’ with fixed dimensions dim(#") and 
with F” = (F'"*?~")+ (with respect to (, )v'). 


In the case (A) it is obvious that the flags F’° form a homogeneous space 
under G. In the cases (C) and (BD) note that #” is totally isotropic for 
t > 1/2(m-+ 1) and that these determine all the other members of the flag 
uniquely. Therefore Witt’s theorem shows that again these flags form a 
homogeneous space under the adjoint group of G. 


1.40 Before discussing examples of weakly admissible subsets we point out 
that the whole theory explained so far has a variant where we replace Q, 
by a finite extension F of Q,, cf. [Dr2] or (3.56) below. More precisely, let 
L be a perfect field extension of the residue field kp of F. Let 


Kp(L) = F @r Ko(L), 


where F* = Ko(Kp) is the maximal subfield of F', which is unramified over 
Q,. Let 7 be the automorphism over F' induced by the Frobenius auto- 
morphism of L relative to kp. A t — Kp(L)-space is a finite-dimensional 
Kr(L)-vector space N equipped with a bijective r-linear endomorphism 
®. 

The theory of these objects (N, ©) (called tr — Kp(L)-spaces) is completely 
analogous to the theory of isocrystals. We leave it to the reader to formulate 
the corresponding results in this context. In particular, if L is algebraically 
closed, then (N,®) is isotypical of slope A = r/s if and only if there is a 
Or @o,1 W(L)-lattice M in N such that 


6°(M) =7'M, 


where 7 € F is a uniformizer. Then End (N, ®) is a central division algebra 


over F' with invariant —4. 
We have also an obvious notion of a filtered r — Kpr(L)-space relative to a 


finite extension K/Kr(L). 
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There is a natural equivalence between the category of isocystals over L 
and the category of r — Kp(L)-spaces. We describe this in a more general 
setting. 

We consider an algebraic group G’ over F and the group G = Resp/q,G’ 
obtained by Weil restriction. Then there is a natural bijection between the 
o-conjugacy classes in G(Ko(L)) and the r-conjugacy classes in G’(K r(L)). 
Indeed one has an equality 


G(Ko(L)) = [[ @'(F @r+,. Ko(L)), 


where @ runs through the elements of Gal(F*/F). The bijection associates 
to the r-conjugacy class of an element b’ € G’(Kpr(L)) the o-conjugacy 
class of the element b € G(Ko(L)), which has component 6’ for @ = 1 
and component 1 for all other @ in the decomposition above. Let V’ be a 
rational representation of G’ on an F’-vector space. The natural equivalence 
of categories above associates to the r — K(L)-space (V’ @r Kp(L),b’r) 
the isocrystal (V’ @q, Ko(L), 6c). 

We may extend this equivalence to a functor from the category of filtered 
Tt — Kp(L)-spaces relative to an extension K/Kp(L) to the category of 
filtered isocrystals relative to K/Ko(L). Indeed, let us assume for simplicity 
that K contains the Galois closure of F’. We extend a filtration on V’ @rp K 
to a filtration on 

Vv’ Ga, i= Ou:F+K v' Ori A: 


by taking the given filtration for 1 = 1 and the trivial filtration on the 
summands corresponding to. # 1. Here the trivial filtration is the filtration 
whose graded module is V’ @p, K in degree zero. 

In group theoretic terms let yu’ be a cocharacter of G’x corresponding to 
the filtration on V' @p K. Consider the decomposition: 


Gk = II Gk. 
Ur—kKk 


Then the cocharacter 4 of Gx which defines the filtration on V’ Gq, K 
above has component yp’ at the entry corresponding to the s = 1 and trivial 
component at all other entries. If we fix an algebraic closure F of F and 
consider K (kp) and K as subfields of the completion C, of F, the algebraic 
variety F(G’, yu’) is defined over the local Shimura field E’, where E’ is a 
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finite extension of F contained in F. It is obvious that the local Shimura 
field E of F(G, ) coincides with E’ and that we have a natural identification 
of algebraic varieties over Spec E, 


F(G, uw) = F(G', p’). 
Since F contains F we have 
E = EK(kr) = E'Kp(kp) = E’. 


The above identification induces an isomorphism on the weakly admissible 
subsets, 


(F(G,u) @g E)’* = (F(G',p') Oe E')”*. 
We also have 
Jy = Resa, Jy. 


We may twist the correspondence defined above by any central cocharacter 
w’ : Gm — G’ defined over F in the following sense. Let 7 € F be a 
fixed prime element. We redefine b € G(Ko) as the element whose entry }; 
corresponding to g = 1 in the decomposition for G(Ko) above is given by 


w'(r)by = w'(p)d’, 


while the entries corresponding to g@ # 1 are all equal to w'(p). 

We redefine yp to be the cocharacter of Gx, whose entry at 4 = 1 is p’, and 
whose other entries are all equal to w’. 

For this twisted correspondence between filtered r — Kp(L)-spaces and fil- 
tered isocrystals with an F-action all remains valid what was said in the 
untwisted case w’ = 1 above. 


1.41 We shall now discuss a few examples to give an idea of the various 
possibilities of the admissible open subset F“° C F @g E. In each case 
we shall consider a situation of type (EL) or (PEL) and fix an element 
b € G(Ko). The conjugacy class of cocharacters will be given by fixing a 
model filtration F? of V@Qp, as in (1.39). In these examples we will denote 
the Q,—vector space by V and the corresponding isocrystal (V @ Ko, bc) by 
(N, ®). 


36 CHAPTER 1 


1.42 We shall first discuss the following example of type (PEL). Let B = D 
be the quaternion division algebra over Q, and let + be a neben involution. 
Explicitly, present D in the following form 


D = Q,:[II]; I? = p, Wa = o(a)II. 


Here Q,2 is the unramified extension of degree 2 in Kg. Then the involution 


may be given as follows, 
a = ofa), ¢ 6,3 
tet 


Let V = (V,1) be a free D-module of rank n, with a non-degenerate alter- 
nating bilinear form satisfying the conditions in (1.38). In this case G is 
a non-trivial inner form of the group Gp2, of symplectic similitudes. For 
b € G(Ko) we take any element with c(b) = p and such that the correspond- 
ing isocrystal (N,®) is isotypical with all slopes equal to A = 1/2. Using 
the action of Don N = V@ Ko and the decomposition Q,2® Ko = Ko @ Ko 
we obtain a direct sum decomposition (a Z/2-grading) 


N= No DM 
with 
deg II = deg ® = 1. 


Furthermore, N; is totally isotropic with respect to (, ), as follows from the 
identity 


a-(v,v’) = (av, v') = (e(o'(a))v, v’) = 


= (v, (a't1(a))v’) = (v, o(a) - v') = o(a)-(v,0'), v,0. E Nj, ae Q,:. 
We define a new non-degenerate alternating bilinear form 


<,> : No®No— Ko 
ag CIC aE 


We also introduce the o—linear endomorphism of No, 


Do) = eo ®|No. 
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Then, since 


orddet ® = orddet II = 2n, 


it follows that orddet ®) = 0. Furthermore, since ® has all its slopes equal 
to 1/2 it follows that © has all its slopes equal to 0. Also 


< $90, Bo v' >= o(< v,v' >). 


Indeed, 


< Gov, 8ov' > = (I'v, b0') =o(v, Iv’) 
— eat <0y, us 


It follows that there exists a unique Q,-rational structure for the pair (No, < 
, >) such that the Frobenius acts through 9. Writing (Vo, < ,> ) for this 
symplectic space over Q, we obtain easily an identification 


d= apt Vote) 


In particular, J(Q,) is the set of Q,-rational points of the split inner form 


of G. 


We consider now the case of the Siegel Grassmannian, 1.e. we take as the 
model filtration F$ the one with 


Oia ce CF =VeQ, 


with F, = F} a D-invariant totally isotropic subspace of dimension 2n. 
Hence F is the Q,—variety of D-invariant Lagrangian subspaces of V. If 
F €F(K) is such a subspace there is a direct sum decomposition, compat- 
ible with the one of N, 


F=Py DA. 


Furthermore, Fp C No @x, K is a maximal totally isotropic subspace (with 
respect to <, >) and in fact the map sending F to Fo identifies F(K) with 
the set of K—valued points of the Grassmannian of Lagrangian subspaces of 


(Vag< pes): 
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Proposition 1.43 Under the above identification, the subset F’° of the 
Grassmannian of Lagrangian subspaces of (Vo,< ,> ) is characterized by 


the following condition: 


For all totally isotropic subspaces Wo C Vo we have 
dim F N(Wo @ K) < 1/2- dim Wo. 


Proof: Clearly the the H N-slope p(N,®, F) = 0, hence weak admissibility 
is equivalent to semi-stability. 

The uniqueness of the canonical filtration of (NV, ®,F) implies its D-invari- 
ance. It follows that (N,®,F) is weakly admissible if and only if for all 
subspaces P C N stable under ® and D-invariant we have 


dim (Fo N(P @x, K)) < orddet (®; P). 


However, since all slopes of ® are equal to 1/2 the right hand side of this 
inequality is equal to 


orddet (®; P) = 1/2-dimP. 


By the D-invariance of P we obtain a direct sum decomposition P = Po@ P; 
and the ®-invariance of P is equivalent to the ®p—invariance of Po, i.e. to 
the fact that Pp is a Q,-rational subspace of No. The above condition 
is therefore equivalent to the condition appearing in the statement of the 
proposition, but for all Q,-rational subspaces Wo C Vo. However, this is 
equivalent to the apparently weaker requirement that the inequality hold 
only for totally isotropic subspaces, as the following argument shows. Put 


Wy =WonWwe. 
Then this is a totally isotropic subspace and on 
Wy = Wo/Wo 


we have a natural non-degenerate alternating bilinear form. Therefore we 
have for the image Fy in Wy @ K of the totally isotropic subspace Fo N 
(Wo @ K) that 


dim Fy <1/2-dim W,. 
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Therefore, if dim Fy N(Wg ® K) < 1/2- dim Wj, we obtain 
dim Fo (Wo ® K) < 1/2- dim Wp. 


O 


1.44 The next class of examples is of type (EL) and arises from the following 
set-up. Let F’ be a finite extension of degree n of Q, and let B= D be a 
central simple algebra of dimension d? over F and with invariant 


inv(D) = s(mod a). 


We fix s with 0 < s < d—1 in its congruence class modd. Let V = (V,z) 
be a free D-module of rank 1. Let us fix an isomorphism D ~ V. In 
this case G is the multiplicative group of D°PP (the opposite algebra of D). 
Obviously G = Resp/q,G’, where G’ is the multiplicative group of D°PP 
considered as an algebraic group over F’. We will describe this example by 
making use of the procedure of (1.40), i.e. b (resp. or Fo) will be induced 
by that procedure from b’ (resp. from p’ or Fe) and the obvious central 
cocharacter w’: Gm ~ G’, trt-1eED. 

Let F be an unramified extension of degree d of F contained in D and let 
TE Gal(F /F) be the relative Frobenius automorphism. We may present D 
in the form 


D=F{); 4 = 7°, Me = 7(2)0, 


where 7 € F is a prime element. We fix once and for all an embedding 
e:F—- Q,, i.e., an algebraic closure of F. We use the notation Kg = 
Kr(F,). We set 6’ € G’(K6) equal to 


b’ = ri}. 


It is easy to see that the corresponding t — Kj-space (N’,®’) = (V @r 
Kj,,0’r) is isotypical with all slopes \ = (d—s)/d. The corresponding 
isocrystal (N,®) = (V ®q, Ko,6c) under the procedure of (1.40) is then 
isotypical of slope (d — s)/nd. Explicitly the element 6 of 


D?? @ Ky = Ny DP @k'e ye 
o:Ft-+Ko 
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has the component pII~! for g@ = 1 and the component p for all other g. 
As model filtration F/* we take one with F/? = (0),F)° = V @r Q, and 


(4) 


with F) = ¥!) equal to 
(Rs (dala 


This determines F/ up to isomorphism. The field of definition of the cor- 


responding algebraic variety F’ is H = e(F’). Consider the decomposition 
(cf. 1.40)) 


VeqK=, [ve 
ork 


Under the correspondence of (1.40) we are therefore considering filtrations 


Pe wate | PV Ce 
tfte 
We fix an extension ¢’ : F — Kj of e. We have a decomposition 


F @r Kh = Qo. 


The sum ranges over the powers r'(i € Z/d) of r € Gal(F'/F). The action 
of F on V induces a decomposition of N’, 


3 B N}. 
i€Z/d 
Here 
Ni = {v EN’; o(f)v =e! or'(f)v, f € FH. 
The operators ®’ and II of N’ are homogeneous of respective degrees 


aeg Dye) 
deg] = -1. 


The restriction of ®’(mII-')~! to Ng is a r-linear operator with all slopes 
equal to 0, 


. a] ®'(rII-*)-"|N5 : No — No. 


We therefore obtain a rational structure of Nj over E : Putting Vj = Nio 
(fixed module), we have an isomorphism 
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Vo QE oe! == No 
such that under this isomorphism 
idy. CGT D5. 


Let F’ €F'(C,) and let F§ C Nj @z.K, Cp be its image under the ob- 
vious projection map. Then Fj is a (d — s)-dimensional subspace in the 
d—dimensional C,—vector space Vj @g Cp. It is easy to see that we obtain 
in this way an identification with the Grassmannian 


F’ = Grass,(V;). 


Proposition 1.45 Under this identification the subset of weakly admissible 
points of F'(K) corresponds to the set of (d—s)-dimensional subspaces Fj, 
of Vj @ze K satisfying the following condition: 
For every rational subspace Wi C Vo we have 


dim(F,N(W5 @z K)) < (d—s)/d- dim. 


Proof: Just as in the proof of proposition (1.43) the conditions on weak 
admissibility are parametrized by the ®’-stable D-invariant subspaces P’ C 
N’. However, these correspond precisely to the ®j-stable subspaces Pj C 
Vj, i.e. to the E-rational subspaces W'o C Vg. Furthermore, the condition 
corresponding to P’ may be reexpressed in terms of W’o. Indeed, 


dim(F' N be @xK: K)) =d: dim(F5 N(W' QE K)) 
and 


(d—s)/d- dim(P ) 
= (d—s)-dim(W,). 


orddet(®’; P’) 


Therefore the condition becomes 
dim(Fi, (W'o @z K)) < (d-s)/d- dim(W,). 
which proves the proposition. In exactly the same way one sees that 


J’ = GL(Vé). 
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Corollary 1.46 Assume s = 1 in the preceding proposition. Then the 
weakly admissible subset of F corresponds biectively to the set of potnts 
of the projective space P(V) not containing a F-rational line. O 


1.47 The next example will again be of type (EL), with F = B an extension 
of degree n of Q,. Let V = F% be the standard d-dimensional F—vector 
space. Then G = Respya,GLla. We again describe this example through 
the procedure of (1.40) and the obvious central cocharacter w’ : Gm — 
GLa, tet-1. 

Let G’ = GLa over Spec F. We fix once and for all an embedding ¢ : F — Q, 
and again use the notation Aj = Ar(Fp)). We fix 6’ € G’(.K$) equal to 


01 be 


b! ae Be . ~% 1 
T 
Here + denotes a uniformizer in F. The corresponding r— A§-space (N’, ®’) 


is isotypical with all slopes A = (@ — 1)/d. 
As model filtration subspace Fi = F,' we take one with 


dim Fi = d-1. 


Again F.? = (0) and F,° = V @r Q,. The Shimura field is equal to 
E = ¢(F). We obviously have an identification with the projective space of 
V over Spec F, 


F' = P(V). 
Proposition 1.48 All points of F'(K) are weakly admissible. 
Proof: This is obvious since the t — KQ-space (N’, ©’) is simple. O 


In this case J is the multiplicative group of the central division algebra with 
invariant = 1 (mod @) over F. 


Remark 1.49 We mention briefly some variants of example (1.44). For 
simplicity we take F = Qp). 


(i) For the first variant we consider a central simple algebra of dimension 
d® over Qy, with invariant = s(mod d), We again take V to be a free D- 
module of rank 1. We fix an integer r, 0 < r < d—1 which is a multiple of 
s modulo ad, 
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$e = ta. 
As element b € G( Ko) = (D°PP @ Ky)™ we take 
Be tas ace la 


where II € D is as before. Then the corresponding isocrystal (N,®) has 
all its slopes A = r/d. We consider D-invariant filtrations F with F? = 
(0), F° = V @®Q, and with F = F! of dimension r-d. We analyze this 
case following the same principles. Let Q,« be an unramified extension of 
degree d of Q, contained in D which we assume embedded in Ky. The 


decomposition Q,2® Ko= @__ Ko yields decompositions 
¢:Q,a—>Ko 


N= @QN 

F= QF 
and ®(N¢) = Nooo, I(Nc) = Neoo-1. In this case ® - II preserves the 
summand Np corresponding to the chosen embedding and induces there a o— 
linear endomorphism ®p which is isotypical with all its slopes A = (r+s)/d. 
Now let us assume that r+s is prime to d, and let us determine the weakly 
admissible filtrations. Let P C N be a ®-stable D-invariant subspace. 
Then P = @ F and Pp is stable under ®o. However, 


orddet(®o; Po) = (r + s)/d - dim(Po) 


and since r + s was assumed prime to d we conclude that P is trivial, 
i.e. (0) or N. We therefore see that in this case all points of F are weakly 
admissible. In the same way one sees that J(Q,) is the multiplicative group 
of the central division algebra of invariant = r + s(mod d) over Qp. 


(ii) We want to do one more example, one with filtrations with a higher 
number of steps. Let again D be a central simple algebra of dimension d? 
over Qp, with invariant = s(mod d), with 0 < s <d—1. Let V be a free 
D-module of rank 1. As element 6 € G(Ko) ~ GLn(D*”?) we take 6 = I’, 
where j = 1(mod d). 

Then the corresponding isocrystal (N, ©) has all its slopes A = js/d. We 


fix integers 
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with 
Sy 6! = js. 
i= 


We consider D-invariant filtrations F* with F2+1 = (0), F° = V @Q, and 
dim F' = 6'-d,i = 1,...,a. We may analyze this example in the same 
way as the preceding ones and obtain the following results. The Q,—variety 
F may be identified with the variety of incomplete flags on the standard 
vector space Qs ; 


(Cr Ce ooes. CO. 


with dim F' = 6',i = 1,...,a. The subset of weakly admissible elements 
over K is characterized by the following condition: For any rational subspace 
Wc Qs we have 


ec dim (F'N(W @ K)) < (js/d) - dim W. 
fill 


In this case J ~ Glog. 


1.50 In the preceding examples the element b was basic. We now give one 
example (of type (EL)) where b is not basic. Let B = Q, and let V = Q?”. 
We denote the canonical base by e1,...,€2n and let 


VS epan< O17 5 sen >) VS Span Se, ere. dan > 


As the element 6 € G( Ko) = GLon(Ko) we take b = p-idy_ ® idy,. Then 
the slope decomposition of the isocrystal (NV, ®) has the form N = No @N, 
with 


No = Ve @ Ky, Ny = VO @ Ko. 


We consider the space F = Grass,(V) of subspaces F of dimension n. It is 
then easy to see that F is weakly admissible if and only if 
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F(V; @ K) = (0). 


In other words, F“* may be identified with the big cell defined by V,, an 
open algebraic subvariety of F. It may be identified with the variety of 
splittings of the exact sequence of vector spaces, 


0- VW, -V—-—Vv_-—0, 


i.e. with an affine space of dimension n? = dim Hom(V_,V,). In this case 
J is the Levi subgroup of G, 


J(Qp) = GL(V;.) x GL(V.). 


1.51 We now wish to relate the weakly admissible subset to Geometric 
Invariant Theory. We assume that G is connected. We fix a conjugacy class 
of cocharacters y and the corresponding projective algebraic variety F over 
E. We fix an invariant inner product on the Lie algebra of a maximal 
torus of G and use it to interpret p as a conjugacy class of a character. 
To this character there is associated an ample line bundle £ on F which 
is homogeneous under the derived group G?%", after perhaps replacing L 
by a positive tensor power. Let b € G(Ko) be such that the set of weakly 
admissible points in F , is non-empty. Let J be the corresponding algebraic 
group over Q,. Then JMG?" is a subgroup of J defined over Q, which 
will be denoted by J¢". Then eer is a subgroup of Ger and hence acts 
on (F, £L)»x. For any maximal Q,-split torus T C J Bet let 


Bak A Me loch emt oF 


be the set of points which are semi-stable for the restriction to Ty of the 
action of Jer on (F, £). For any finite extension K of FE, let 


Fy(K) =( )Fo(T)**(K), 
r T 


where the intersection is over all maximal Q,-split tori of J der It is obvious 
that this set is stable under the action of J(Q,). This set was considered 
by van der Put, Voskuil [PV]. It is easy to see that this set is unchanged if 
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L is replaced by a positive tensor power and does not depend on the choice 
of the invariant inner product above. 

The following theorem was proved by B. Totaro in response to a conjecture 
in a first version of this book. 


Theorem 1.52 (B. Totaro): We have 
Fy'(K) = F5"(K), 
for any finite extension K of E. 


The assumption that F contain weakly admissible points is only made to 
ensure that semi-stable points in the sense of (1.3) are weakly admissible. 
We now illustrate this statement in the previous examples. 


1.53 We first consider example (1.42), with the notation introduced there. 
In order to analyze the subset F°*(K) we use the Hilbert-Mumford crite- 
rion. Note that the representation of J on I'(F, £) is, under the identifica- 
tion of J with Gp(Vo,< ,> ) a positive tensor power of the n-th exterior 
power of Vo. Choose a basis of Vp, 


€41,€42,---,€in 
with 
i ee ele es BN Eh) | 
ae  —. v, iZx—-j. 


Let T be the diagonal torus and let \ € X,(T) be a 1—parameter subgroup, 
A(t)e; = f*e;, a= CE, 2.722}; c— —T;. 


We investigate the Mumford criterion in case lies in the positive Weyl 
chamber, i.e. 


Mars. > ee Ty >. 0: 


Let J C {+1,...,-+n} and let 


Ly; =span {e;; 1 € I} 
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be the subspace spanned by the corresponding basis vectors. Then Ly is 
totally isotropic if IM (—J) = 0. Consider the self-dual standard flag fixed 
by T, 


Pe Pals da (oy, KC La CL SV 
with 


by = Ly.) 
Lat SS By Ai ae aay SOL 


Let Fo C V@K bea Lagrangian subspace and let I(Fo) be the set of jumps 
in the intersection of Fo with the standard flag, i.e. 


HE T(Fo) @AvE Fon(L, @ K) 


with v ¢ preceding member of the chain. Then it follows easily for the 
action of T on the corresponding points in the Grassmannian, 


lim A(t) - Fo = Lr): 


Furthermore, A(t) operates on the fibre in Ly(¢,) of the homogeneous line 
bundle defined by the n-th exterior power representation through the char- 
acter Ur,, pp € I(Fo). Therefore the point corresponding to Fo satisfies 
Mumford’s criterion with respect to J, if and only if 


By convexity this condition then holds for all in the closure of the pos- 
itive Weyl chamber. It suffices to check this condition on the extremal 
1—-parameter subgroups i.e. the fundamental co—weights, 


ApS (p= ey = 1 eet Se = en ='9), dk nt oe. 


Therefore the above condition for all \ in the closure of the positive Weyl 
chamber is equivalent to the condition 


i{1,...,8}A(—I(Fo))| = |{1,....4} NU(Fo)|, *=1,.-.,0. 
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Looking back at the definition of the flag and recalling that (—I(Fo)) N 
I(Fo) = 9 this condition is in turn equivalent to 


dim(Fo N Li) <i/2, i=1,...,n. 


Since any totally isotropic subspace of Vo is conjugate under J(Q,) to L; 
for suitable i (1 < i < n) and since F**(K) is stable under the action of 
J(Q,) it follows that the points in F**(K) satisfy the condition appearing 
in the statement of proposition (1.52). Conversely, since all maximal split 
tori and all 1—parameter subgroups may be conjugated under J(Q,) into 
(T, A) as above with 4 in the closure of the positive Weyl chamber it follows 
that all points satisfying the condition in proposition (1.52) lie in F**(K). 


1.54 We now discuss the other examples. In example (1.44) the group 
J is GL(Vg) acting on the appropriate Grassmannian. The corresponding 
subset F** (A) was determined in [PV], 2.8.2. and was found to be described 
by exactly the same condition as the one appearing in proposition (1.45). 
Something analogous applies to the last example of (1.49) (use [PV], 2.8.1.). 
The first example of (1.49) and example (1.47) are also compatible with 
theorem (1.52) Indeed, in these cases the group J is an inner form of G 
anisotropic modulo center so that the condition describing F**(K) is empty. 
It follows that F°*(K) = F(K) = F”°(K). Finally, the non—basic example 
(1.50) may be treated in exactly the same way as (1.53) above. 


2. Quasi—isogenies of 
p-divisible groups 


In this chapter we will define a moduli space for the quasi—isogenies of a 
given p-divisible group X. This moduli space will be a formal scheme over 
the Witt vectors. 


2.1 Let us review some basic facts on formal schemes in the form needed 
here. Consider a preadmissible topological ring A. Let {Z.} be a set of 
ideals of A that form a fundamental system of neighbourhoods of 0. Then 
we define a contravariant functor Spf A on the category of schemes 


Spf A(Z) = lim Hom (Z, Spee A/Za) 


This is a local functor, i.e. a sheaf for the Zariski topology on the category 
of quasicompact quasiseparated schemes. If the ring (A, Zq) is adic, we will 
call Spf A an affine formal scheme. A local functor which has a covering by 
open subfunctors which are affine formal schemes, is called a formal scheme. 
If A is a preadmissible ring we may consider the category Nilpa of schemes 
over Spf A. Then the category of formal schemes over Spf A is a full 
subcategory of the category of set valued sheaves on Nilpy. 


2.2 Wecall a morphism 4 — Y of formal schemes to be of finite type, étale, 
lisse, etc., if for any scheme Z and any morphism Z — J the fibre product 
X xy Z is ascheme and X xy Z — Z is of finite type, étale, smooth etc. 


in the usual sense. 
Let ¥Y be a formal scheme. Then there is a unique morphism Apeq — 4, 


where %;eq is a reduced scheme, such that for any reduced scheme Z the 


following map is bijective 


49 
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Hom(Z, %ea) —+ Hom(Z, %). 


X is called locally noetherian, if it is locally isomorphic to Spf A, where A 
is a noetherian adic ring. 


Definition 2.3 Let X and Y be formal schemes that are locally noetherian. 
A morphism X — Y is called formally of finite type tf Xrea — Vrea 18 of 
finite type. 


The notion formally locally of finite type is defined in the same way. 


2.4 If A is an adic noetherian ring and 4 is an affine noetherian formal 
scheme over Spf A, such that ¥ — Spf A is formally of finite type, then 
there is a A-algebra A of finite type with a preadmissible topology {Za}aen 
such that 


X= Spf (A,Ta).- 


The ring (A, Z,) need not to be preadic, but its completion is an adic ring 
by definition. 

The following proposition gives a condition to ensure that the completion 
of (A, Zq) is adic. It is a reformulation of [EGA]Oy, 7.2.2. 


Proposition 2.5 Let A be a preadmissible ring. Assume a fundamental 
system of neighbourhoods is given by a chain of ideals 


Eyles. Lede reN. 


Let I be an ideal of definition of A, such that I/I? is topologically of finite 
type, i.e. I/I?+Z, is a A-module of finite type for allr. Then the completion 
of A is an adic ring if for each m EN the following chain of ideals stabilizes 


By” DIE HE™ Du DE, + I™ De® 


Proof: Let us denote by a,, the intersection of the ideals in this last chain. 
Then a; =I and 


Gm DAm4+1, A@m41+al =am. 
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Moreover a;/a2 is a A-module of finite type. We conclude by [EGA] loc. 
cit. that lim A/a,, is an adic ring. O 


We add a few remarks on isogenies of p-divisible groups. By a p-divisible 
group X over a scheme S we mean a Barsotti-Tate group in the sense of 
Grothendieck (see Messing [Me] ). 


Definition 2.6 A morphism f : X — Y of p-divisible groups over S is 
called an isogeny, iff f ts an epimorphism of f.p.p.f. sheaves whose kernel 
as representable by a finite locally free group scheme. 


If S € Nilpz,, the kernel of an isogeny is of rank a power of p. If the rank 
is constant and equal to p” we call h the height of the isogeny. We have a 
converse to this definition. 


Proposition 2.7 Let X be a p-divisible group over a scheme S. Let H be 
a finite locally free group scheme over S and H — X a monomorphism over 
S. Then the f.p.p.f. sheaf X/H ts a p-divisible group. 


Proof: Clearly the multiplication by p : X/H — X/H is an epimorphism 
and X/H is a p-torsion group. We have to verify that the kernel of the 
multiplication by p is representable by a finite locally free group scheme 
over S. Let us denote the kernel of multiplication by p” on X by X[n]. By 
Oort and Tate [OT] we have that H is a closed subscheme of X[n] for big 
n (compare EGA IV 8.11.5). Hence for big n we get an exact sequence: 


0—- H — X[n] > (X/H)[n] — H 0. 


One knows that the quotient X[n]/H is a finite locally free group scheme 
and that an extension of finite locally free group schemes in the category of 
f.p.p.f.-sheaves is again a finite locally free group scheme (see Grothendieck 
[Gr2]). Hence (X/H)[n] is a finite locally free group scheme. We finish the 
proof by writing the exact sequence: 


0 = (X/H)[1] > (X/H)[n + 1] > (X/#)[n] — 0. 


O 
The multiplication by p on a p-divisible group is by definition an isogeny. 
It follows that the group Homs(X,Y) is a torsion free Z)-module. Let us 
denote by Hom,(X,Y) the Zariski sheaf of germs of homomorphisms. 
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Definition 2.8 Let X and Y be p-divisible groups over a scheme S. A 
quasi-isogeny is a global section f of the sheaf Homs(X,Y) @Q, such that 
any point of S has a Zariski neighbourhood, where p" f ts an isogeny for a 


suitable natural number n. 


Let us denote by Qisgs(X,Y) the group of quasi-isogenies from X to Y. 
Quasi-isogenies of p—divisible groups have the following well-known rigidity 
property. Let S’ C S be a closed subscheme, such that the defining sheaf 
of ideals J is locally nilpotent. Assume moreover that p is locally nilpotent 
on S. Then the canonical homomorphism 


Qisgs(X, ey Ee Qisgs: (Xs, Ys) (2.1) 
is bijective (Drinfeld [Dr2]). 


Proposition 2.9 Leta: X — Y be a quasi-isogeny of p-divisible groups 
over a scheme S. Consider the functor: 


F(T)={¢€ Hom(T,S) | ¢*a is an isogeny}. 
Then F is representable by a closed subscheme of S. 


Proof: The question is local for the Zariski topology. Hence we may assume 
that p”aq@ is an isogeny for some natural number n. The property that a 
is an isogeny is equivalent to the property that p"a : X[n] — Y[n] is the 
zero morphism. To show that this last property is representable by a closed 
subscheme we prove: 


Lemma 2.10 Leta: M — CL be a morphism of Os—modules, on a scheme 
S. Assume that L ts finite and locally free. Then the functor 


F(T) = {¢ € Hom(T,S) | ¢*a=0} 
is representable by a closed subscheme of S. 
Proof: We have an isomorphism 
Hom(M, £) = Hom(M ® L*,Os), L* = Hom(L, Os). 


The morphism @ corresponds to @ : M @ L* — Og. The ideal Image & 
defines the desired closed subscheme. 
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2.11 Let X be a p-divisible over F,. Let W = W(F,) be the ring of Witt 
vectors. We will define the functor of quasi—isogenies of X, and show that it 
is representable by a formal scheme. Although we are only interested in the 
case of the field Es it will be essential for the proofs to allow other perfect 
fields L of characteristic p. In this context we set W = W(L). We denote 
by o the absolute Frobenius automorphism of W. 

The category Nilpy is the category of schemes S over Spec W such that p 
is locally nilpotent on S. A scheme S € Nilpw may be viewed as a formal 
scheme with ideal of definition pOs. We denote by S$ the closed subscheme 
of S defined by the sheaf of ideals pOs. By the universal property of Witt 
vectors (Grothendieck[Gr2]) it is equivalent to give a morphism S + Spf W 
or to give a morphism S — Spec L. 


2.12 We consider isocrystals over LZ (1.1). Our notation will differ a little 
from the first chapter. We write F = ® for the Frobenius morphism. We 
do this because we also need the Verschiebung V = p- ®—!. We define the 
dimension of an isocrystal N by the formula 


dim N = ordpdet V. 


We recall that an isocrystal N is isoclinic of slope \ € Q, if there is a W(L)- 
lattice M C N, such that F*M = p’M, where s > 0 and r are integers, 
such that A = r/s. If N is isoclinic of slope A we have the relation 


dim N = (1—A)height N. 
We will call a sublattice M C N a crystal if it is stable under F and V. 


Definition 2.13 An isocrystal (N,F) over L is called decent, if the vector 
space N is generated by elements n satifying an equation F*n = p'n for 
some integers r and s > 0. 


Remarks 2.14 Let us write V = V@W(L)q for some Q,-vector space V. 
Let G = GL(V) considered as an algebraic group over Qy. Then we get a 
o-conjugacy class b € B(G) that is defined by the equation F = b(idy @ c), 
where b € G(W(L)q). Then N is decent, iff b is decent in the sense of (1.8). 
An equation of the form F*n = p'n implies that n lies in some isoclinic 
component of N. Hence N is decent, iff all isoclinic components are decent. 
Over a finite field decent amounts to saying that on each isoclinic component 
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Ny CN we have F* = p” for suitable integers r and s > 0 , such that 
\=r/s. Any decent N is obtained by base change from a decent isocrystal 
over some finite field. Over an algebraically closed field any isocrystal is 
decent. Hence in the case in which we are interested this definition is empty. 
We call a p-divisible group over a perfect field L of characteristic p decent, 
if the corresponding isocrystal is decent. 


Definition 2.15 Let X be a decent p-divisible group over a perfect field L. 
We associate to X the following functor M on the category Nilpw. For 
S € Nilpw a point of M(S) ts given by the following data: 


1. A p-divisible group X on S. 
2. A quast-tsogeny 9g: X5 — X35. 


We denote such a point by (X,e). Two points (X1,01) and (X2, 02) are 
identified if @1 © ee lifts to an isomorphism X_ — Xj, 1.€., if they are 
isomorphic. 


Theorem 2.16 The functor M is representable by a formal scheme over 
Spf W, which ts locally formally of finite type. 


The proof will depend on several lemmas. Let us start by the remark that 
M depends only on the isogeny class of X. Since the isocrystal associated 
to X is defined over a finite field, we may assume that the field L is finite. 
Let P be any perfect field of characteristic p. For the following proposition 
let W = W(P) be the ring of Witt vectors and r be some positive power 
of the Frobenius automorphism o. The invariants of r are the Witt vectors 
W(L) of a finite field L. Let No be a finite dimensional vector space over 
W(L)q. Then 7 acts via the second factor on the Wa-vector space N = 
No ®w x) W. A finitely generated W-submodule M C N is called a lattice, 
if the natural map M ®yw Wa — N is an isomorphism. 


Proposition 2.17 Leth be the dimension of the Waq-vector space N. Let 
M be any lattice in N. Then the lattice M + 7(M)+---+7"-1!(M) is 
mvariant under T . 


Proof: We make an induction on h. Clearly for h = 1 any lattice is invariant. 
We choose an invariant vector e € N. We will assume e € M but p7'e ¢ 
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M. Let M’ denote the image of M in N’ = N/Wae. We replace M by 
M+.---+7"-?(M). Then by induction M’ is r-invariant. Hence it is enough 
to show that M + 1(M) is r -invariant, under the assumption that M’ is 
T-invariant. 


Let fi,...,fn—1 be a T-invariant basis of M’. We lift these elements to T 
-Invariant elements f;,---, f,-1 of N. Hence M has a set of generators of 
the form 

6; Jira Wie, 2; Fas a1, 


where w; € Wa. 
The module M + 7(M) has the following set of generators 


é; fi = 5 i <5 fh—1 = WR—71€, (7(w1) = wi)e, BA Ss (T(wa-1) = Wp-1)e. 
We have to show that M + 7(M) is invariant under r. But we have 


i=h—-1 
M 4+ 7(M)=M + S> wprdr(w-He 


t=1 
Since the sum is invariant under 7 we get the result. O 


Proposition 2.18 Let N be a decent isocrystal over a fintte field L. Then 
there is a natural number c and a finite extension L’ of L, such that for any 
perfect field P containing L’, and for any crystal M C N@W/(P)q there 
is a crystal M'C N@W(L’)q, such that M C M'@W(P) and has index 
smaller than c. 


Proof: We assume first that N is isoclinic of slope r/s, s > 0. As above 
we denote the height of N by h. Since N contains a crystal, we have 
s >r > 0. We may assume that the field L’ fixed by o° contains L. The 
operator a = p*-"V~* acts on N @yz) W(L') Ow) W(P) = Np by 
the Frobenius automorphism 7 over W(L’) on the last factor. The crystal 
M = M+7(M)+...+17°~1(M) is by the previous proposition of the 
form M' @y 1) W(P). Since M + T(M) C V~*(M), we conclude that 
length (M +7M)/M < sdim N. Iterating this we get length M/M < 
(h — 1)sdim N. This number depends only on N (and L). 

In the general case let s be a common multiple of the dominators of the 
slopes of N. Again we assume that the fixed field L’ of o* contains L. 
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Let N = No @...@ N; be the isotypic decomposition of N. We order the 
summands such that the slopes decrease: 


§ § 


Since N is decent, we way assume that F*n = p"'n for each n € N. We 
prove by induction on the number of isotypic components that there exists 
an M’ as claimed in the proposition, with the additional property that it is 
a direct sum of isoclinic crystals. Let Ny = Ni ®...@ N; be the direct sum 
and My C Ny,\p = Ns ®w z) W(P) be the image of M by the projection 
Np — Ny,p. We obtain an exact sequence 


0 — Mp — M — My — 0, (2.2) 


where the kernel is an isoclinic crystal Mp C No,p. By induction assumption 
and the isoclinic case we may assume that Mp and My are obtained by the 
base change from crystals over L’ and moreover that My is a direct sum of 
isoclinic crystals. If sequence (2.2) would split as an extension of crystals, 
we would obtain M by base change from a crystal M’ over L’. This would 
prove the proposition. Therefore it suffices to show that the following is 
true. 


Lemma 2.19 After push-out by p" : Mo — Mo the exact sequence (2.2) 
splits as a sequence of crystals. 


Proof: Let W = W(P) and W[F] be the non-commutative polynomial ring 
(Fw = o(w)F). From the exact sequence 


0 — Mo — No — No/Mo — 0 
we obtain an isomorphism 
Homy;r}(M>, No/Mo) ~ Extiypr)(Ms, Mo) 
Hence the extension (2.2) corresponds to a W-linear homomorphism 
a: My, — No/Mo, 


which commutes with F. By assumption My is generated as a W-module 
by elements m satisfying some equation F*m = p"im, i = 1,...,t. Let 
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a(m) = Z be the image and z € No a representative. We assume that k EZ 
is chosen such that p*z = w € Mo, but p*-1z @ Mo. By the equation 
F*m = p"'m we obtain that 


F*w = p™w mod p* Mo. 


On the other hand we have F*Mp = p™Mo. For k > ro we would get 
p’*w = 0 mod p™ Mo which contradicts ro > rj. Hence we have k < ro, i.e. 
p’°a(m) = 0. 

This proves the lemma and the proposition. 


Remarks 2.20 (i) The hypothesis that N be decent is indeed necessary 
for the conclusion of (2.18), as the following example shows. 

Let N = Q? with the standard basis e;, e2. We define the Verschiebung by 
the requirement Ve, = e;, Vez = ae2, where a is a unit in Zp». Then (N, F) 
is decent, iff a is a root of unity. Let n be a positive integer and € € W(F>) 
a unit. Consider the lattice in N @ W(F>): 


M = W(F,)(e1 + p-"€e2) + W(F>)eo. 
Then M is acrystal, iff VM = M, ie. 
a(€)a = €(mod p”). 


An element satisfying this equality always exists. 
Let s > 0. It is easy to see that the smallest lattice M, of the form M; @r,, 


W(F,) containing M is 


M, = W(F,)(e1 + p-"€e2) + W(Ep)p "(€ — 7° (€))e2 + W(Fp)eo. 


We note that « — o*(e) = o%(€)(a* — 1). If N is not decent, we have for any 
s that 


m, =ord,(@° = 1) < co. 
Hence we obtain for n > ms 
MA= W(F>p)(e1 +p "eeo) ++ W(Fp)p ° 1" eo. 


We get that for any s the indices of M in M, can become arbitrarily large 
for a suitable choice of M, i.e. n. 
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(ii) The content of proposition (2.18) may be interpreted as a statement 
about the Bruhat-Tits building of the general linear group over a p-adic 
field. As such it can be generalized to any connected reductive group over 
a p-adic field, comp. [RZ], [Rou]. 


2.21 Having done these preparations we will write M as a union of repre- 
sentable subfunctors. The last step is to exhibit Zariski open sets, which 
remain stable in this union. Let us start by giving an alternative definition 
of the functor M. 

Let X be a lifting of the p-divisible group X to Spf W(L). Then a point of 
M with values in S € Nilpy z) is given by the following data: 


1. A p-divisible group X on S. 
2. A quasi—isogeny @: Xs5 — X of p-divisible groups on S. 


2.22 We define the closed subfunctor M” of M by the condition that p”o 
is an isogeny. The functor M” is representable by the p-adic completion of 
a scheme locally of finite type over S. Indeed, M” is a union of open and 
closed subfunctors M””™, which are given by the condition that p"@ is an 
isogeny of height m. To give such an isogeny is the same thing as to give 
a finite locally free group scheme G C X[m]s, which is of height m. Hence 
we see that the functor M”™ is representable by the p-adic completion of 
a closed subscheme of a Grassmanian variety associated to the algebra of 
functions on X(m) . This proves the representability of MM”. In the sense 
of Zariski sheaves we have M = lim M” . 

To prove the theorem we need still another representation of M as a union 
of representable subfunctors. To do this we define for any field extension P 
of Z a quasi-metric on the set M(P). 


Definition 2.23 Leta: X — Y be a quasi-isogeny of p-divisible groups 
over P. We define q(a) = height p"a, where n is the smallest integer such 
that p”a@ ts an tsogeny. 


If P’ is a field extension of P we have q(a) = q(ap-). 


Lemma 2.24 Leta: X — Y be an isogeny of p-divisible groups over a 


scheme S. For any integer c the set of points s € S such that q(a;) <c is 
closed. 
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Proof: We prove that the set of points s € S, such that q(a@s) > c is open. 
The function q does not change if we multiply a by a power of p. Therefore 
we may assume that a, is an isogeny, but p~'a is not an isogeny. Then 
there is a neighbourhood U of s, such that p~'a; is not an isogeny for t € U. 
Let nz be the smallest integer, such that p”‘a; is an isogeny. Hence n; is 
nonnegative for t € U. Assuming that height a; is a constant function on 
U we find the result 


c < q(as) = height a, = height a; < height p”*a; = (at). 


Definition 2.25 Leta: X — Y be a quasi-isogeny of p-divisible groups 
over P. We define d(a) = q(a)+q(a~'). For two points of M(P) we define 
d((X, @), (X',@')) = d(e'e™*) . 


If m4, is the smallest integer such that p™+a is an isogeny and m_ is the 


smallest integer such that p”-a7! is an isogeny, we have d(a) = (my + 


m_)heightX . 
Corollary 2.26 Lemma 2.24 holds with q replaced by d. 


Because d((X, @), (X,pe)) = 0 the function d is not quite a metric on M(P). 
To get a metric, we consider for k € Z the subfunctor M(k) C M of quasi- 
isogenies of height k. We set: 
height X-1 
M= [I M(a). 
h=0 

It is easily checked that the function d of definition (2.25) is a metric on 
M(P). 


The proposition 2.18 may be reformulated as follows: 


Proposition 2.27 There is a natural number c and a finite extension L’ of 
L, such that for any perfect field P containing L', and any point X € M(P) 
there is a point Y € M(L’), such that d(X,Yp)<c. 


We define for a natural number c a subfunctor M, of M consider the 
subfunctor M(h) of quasi—isogenies of height h. We define 
height X—1 
m= |l Mn). 


h=0 
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It is enough to show that this functor is representable. Since multiplication 
of an isogeny by p does not change the value of the function d, 


M.(S) = {(X,@) € M(S); d(as)<e¢ for s€S}. 


Lemma 2.28 The functor M, 1s representable by a formal scheme, which 
is locally formally of finite type over Spf W(L). 


Proof: Let M,(h) be the open and closed subfunctor of M, that consists 
of points (X, @) such that height 9 =h. Then M, is a disjoint union 


M. = [| M-(A). 


heZ 


The multiplication of @ by p defines an isomorphism 


M.(h) > M.(h + height X). 


Therefore it is enough to show that the following functor is representable 
by a formal scheme formally of finite type 


‘i height X—-1 
Me= [1]. Mz(h). 


h=0 


We consider the functor M? = M"()M.. The functor M” is represented 
by the completion of the scheme M” along the closed set of points s € M” 
given by the conditions d(g@,) < c and 0 < height @, < height X. Hence it 
is represented by a formal scheme formally of finite type over Spf W(L). 
Let (X,@) be a point of M, with values in a field P. Then p~'o is 
not an isogeny, because otherwise we would have height @ = height p+ 
height p-1@ > height X. Hence the smallest integer m;, such that p™+o 
is an isogeny must be nonnegative. Since height g~' = — height 0, we have 
the inequalities 


—height X < height 97! < 0. 


Again we conclude that the smallest integer m_, such that p™- 07! is an 


isogeny, is nonnegative. By the remark after definition (2.25) we conclude 
that 
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my +m_ <c/height X. 


Hence m4 is bounded by c/height X. This implies that we have an equality 
for n > c/height X 


(M2?) red — CASE) og: 


The equality follows because a quasi-isogeny a : X — Y of p-divisible 
groups over a reduced scheme S is an isogeny, iff a, is an isogeny for each 
point s € S (see 2.9). 

We fix an affine open subscheme U C (M®) ned for large n. For n big we 
get an affine open formal subscheme Spf R,, of M2 , whose underlying set 
is U . Hence we have a projective system of surjective maps of adic rings 


Ra+1 —— Ky. 


Let FR be the projective limit. We write R, = R/an. Let J be the inverse 
image of the ideal of definition in some Ry. 
In order to show that M, = lim M? is a formal scheme, we have to prove 


that the ring R is J -adic. Since R, is J -adic we may write 
R=lim R/a, + J”. 


The limit is taken independently over all n,m. We claim that for fixed m 
the following descending sequence stabilizes 


ett $B. ans 


Indeed, let X, be the universal p-divisible group on Spf R, . Then X = 
lim X,, defines a p-divisible group on R/J™ for each m. We get @: xX R/Im > 
x by lifting the existing quasi-isogeny for m = 1. By the definition of 
representable we get for a suitable N a unique map Ry — R/J”™ that 
induces the point (X, @). For any n > N the composite map 


Rn — Rn — R/I™ — Rn/I” Rn 


has to be the canonical one. This implies that the first arrow induces an 
isomorphism Rp/J”™Rn > Rn/J” Rw. We conclude that the descending 
sequence of ideals stabilizes. 
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By proposition (2.5) we conclude that R is an adic ring. This completes the 
proof of lemma (2.28). 


Corollary 2.29 The functor M, is representable by a formal scheme for- 
mally of finite type over Spf W(L). The associated reduced scheme (Mc)red, 
which is the subscheme defined by the largest ideal of definition, is projective. 


Proof: Indeed, for n > c/height X we have 


(Me)red = (M") red: 


But the right hand side is a closed subscheme of [] M”’”, where nh < m< 
(n+ 1)h with h = height X. This follows because for each geometric point 
(X, @) of the right hand side 


height p"9 = nheight X + height @ < (n+ 1) height X. 


O 
Proof of theorem 2.16: Let c and L’ as in proposition (2.27). It is enough to 
show that M is representable over L’. As in the proof of lemma (2.28), we 
see that it is equivalent to show, that the subfunctor M is representable. 
Obviously the proposition (2.27) remains valid for the functor M. 
Let a be an integer. For a point (Y,y: Xz > Y) of M(L') we denote by 
M AY) Cc M, the closed subset of points s € Mg, , such that Xs, ¥,) =e, 
where X denotes the universal p-divisible group over Mag. It is easily seen 
by the triangular inequality, that M,(Y) = 0, if d(Xp,Y) >a+c. 
Let Uf be the open formal subscheme of Ma, whose underlying set is the 
complement of 


U M.(Y). 


YEM(L'),d(Xp1,¥)2F 
Note that the last union is finite, because Ma4-(L’) is finite by the last 
corollary. 
Claim: If a> f +c we have Uf = Ly: 


First we show this equality for the underlying sets. Let Z € U J 41(P) a point 
with values in some field P. We have to show d(Xp, Z) < a. By proposition 
(2.18) there exists a point Y € M(L’) such that d(Yp, Zp) < c. But by the 
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definition of Us it follows that d(Xp,Yp) < f. Hence d(Xp,Z) < f+ce< 
a. 

The equality of formal schemes follows because M, is the completion of 
Ma+1 along the closed subset Image M, — Migs. Indeed, this implies 
that Uf is the completion of ls along the closed subset ule Hence the 
claim follows. 

We set US = Uf for any a > f +e. Clearly US — USt! is an open 
immersion of formal schemes of finite type. We have M = U 4U f because 
any point s of M such that d(X;,X;) < f —c is contained in the open 
set US. Indeed, if s is in the complement of U/, there is a Y € M(L'), 
such that d(X;, Y;) < cand d(X,,Y;) > f. Hence we get the contradiction 
d(X,,X;,) > f —c. The theorem is proved. O 


2.30 We call a subset TC M bounded if there is a natural number N such 
that d(X;, X) < N for each point t € T. We call a subset T C M bounded 
if there is an N, such that for each point t € T represented by (Xz, o;) we 
have 


height Ot < N, d(Xz, Xz) < N. 


By the proof of the theorem (2.16) we see that a subset of M is bounded, 
iff it is contained in one of the sets U‘. Since (U f )red iS contained in the 
projective scheme (Ma)red for a suitable number a, we see that (US) req is 
quasiprojective. We obtain the following: 


Corollary 2.31 For a locally closed subscheme T of M, the following con- 
ditions are equivalent: — 


(i) T is bounded. 
(ti) T is quastcompact. 
(wi) T is quasiprojective. 


Indeed for the proof it is enough to note that M is the union of the quasi- 
compact open subsets US. 


Proposition 2.32 Any irreducible component of the scheme Morea tS pro- 


qective. 
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Proof: Let us first show that an irreducible component is quasiprojective. 
By the last corollary it is enough to verify that an irreducible component 
is bounded. Let 7 be the general point of the component. By corollary 
(2.26) we have for each point of the irreducible component the inequality 
d(Xt, X:) < d(X,, X,). This shows quasiprojectivity. 

To finish the proof it suffices to show that the valuative criterion for proper- 
ness is satisfied for our irreducible component C' of M;eq. Let R be a discrete 
valuation ring over L with field of fractions Q@. Suppose we have a @-valued 
point (X,@) of C. To extend this point to Spec R we may replace @ by 
p"o and hence assume that g is an isogeny. Then Ker g C Xg[n] for some 
n. Taking the scheme theoretic closure we extend Ker g to a finite flat 
group scheme H C Xa[n]. Then or : Xp —~ XpR/H is the desired extension 
of (X, @). O 


2.33 Let us denote by J(Q,) the group of quasi—isogenies of X. There is a 
natural right action of J(Q,) on the formal scheme M, 


(X,0)-— (X,007), yEJI(Q,). 


We will give conditions for the existence of the quotient of M by the action 
of a discrete subgroup of J(Q,). 


Proposition 2.34 Let! C J(Q,) be a discrete subgroup. Let U C M be 
a quasicompact open formal subscheme. Then the set 


{yET;UyNU £9} (2.3) 


is finite. 


Proof: There is a finite field Lp C L such that X is obtained by base change 
from a decent p—divisible group Xo over Lo. After a finite extension of Lo 
we may assume 


End Xp = End X. 


Indeed, to see this we may assume that X is isotypical. Then there are 
integers r and s > 0, such that p~"F* acts identically on the Cartier module 
Mo of Xo. We may assume Lo = Fy+. Let M be the Cartier module 
of X. Then Mp are the invariants of the operator p-’F*. Hence any 
endomorphism of X maps Mp to itself. 
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This remark shows that we may suppose that L is a finite field. Since M 
is locally of finite type the conditions 


red 


UyNU=0 and (U(L))yNU(L)=0 
are equivalent. 
The points of U(L) correspond to subcrystals M of the isocrystal M @y zr) 


W(L)q. Since U is quasicompact and therefore bounded there are integers 
a,b € Z such that 


pPeMCMcp’M 
for each M € U(L). If yM € U(L) for some y € IT, we get the inequalities 


pM cy MC pM. 


Hence if 7 runs through (2.3) the set of W(L)-lattices {y~!M} is finite. 
Since the set of elements of J(Q,) C Endwit) M@Q that fix the lattice M 
is compact, there are for a given y € I only finitely many elements 7’ € T 
such that 


y1M = 7/"!M. 
This proves the proposition. O 


Corollary 2.35 If the group T is torsionfree, it acts without fized points 
on M. 


Proof: If x is a fixed point of y € T,y # 1, we choose a bounded open 
neighbourhood U of x. Then we have 


Uy" nU £0 for neéZ. 


Hence the proposition implies that y is a torsion element. 


Lemma 2.36 Let T C J(Q,) be a@ discrete subgroup. There is a family 
of quasicompact open subsets {U;}ier such that for any quasicompact open 
subset V of M, there are only finitely many pairs (7,7) such that 


VNUi7 #0 


and such that & U;y ts a covering of M. 
xe 
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Proof: We may assume that the ground field L is finite. Then there is a 
constant c such that any point of M has distance less than c to a point of 
M(L). 

For any point z € M(L) we define an open neighborhood 


Deets). Belg), 
yEM(L) 
d(y,x)>2c¢ 


where B,(y) denotes the closed ball around y of radius c. One checks that 
the open set U, has the properties: 


B,(x) C Ur C Bse(z), Uzy = Ucy for 7 € J(Qp,). 


Then U Uz, = M and only finitely many U,; meet a given bounded 


rEM(L) 
subset of M. We get the desired system {U;}iers, if we take for J C M(L) 
a set of representatives of M(L)/T. O 


Let us call the group [ separated, if it is separated in the profinite topology. 
This means that for any y €T, y #1, there is a normal subgroup I’ CT 
of finite index that does not contain y. 


Proposition 2.37 Let ! C J(Q,) be a torsionfree separated discrete sub- 
group. Then the quotient M/T as a sheaf for the étale topology is a formal 
algebraic space locally formally of finite type over Spf W(L). 


Proof: We define open subfunctors of M/I which are formal algebraic 
spaces. Let {U;}iez be as in the previous lemma. We choose for a fixed 
? a normal subgroup I’ CT such that U; NU;7' = 0 for y' € I’. For each 
7 € [ we have an open immersion of locally ringed spaces 


Uiy => (MIT )cngea space: 
Hence the image of the morphism 
I] Uiy se (M/T")ringea space 
yor, 


is a scheme Vj, where the finite group I'/I” acts without fixed points. 
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Then V; — M/I” is an open immersion because it is the union of the 
open subfunctors U;y. The quotient of this open immersion by the group 
G =T/TI" is an open immersion of an algebraic space V;: 

Vij — M/T. 
Hence we have a cartesian diagram 


V; M/T’ 


M/T 


Since the upper horizontal arrow is an open immersion so is the lower one, 
which proves that V; is an algebraic space open in M/T. 
To prove the proposition we have to show that the map 


v=[[i-—m/r (2.4) 

iel 
is étale and surjective in the sense of sheaves. To see this we note that 
Vi xmjr M is the open subset U U;y C M. This implies surjectivity of 


yer 
(2.4) by the previous lemma. To show that (2.4) is étale it is enough to 


verify that it is of finite type, because we already know that V; — M/T is 
an open immersion. Since the map is locally of finite type it suffices to show 
that for any quasicompact scheme T the scheme V x y/rT is quasicompact. 
Again we may assume that there is a section T — M. Then there are 
only finitely many indices 7 € J such that U;y meets the image of T' for 
some y € I’, by lemma (2.36). For the remaining indices 7 € I we have 
Vi xmyr T= @. Since each V; is quasicompact the proposition is proved. 


3. Moduli spaces of 
p—divisible groups 


In this chapter we formulate a moduli problem of p-divisible groups with 
a level structure of parahoric type and show that it is representable by a 
formal scheme. 


We fix a prime number p. Let B be a finite-dimensional semisimple algebra 
over Q, and V be a finite left B-module. We fix a maximal order Og of B. 
We are going to define the notion of a multichain of lattices in V. We 
consider first the case, where B is a simple algebra. 


Definition 3.1 A chain of lattices is a subset L of the set of Op-lattices of 
V, that satisfies the following conditions: 


1. If A and A’ are two lattices of L then either 


Reh aor = ON K: 


2. Let x € BX be a unit of B, which normalizes Og. Then xA € CL, if 
AECL. 


3.2 We may make this definition a little more explicit. There is a division 
algebra D and an isomorphism B ~ M,,(D), that takes Og to Mn(Op), 
where Op is the unique maximal order of D. We consider D as a subalgebra 
of M,,(D) via the diagonal embedding. 

The normalizer of M,(Op) in M,(D)* is DX -M,(Op)*. Indeed, consider 
an « € M,(D) of that normalizer. Then xO}, C D” is an M,(Op)-lattice. 
Hence it is enough to show that any M,(Op)-lattice in D” has the form dO}, 
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for some d € D*. This is well-known for n = 1. For general n it follows from 
the so called Morita equivalence (easy exercise), that asserts that the functor 
from the category of Op-modules to the category of M,(Op)-modules given 
by 


W +-— OF Gop W 


is an equivalence of categories. 
If we fix a prime element II of Op, we may reformulate our second condition 


as follows: 
2’) For any lattice A € L the lattices I1*+1A belong to CL. 


Indeed any element b of the normalizer of Og has the form b = II*u, where 
k is some integer and u is a unit in Og. Hence bA = IIA. 

We call 6 a mazimal element of the normalizer, iff k = 1. It is equivalent to 
say that 6 € Og and that bOg is a maximal two-sided ideal in Og. 

Fix some lattice Ap € L. By the property 2’) it is enough to know the lattices 
between II~!Ao and Ag that lie in L to recover the whole chain. Hence to 
give a chain C of lattices is equivalent to giving a finite set {Ao,...,A,;-1} 
of M,(Op)-lattices in V, such that 


BN Gte Ge The Ae 


The number r that appears here is called the period of the chain. We see 
that £ = {A;}iez, where the A, for i not in the intervall [0, r—1] are defined 
by the condition 


Age, = TL As. 


3.3 Next we consider the case of a semisimple algebra B. It is a product of 
simple algebras 


Ime Bix oA Dee 
There are maximal orders Og, of Bj,i = 1,...,m, such that 


Op = On % 2% On... 


We get a corresponding decomposition of V, 
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V=Vi0---OVn. 


Moreover, each Og-lattice A C V may be written in a unique way: 


A=Ai6-:-@An, 
where A; C V; is an Og,-lattice. Let us call A; the ith projection of A and 
denote it by pr;A. 


Definition 3.4 A set L of Og-lattices A C V, ts called a multichain, iff 
there exists for eachi=1,...,m a chain of Opg,-lattices L; in V;, such that 
L consists of the Og-lattices for which pr; A € Lj fori=1,...,m. 


3.5 Let T be a Z,-scheme, such that p is locally nilpotent on T. We are 
going to define the notion of a multichain of Og ®z, Or-modules of type 
(£). A typical multichain on T will be {A @z, Or} where A € CL. 

Let us fix a notation. Assume that b € B™ is in the normalizer of Og. Then 
conjugation by b~! defines an isomorphism 


Op — Op zrr—>b-!xb 


Let M be a Og @ Op-module. We denote by M° the module obtained via 
restriction of scalars with respect to this isomorphism. Then multiplication 
by 6 induces a homomorphism 


b:M°’—M. 
Let us begin with the case, where B is simple. We consider the chain £ as 
a category with inclusions as morphisms. 


Definition 3.6 A chain of Op @z, Or-modules of type (L) on T ts a func- 
tor 
Ar Ma 
from the category L to that of Og@Or-modules. Moreover, for each b € B” 
in the normalizer of Op, a periodicity isomorphism 
6, : M2 > Moa 


18 given. 
We require that the following conditions are satisfied: 
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1. Locally on T there exist isomorphisms of Op ® Or-modules 


Marva @z, Or. 
2. If b is maximal (cf.(3.2)) and A, A’ € L are such that bA C A’ C A, 
we have an isomorphism of Op/bOg ® Or-modules locally on T 
Mx/0n,n'(Mn:) fe ASK @Or. 


Here on,a' : My: — My denotes the homomorphism that corresponds 
by functoriality to the inclusion A’ C A. 


3. The periodicity isomorphisms are functorial, i.e. for any inclusion 
A’ CA the following diagram is commutative: 


0 
M?, : Mon 
QA,A! QbA,bA’ 
O 
Me Moa .- 
The 6, satisfy the cocycle condition: 
We 9b 1b. Mb, boA 
95, 
roe 
b 
(M,?) : Mya 


4. For each b € B™, which is in the normalizer of Og the composition 


% QA,bA 
Myx —> Moa > Ma 


is multiplication by b. 
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Let us reformulate this definition more explicitly. As above we represent 
B as a matrix algebra over a division algebra D in such a way that Og = 
M,(Op). We fix a prime element II € Op. Then we may represent Las a 
chain of Og-lattices in V 


7a NI Wes Go EZ, 


such that A;_, = IIA; for some fixed natural number r and any i € Z. We 
may reformulate our definition as follows: 


Corollary 3.7 A chain of Og ®Op-modules of type (L) on T is an indexed 
set of Op ® Or-modules {M;}icz, such that 
Mee Ma tes 


Moreover there is a Og ® Or-homomorphism of degree one 


o:M; — Mi+1 


such that the following conditions are satisfied. 


1. We have tsomorphisms of Og ® Or-modules locally on T: 


M; ~ A; ® Or, M;/0(Mi-1) ~ Ai/Ai-1 ® Or . 


2. The map 
a” : Mi-+ = Mi Sa M; 


is the multiplication by II. 


We note that the condition 1) does not claim any functoriality in A;. It just 
says that M; is locally on T a free Op ® Or-module of the same rank as 
the Op-module A; (i.e. dimpV) and M;/o(M;-1) is a free Op/MOp ® Or- 
module of the same rank as the Op /IOp-vector space Aj/Aj-1. 


3.8 We will also consider chains {M;}iez where we replace the condition 1) 
by the weaker conditions, that M; is locally on T a free Op ® Or-module, 
and that M;/o(M;-1) is locally on T a free Op /MOp ® Or-module. Then 
we speak just of a chain of Op ® Or-modules on T without fixing a type. 
The type (L) enters in the definition 3.6 only via the ranks of the modules 
above. 
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We note that the Morita equivalence induces a bijection between chains of 
Op ® Or-modules and chains of Op ® Or-modules. 


3.9 Let us return to the general case, where B need not to be simple. We 
consider the decomposition into simple algebras. Let £ be a multichain of 
Op-lattices in V. We denote by L; the chain of Og,-lattices in V;, which is 
the projection of L, 


L; = {priA|A € L}. 


Definition 3.10 A multichain of Op ®z, Or-modules on T of type (L) is 
a set {M,,...,Mm}, where M; is a chain of Op; @z, Or-modules of type 
(Li). 


If A € £ has the decomposition 
A=A,@---@®An , A; € £3 


m 
we write M, = @ Mg,, where My, is defined by the chain M;. Again A +> 


s= 1 
My is a functor from £ to the category of Op ®z, Or-modules. Moreover 
for any b € B* that normalizes Og we have a periodicity isomorphism 


A, : Me — Mya, 


such that the following diagram is commutative for bA C A: 
Mt Moa 


OA,bA 


Ma 


Theorem 3.11 Let {Ma} be a multichain of Og ®Or-modules of type (L) 
on a@ Zp-scheme T, where p is locally nilpotent. Then locally for the Zariski 
topology on T the multichain {Ma} is isomorphic to {A @ Or}acc. 


If {Mj} is a second multichain of type (L) on T, then the following functor 
on the category of T-schemes 
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T’ + Isom ({Ma @07 Or}, {Mi Qo, Or'}) 


as representable by a smooth affine scheme over T. 


We remark that by the Morita equivalence it is enough to prove this theorem 
in the case, where B = D is a division algebra. We refer to the appendix 
to this chapter for the proof and first formulate a similar theorem in the 
presence of a polarization. Whenever we consider the polarized case we will 
make the blanket assumption that p F 2. 


3.12 We fix data (F,B,V,( , )) of type (PEL), cf. (1.36). Let * denote 
the involution on B. We let Og be a maximal order of B invariant under 
x. If W is a right B-module, we define a left B-module by restriction of 
scalars 


+2 B— BP . 


With this convention the dual vector space V* = Homa,(V, Qp) is a left 
B-module and ( , ) induces an isomorphism of B-modules 


w:V—-V"*. 
In the same way for an Og-lattice A in V, A* = Homz,(A, Zp) is a left 
Op-module. The image of A* by the map 
wrt 
A* —+ V* —+V 
is the dual lattice with respect to ( , ). We will denote it by A* as well. 


Definition 3.13 A multichain L of lattices in V is called selfdual, if A € L 
implies A* € L. 


Definition 3.14 Let L be a selfdual multichain of lattices in V. A polar- 
ized multichain of Op ®z, Or-modules on the scheme T of type (L) is a 
multichain of Op @z, Or-modules {My} of type (L) together with perfect 
Or-linear pairings 


Ex: Ma X Mas — Or 


such that the following conditions are satisfied 


76 CHAPTER 3 


1. Ex(am, m’) = Ea(m, a*m'), m € My,m’ € Ma-, a € Op 
2. Ex(m,m’) = —Ea-(m',m), mE Ma,m’ € Mae. 


3. Let Ay C Ag be lattices in L. Then 


Ea, (M, Oas,azm) = Ea,(Ov2,A,™M,n), ME Ma,,n € Ma; . 


4. Let b € B* be in the normalizer of Op. We set b = (b-!)* so that 
for a lattice A we have the relation (bA)* = bA*. We consider for a 
lattice A € L the periodicity isomorphisms 


Os: Mi met Mix O; : Me. — Mj,- = Moa) - 


Then we have the relation 


Ea(™m1, M2) = Epa(O5M1, 9gm2), m1 € Ma, m2 € Mae. 


3.15 On the selfdual chain £ we may consider the functor A ++ M, = 
Mx. = Homz,(Ma-,Or). We have a periodicity map on this functor de- 
fined by the diagram 


(t.) = (mi.) a (M;,.)” = Misa) = Mix. 


One verifies with little pain that {M,} is a multichain of Og @ Or-modules 
of type (£). Let us call Mx the dual chain. We may restate the definition 
of a polarized multichain in this set-up more elegantly: 


A polarized multichain over the scheme T of type (L) is a multichain {Ma} 
of type (L) together with an antisymmetric isomorphism of multichains 


{Ma} — {Ma}. 


The analogue of theorem (3.11) in the polarized case is the following theo- 
rem. For the proof we again refer to the appendix to this chapter. 


Theorem 3.16 Let L be a selfdual multichain of Op-lattices in V. Let 
T be a Zpy-scheme, where p is locally nilpotent. Let {Ma} be a polarized 
multichain of Op @z, Or-modules of type (L). Then locally for the étale 
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topology on T the polarized multichain {Ma} is isomorphic to the polarized 
multichain {A @ Or}. 


Moreover, tf {Mj} is a second polarized multichain of type (L) on T then 
the functor of isomorphisms of polarized multichains on the category of T- 
schemes 


T’ -— Isom ({Ma ® Or}, {Mai ® Or'}) 
ws representable by a smooth affine scheme over T. 
3.17 We will now define moduli problems of p-divisible groups, that are 


variants of the problem in chapter 2. Our starting point is one of the 
following two situations: 


Case (EL): 


We fix (F, B, V) as in (1.38), and a maximal order Og in B. Let 
G be the corresponding algebraic group over Qp. 


Case (PEL): 


We fix (F, B,V,( , )) as in (1.38), and a maximal order Og in 
B fixed by the involution *. Let G be the corresponding alge- 
braic group over Q,. 


To define the variants of our functor M we need a replacement for X. In 
terms of the group G this is given by an admissible pair, cf. (1.18). 


Definition 3.18 A set of data for moduli of p-divisible groups in the case 
(EL) relative to an algebraically closed field L of characteristic p ts a tuple: 


(F, B, Op, V,}, p,£). 


Here (F, B,Op,V) are the data of case (EL). We denote by G the assoctated 
reductive algebraic group over Qy. Let us denote by Ko the quotient field 
of W(L). The datum b is an element of G(Ko). The next datum is a 


cocharacter 


p: Gm —G 
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that is defined over a finite field extension K of Ko. Finally L is a multi- 
chain of Op-lattices in V. 
We require, that the following conditions are fullfilled. 


(i) The pair (b, 4) is admissible, cf. (1.18). 
(ii) The isocrystal (V @ Ko, bc) has slopes in the interval (0, 1]. 


(iii) The weight decomposition of V ® K with respect to the cocharacter 
contains only the weights 0 and 1: 


Veak=HYe"V. 


In the case (PEL) we have in addition to the data above the nondegenerate 
antisymmetric pairing (, ) on V that induces an involution * on Op. We 
require that the multichain L is selfdual. The multiplier of the corresponding 
group G is denoted by c. Let us denote by v the slope morphism associated 
to b. In addition to the conditions above we require: 


(iv) The character cv : D — Gy is the character x; that corresponds to 
the rational number 1. 


Let us fix the set of data (EL) respectively (PEL). We consider two sets of 
data (b, u,£) and (b’,y’, L’) to be equivalent, iff b and b’ are in the same 
o-conjugacy class, p and py’ are conjugate over a suitable finite extension 
K" of Ko, and there exists a bijection A ++ A’ between the chains £ and 
L’, such that for any pair A; and Ag 


lengthopAi/A2 = lengtho, Aj /A5. 


Moreover in the case (PEL) we require that the bijection A ++ A’ commutes 
with taking the dual lattice. Note that we do not require the equivalence of 
the pairs (b, ) and (b’, /mu’) in the sense of definition (1.23). 


3.19 Let us make a few comments on this definition. 

a) By the crystal associated to a p-divisible group X over L we mean the 
Lie algebra of the universal extension of some lifting of X to W(L). It is 
canonically isomorphic to the Cartier module of X. 

The condition (ii) above says that (NV, F) = (V @ Ko, bc) is the isocrystal 
of some p-divisible group X over L. 
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The conditions (i) — (iii) are satisfied if there is a p-divisible group X over the 
ring of integers Ox of K, such that its reduction X; modulo the maximal 
ideal is equipped with a quasi—isogeny X — X,, and such that the following 
condition is satisfied. 

In general let X be a p-divisible group over a base scheme S, where p is 
locally nilpotent. Then we denote by M(X) the Lie algebra of the universal 
extension of X. 

In our case where S = Spec Ox the definition of M(X) makes sense because 
Ox isa p-adic ring. The given quasi—isogeny allows us to identify M(X)@Q 
with the K-vector space N @x, K. Indeed we have a quasi—isogeny 


X XSpec L Spec Ox/p — X Xspf ox Spec Ox /p 


that lifts the quasi-isogeny X — X,. This induces a quasi—isogeny between 
the values of the crystals associated to the p-divisible groups at the divided 
power thickening Spec Ox/p — Spf Ox. We get the desired identification 
(comp. also (5.15)). 

The condition is that under this identification the canonical filtration on 
the universal extension 


0 > Fil’ — M(X)@Q — LieX 2Q—0 
coincides with the filtration given by pu 


Conversely one expects that the existence of an X with the properties above 
follows from the conditions (i) — (iii). If this is false it could happen that 
the moduli functors we are going to define are empty for some of the data 
of definition (3.18). 


b) The condition that (b, ) is admissible implies that for each character x 
of G that is defined over Q,, we have 


<p,x >= ordp x(b), 


(cf.(1.21)). If we take for x the determinant of an element g € G(Q,) acting 
on the Q,—vector space V 


deta, : G — Gp, 
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we get the equality: 
dim V, = ord, det x,(b; V @ Ko). 


If we take in the case (PEL) for y the multiplier c, we get from the condition 
(iv) that 


aay I. 


This implies that the subspaces Vo and V are isotropic a respect to the 
pairing obtained on V @ K by extension of scalars. 
We also note that conditions (i) and (iii) imply condition (ii). 


3.20 We recall (cf. (1.38)) that the isocrystal N is equipped with an action 
of B. In the case (PEL) it is also equipped with an alternating bilinear form 
of isocrystals, 


~:N@N—1(1). 


Indeed since L is algebraically closed and since ord, c(b) = 1, we find u € 
W(L)* such that c(b) = pu~'o(u) and put ¥(v, v’) = u(v, v’). If we choose 
another u, we change by a factor from QF. We call the set Q?'y of bilinear 
forms on N a Qy-homogeneous formal polarization. 

The form w defines a polarization on the p-divisible group X, i.e. an anti- 
symmetric quasi—isogeny A : X — X. The isogeny class of the pair (X, Q*A) 
is well defined by the data of definition (3.18). 

Let £ denote the Shimura field, i.e. the field of definition of the conjugacy 
class of p, cf. (1.31). We denote by E the complete unramified extension of 
FE with residue class field L, which is contained in K. We define a functor on 
the category Nilpo, that is associated to the data of definition (3.18). For a 
scheme S in Nilpo, we will denote by S the closed subscheme of § defined 
by the sheaf of ideals pOs. The structure morphism ¢ : S — Spec Ox 
induces a morphism 


¢:5 — SpecOx/pOx — Spec L, 


which allows us to consider S as a scheme over L. 
Let X be a p-divisible group over S with an action 


t:Og — End X. 
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For an element a € B™ that normalizes Og, we define 14(r) = u(a~twa). 
By abuse of notation we write X° for the pair (X, e*). The multiplication 
by (a) induces a morphism of Og-modules: 


X* —+ X, 


Definition 3.21 Let M be the contravariant set-valued functor on the cat- 
egory Nilpo,, such that a point with values in S € Nilpo, is given by the 
following data up to isomorphism. 


(1) For each lattice A € L a p-divisible group X, over S, with an action 
of the algebra Op: 
Op => EndX, 


(2) For each lattice A € L a quasi-isogeny 
on: X Xcceek o — Xa Xs oF 
which commutes with the action of Og. 


We require that the following conditions are satisfied: 
Let us denote by Ma the Lie algebra of the universal extension of Xq. It is 
a locally free Os-module. We will write 
Ona: Xa —> Xp 
for the quasi-tsogeny that lifts CAO, 
(i) Locally on S the Op ® Os-module Ma is isomorphic to A® Os. 


(ii) Let A C A’ be two neighbours in the multichain L. Then the quast— 
isogeny Oa',a ts an isogeny. The cokernel of the induced map My — 
My: is locally on S isomorphic to A’/A @z, Os as an Op ®z, Os- 
module. 

(iti) For any a € BX that normalizes Op the map X* — X defined above 
induces an isomorphism 


Oa : XK => Gane 
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(iv) For each A € L, we have an equality of polynomial functions on Op: 


deto,(a; Lie X,) = detx(a;Vo), a€ Op. 


(v) In the case (PEL) there exists an isomorphism pa for each lattice 
AEL 
PA: XA ae BAe 


such that the following diagrams are commutative up to a constant in 
Q> which is independent of A, 


(Xa)s —> (Xha)s 


ea] | et, 


We often write (Xc, @) for a point of the moduli problem M. We remark 
that the functor M does not depend on the choice of the p-divisible group X 
but only on the polarized isocrystal (JN, ~Q*). Indeed, for another choice 
X’ we have a canonical quasi—isogeny a : X’ — X that respects the ho- 
mogeneous polarization. The map (X, 0) + (X, ag) gives the canonical 
isomorphism between the functors defined by X respectively X’. 

The automorphism group J(Q,) of the homogeneously polarized isocrystal 
(NV, Y~Q*s) acts by quasi-isogenies on X. 


Definition 3.22 Let g €-J(Qp) and let (Xc,e) be a point of M(S). Let 
g(Xc,0) € M(S) be the point (Xc,eg~'). This is an action from the left 
of J(Qp) on the functor M. 


This action is independent of the choice of X. 


3.23 Let us explain the data and conditions of this definition. 

a) The condition (iv) on the determinants is taken from Kottwitz [Ko3]. 
The precise formulation is as follows. Let V be the scheme over Zp, whose 
set of points V(A) with values in a Zp-algebra R is Op @z, R. We choose 
a Op-invariant Ox-lattice [ C Vo. For an Ox-algebra R we define a map: 
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rr) eer A!(R) 


bEOB@R +  det(b;T Go, R) 


This defines a map of schemes Vo, — Ad.) which is easily seen to be 
defined over Og, where EF is the Shimura field. Since it is determined by its 
restriction to the general fibre, it does not depend on the choice of I’. In the 
definition we denote by det(b; Vo) this morphism. In the same way we view 
det(b; Lie X,) asamorphism Vs — A§. What we mean by condition (iv) is 
an equality of morphisms of schemes over S. We cannot interpret condition 
(iv) in the naive way, because in general different polynomial functions may 
have the same value on the finite set Og /p"Opz. 


b) Let us point out a consequence of the condition (iv). We write B as a 


B= [| &. 
fom | 


The algebras B; are matrix algebras over divison algebras D,, 


product of simple algebras, 


Bae iM, (Di): 
We may choose the isomorphism in such a way that 
Op = [[ “%.(On,). 
=. 
This induces decompositions of the lattices in our chain £ and of the corre- 
sponding p-divisible groups, 


A=QA; 


Kip] Xay. 


The condition (iv) is a condition on each Xq; separately. Therefore we may 
restrict to the case i = 1 in the discussion of that condition. Hence we 
assume that Og = M,(Op) is a matrix algebra over the ring of integers 
in a division algebra D with center F. We denote by F an unramified 
extension of F that is contained in D and splits D. Let F* respectively F* 
the maximal unramified extensions of Q, contained in F' respectively F. 
Assume that F'* embeds into K. Then we get a decomposition: 
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v= @ VW. 


o:Ft+K 


Here ¢ runs through all possible embeddings and 


Ve ={vEVo;fo=o(f)v, fe F'}. 


Let II be a prime element of D that normalizes F. Let us denote by 7 the 
automorphism of F* induced by conjugation with II. Then II induces an 
isomorphism: 


II ver = Ve. 


It follows that the rank of the K-vectorspaces Vie and vie agree, if the 
restrictions of ¢ and ¢’ to F* are the same. The restriction of the polynomial 
function detx(a; Vo) to Of: ® Ox is uniquely determined by the ranks of 
the K-vectorspaces Vo . 

Assume that we are given a point of the functor M with values in S. We 
have a decomposition, 


Oj @ Os = I] Os. 
@:FtoK 
Note that Os is a Oz-algebra and that ¢ maps Og, to the subring O» of K. 
Since the Lie algebra of X, is a Of, @ Os-module, we get a decomposition 


Lie Xx = @ Lie® Xa. 
@ 
The restriction of the condition (iv) to the subalgebra Oj, of Og says 
exactly that the rank of the locally free Os-module Lie? X, coincides with 
the rank of the K-vectorspace V,*. This condition on the ranks is weaker 
than condition (iv), if F is not an unramified extension of Q,. 


c) Let us show that the conditon (iv) on the Lie algebra implies the condition 
(i) of the definition (3.21). Let Ma, be the Lie algebra of the universal 
extension of X,,;. Then the condition (i) of definition (3.21) is equivalent 
to the condition that for each i = 1,...,m the Op, ® Os-module Maj, is 
locally on S free of the same rank as the Op,-module A;. We note that the 
condition on the rank is automatic by the existence of the quasi—isogeny 0, 
of definition (3.21) . 
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Lemma 3.24 Let D be a finite-dimensional division algebra over Q,. Let 
F be the center of D. We denote by Op the mazimal order in D. We 
denote by k respectively k the residue class fields of F respectively D. We 
note that k and k are in a canonical way subalgebras of Op/pOp. 

Let X be a p-divisible group over an algebraically closed field P of charac- 
teristic p, with a faithful action of Op. Then Lie X is ak@®P-module. We 
have a decomposition 

LSPS wPar 
a:k—+P 


which induces a decomposition of the Liealgebra: 
Lie X = @qlieg X. 
The following conditions are equivalent: 
(i) For each a the k @y,q P-module Lie X is free. 


(ii) The Cartier module M of X is a free Op ® W(P)-module. 


Proof: Let F be the center of D. Let d? be the degree of D over F'. We fix an 
unramified extension F of F of degree d that is contained in D. We write r 
for the Frobenius of F over F. We denote by F' respectively Ft the maximal 
unramified extensions of Q,, which are contained in F' respectively F. We 
fix a prime element II of D that normalizes F. Then Op is the algebra, 


Op =O;\), Maes (ail, ac FP, 


Here s is some natural number prime to d. It follows that II? is a prime 
element 7 of F’. 
We have a decomposition: 


Op @W(P)= QB W(P). 
¢:F'—+W(P)aq 


The sum ranges over all possible embeddings ¢. This decomposition induces 
decompositions of the Lie algebra and the Cartier module of X, 


Lie X = @gLie®X 


WE @gM?. 
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Explicitly the W(P)-submodule M® is given by the condition: 
M¢ = {me M;(f @1)m= (1 o(f))m}. 


One easily checks that the action of II on X induces on the Cartier module 
a map 


tM? Sa 
An element m € M®, which is not in IM” generates a direct summand 
of M as an Op ® W(P)-module, which is isomorphic to Op @: 4 W(P). 
Hence the condition (ii) of the lemma says that the dimension as a P-vector 
space of the cokernel of the above map is independent of ¢. 
The Verschiebung V induces a map 


V:M?-+M?_ ?, 


which becomes an isomorphism when tensored with Q,. We consider the 
commutative diagram: 


ee fees Ceo 


Fc aalurlt ea 


PL Swe eyer CF 20) 


| | 


Lie?’ phot se 2 Lie? 


It follows that the cokernels C% have all the same dimension, iff Lie? and 
Lie®’ have the same dimension for all ¢. But this is exactly the condition 
(i) we put on the Lie algebra in the lemma. C1] 


The lemma shows, that the determinantal condition in our moduli problem 
implies the condition, that the value M, of the crystal of X, on the scheme 
S is locally for the Zariski topology on S isomorphic to A @ Os. Indeed, to 
show this we may restrict to the case, where B is simple. By the Morita 
equivalence we may further assume that B = D is a division algebra over 
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Q,. In this case the condition (i) of definition (3.21) simply says that 
locally on S the Op ® Os-module My is free. By the remarks made on 
condition (iv) the assumptions of the lemma above are satisfied. Hence for 
any geometric point Spec P — S the crystal induced by X,q over Spec P is 
a free Op ® W(P)-module and a fortiori the value of this crystal at Spec P 
is a free Op @ P-module. Since Ma is known to be a locally free Os-module 
this suffices to prove our assertion. 


d) Next we claim that the condition (ii) of the definition in view of condition 
(iv) is equivalent to the following: 


(tt bis) For any netghbours A C A’ of the chain L the height of the quasi— 
isogeny Xa, —+ Xa, is equal to log, |A;/Ai|, 7=1,...,m. 


Indeed, to show this one reduces as above to the case where Og = Op 
is the ring of integers in a division algebra D, with residue class field k= 
Op/WOp. The equivalence of the conditions follows if we can show that the 
cokernel N of the map M, —> Ma: is a locally free k@Os /pOs-module. 
By Breen-Berthelot-Messing [BBM] Prop.4.3.1 (compare also de Jong [dJ1] 
2.3) we know that N is a locally free Os/pOs-module. Hence it is enough 
to consider the case, where S is the spectrum of an algebraically closed field 
P. As before we have a decomposition, 


N= B Ne. 
o:kP 


We get a decomposition of the Cartier module M of Xa: 


M= @gM?. 


A similar decomposition holds for the Cartier module M’‘ of Xq:. We see 
that N is a free k @ P-module, iff the dimension of the P-vectorspace N g 
is independent of ¢. This follows in the same way as in the proof of lemma 
(3.24) from the following commutative diagram: 
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Ouro eal CO et LALSA eee Sel 
| | | 

OL ae AIP eee Ses eae WY 
| if 
N7# —» Ne? 
| | 
0 0 


Theorem 3.25 The functor M is representable by a formal scheme, which 
is formally locally of finite type over Spf Op. 


Proof: We start with the representable functor M of theorem (2.16), for our 
X at hand. In fact the theorem is applicable, because over an algebraically 
closed field any isocrystal is decent. Let (X,e) € M(S) be a point. We 
transport the action of B on X by quasi—isogenies via @ to an action of B 
on X by quasi—isogenies. Let Mo be the subfunctor of M, where Og acts 
by isogenies. This is clearly a closed subfunctor and therefore representable. 
We have an obvious morphism of functors: 


5 we NM II Mo. 
AEL 

It is enough to show that this morphism is representable. We know (2.9) 
that the condition, that a quasi—isogeny of p—divisible groups over a scheme 
S is an isogeny, is representable by a closed subscheme. Hence the condi- 
tion that Og acts on Xq, the conditions (iii) and (v), and the condition 
that 0a’, is an isogeny for any two neighbours A C A’ is relatively repre- 
sentable with respect to j7. The condition (iv) is clearly representable. In 
the presence of condition (iv), condition (i) is automatic and condition (ii) 
is equivalent to condition 

(ii bis) prescribing the degree of certain isogenies. This is obviously repre- 
sentable by an open subscheme. 


3.26 Next we will consider the problem of determining the local equations 
of the formal scheme given by definition (3.21). We reduce this to a problem 
of linear algebra by constructing a local model, comp. [R1]. 
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Let us start with a set of data (B, F,Op, V, 1, £) in the case (EL). In the 
case (PEL) we have in addition a nondegenerate antisymmetric Qp-pairing 
roe oe 

The cocharacter jy is given over the field K. Let E C K be the Shimura 
field. Let us define a functor M'®’ on the category of O-schemes. 


Definition 3.27 A point of M'®° with values in an Og-scheme S is given 
by the following data. 


1. A functor from the category L to the category of Og ®Os-modules on 
as 
Arta, AECL. 


2. A morphism of functors 


pa > A@z, Os — ty. 
We require that the following conditions are satisfied: 


(i) ta ts a finite locally free Os-module. For the action of Og on ta we 
have the following identity of polynomial functions 


deto,(a; ta) = detx(a; Vo), ace Op. 


(tt) The morphisms ya are surjective. 


(tt) In the case (PEL) the composite of the following maps ts zero for each 
A: 
tt £4 (8 @ Os \"=A@Os male 


Clearly the functor M!®* is represented by a closed subscheme in a product 
of Grassmannians. We write M!** for M'” @o0, Ox. 
Let us introduce a smooth covering of the formal scheme M. 


Definition 3.28 Let N be the contravariant set-valued functor on the cat- 
egory Nilpo,, such that a point of N with values in S € Nilpo » is given by 
the following data 


1. A point (Xa, ea) of M(S). 
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2. An isomorphism of (polarized) multichains 


ya: Ma —> A@z, Os. 


Here Mx, denotes the value of the crystal of Xx on S. 
3.29 The smooth formal group 
P(S) = Aut({A @z, Os}) 


acts on N via the data 2): 


p:(Xa,ea, 7a) =(Xa,ea,Pya), pe P(S). 
We see that NV is a left P-torsor over M and therefore representable by a 
formal scheme, which is of finite type over M. There is a natural morphism 
(eee: Miee 
a 
(Ang OA, YA) yay A ®z, Os a Ma ag Lie Xa, 
that factors through the p-adic completion M!° of Me, 
By Grothendieck and Messing [Me] the map 
a Mee 


is formally smooth. It is formally locally of finite type since NV and M!° 
are formally locally of finite type over Spf Oj . 


3.30 Let us fix a closed point « € M. We identify its residue class field 
k(x) with the residue class field « = L of Ox. We will consider sections of 
the smooth morphism 


N—M 
in a pointed étale neighbourhood (UY, y) of x. By definition of NV a section 
s over U is given by an isomorphism of (polarized) chains 
ya: Ma @0,y, Ou —+ A@z, Ou. 


We are going to explain a condition on the section s that ensures that the 
composition 
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Us N — wales 


is formally étale. 
Consider a local artinian augmented x-algebra A, such that the square of 
the maximal ideal of A is zero. Consider a morphism 


a: Spec A—+U (o2u) 


which is concentrated in x. Let us denote by Ya for A € CL the p-divisible 
groups on SpecA induced by the universal p-divisible groups X, on M. Let 
Ya = Va XSpec A Spec & be its reduction. Let Na (respectively Na) be 
the Lie-algebra of the universal extension of Yq (respectively Yq). By the 
crystalline nature of Na we have a canonical isomorphism 


7:N, @,A—> Nz. 


On the other hand the section s provides an isomorphism 


ya: Ny Az, A. 


Definition 3.31 We call a section s rigid of the first order in x, if for 
all algebras A as above and morphisms a as above the following diagram is 


commutative 


Nj @, A—> Na 


a /- 


A@z, A 


where Y, = YA @A K. 


3.32 Any closed point z € M has an étale neighbourhood, such that there 
is a section s, in this neighbourhood which is rigid of the first order in z. 
Indeed, let Z be the maximal ideal of definition of O,,. Let My be the 
closed subscheme of M defined by Z?. For any formal scheme 4 of finite 
type over M we will denote by 2 the scheme ¥ x ,y Mz. Since N > M is 
a smooth morphism, it is enough to find an étale neighbourhood U2 — My 
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of x and a section § : Uz No which is rigid of the first order in x in an 
obvious sense. Since M2 — Mz is a morphism of schemes of finite type it 
is enough to ask for the existence of a section over Spec osh where osh is 
the strict henselization of the local ring of My at x. By Hensel’s lemma it 
is enough to find a section over Spec Osh /m?. Since any morphism (3.1) 
factors through the spectrum of the artinian ring A’ = OS} /m2 aa nosh, 
it is enough to construct a section over Spec A’, such that the diagram of 
definition (3.31) is commutative. This is obvious. 


Proposition 3.33 Let z € M be a closed point and let s : (U,y) + N be 
a section in a pointed étale neighbourhood (U,y) of x which ts rigid of the 
first order. Then the composition 


hen: pS eae Mie 
is formally étale in a Zariski open netghbourhood of y inU. 


It follows that any point of M has an étale neighbourhood, which is formally 
étale over M'®°. For the proof we need the following general result on formal 
smoothness contained in EGA. 


Lemma 3.34 Let N — S be a morphism of locally noetherian formal 
schemes, which ts formally of finite type and formally smooth. Let M — N 
be a closed subscheme of N defined by a coherent sheaf of ideals K C Ow. 
Let x be a point of M, and y be its image in N. Then the composite M — S 
of the morphisms above is formally smooth in a Zariski open neighbourhood 
of the point x, iff the map 


K/K? Bon K(x) — ON) s Bow K(y), 
induced by the universal derivation ([EGA] Ory 20.5.11.2), is injective. 
Proof: Consider the standard exact sequence 


By [EGA] Ory 20.7.8 the condition that M — S is formally smooth in 
a neighbourhood of 2 is equivalent to the condition that 6 is formally left 
invertible in a neighbourhood of z. The topological Oy-module Wy, 5 18 
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formally projective [EGA] Ory 20.4.9. The topology on Qy/s is the 7-adic 
topology, where 7 C Ow is some ideal of definition [EGA] Oyy 20.4.5. 

It follows that QNy/s @oy Om is a formally projective O,y-module, that 
carries the adic topology induced from Oy. Let us denote by Z the maximal 
ideal of definition of Oj. By [EGA] O;y 19.1.9 the condition that 6 is 
formally left invertible in a neighbourhood of z is equivalent to the condition 
that 


K/K? Bonu Oja/t — Ws Gov Om/T 


is left invertible. One checks that both modules are coherent modules over 
Om/T . Hence we conclude the proof of the lemma by [EGA] Or;y 19.1.12. 


Corollary 3.35 If the map in (3.34) is an isomorphism, then M — S is 
formally étale in a neighbourhood of x. 


Proof: This follows from the fact that Vy 
in this case, [EGA] Oyy 20.1.1. 


p= (0) in a neighbourhood of x 


Proof of Proposition (3.33): First we show that the map is formally smooth. 
We write ¥ =U, V=N xyU,Z = M’°*. Consider the diagram of formal 


schemes over JT = Spf Op. 
Y 
x A 


By [EGA] Ory 20.7.18 we have split exact sequences 
ge yas a Ups) tO 


If we apply s* to the lower exact sequence, we get a canonical splitting 
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Let y = s(x) and q(y) = z. The morphism qs defines an inclusion «(z) > 
K(x). Let us use the notation Q4/7(2) = Qe sr @o, k(x) for the geometric 
fibres. 


We claim that the formal smoothness of gs is equivalent to the assertion 


that the map 
My pr(z) @xtzy K(2) + yz (y) On(y) #2) > Me7(2) 
is injective. 
Indeed, consider the diagram 
s*q° Qe /7 
oes 


OY) FSV 7 S 8*QY)y = K/K? 


wa 


ces Q} /2 
It is easy to see that d induces an injection of the geometric fibres at 2, iff 
ps does. Hence the claim follows from the lemma. 
Let us identify «, (a), K(y), and «(z). By duality it is enough to show that 
Homo, (Qy/r kK) —+ Homo, (Q3/7; kK) 


is surjective. 

We set A = Ox 2/m?2 + 7Ox,2 and B = Ozg,,/m? + 7Oz,,. These are 
augmented artinian «-algebras, such that the squares of the maximal ideals 
are zero. Our assertion is that the map 


Der, (A, «) —> Der, (B, &) 
is surjective. This means that any commutative diagram 


AA ee Mee 


= 


Spec Kk —> Spec x[e], 
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such that the vertical arrows are concentrated in z, respectively z, admits 
a diagonal arrow as indicated. 

Indeed the left vertical arrow is given by a chain {Xq} of p-divisible groups 
over k. The point y defines a rigidification of their crystals, i.e. an isomor- 
phism of polarized chains 


Ma ~ A®z, K. 


Set ta = LieX,. Then the Hodge filtration defines the point z of the period 
space M!e¢ 


The right vertical arrow in the diagram above gives a lifting of the last map 
A @z, K[e] —> ta. 


By the horizontal isomorphism above Ma @x K[e] ~ A @z, «[e] is identi- 
fied with the value of the crystal of X, at «[e]. Hence by Grothendieck 
and Messing we get a lifting X, of Xq, such that Ma, the Lie algebra 
of the universal extension of Xq, is identified with Ma ®, k[e]. We get a 
rigidification 
Ma~ Ma x K[e] — A @z, K[e] 

and hence an element of N(«[e]). The point is, that this is the image of 
the point {X,} € M(«[e]) under s : M — N because s is rigid of the first 
order. 

It follows that the map on derivations is bijective. The formal étaleness 
follows immediately from corollary (3.35). L] 


We conjecture that M is flat over Spf Oy. By proposition (3.33) it is 
equivalent to ask whether the local model M!°? is flat over Ox. At the end 
of this chapter we review some examples which support this conjecture. 


3.36 In the definition (3.18) of the moduli data we had assumed that L is 
algebraically closed. We now want to consider an arbitrary sufficiently big 
perfect field L of characteristic p. We keep the notations of (3.18) except 
that we now impose an additional condition, namely that 6 is decent, cf. 


(1.8). 
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Lemma 3.37 Assume that we are in case (PEL) and that b satisfies a 
decency equation with an integer s > 0, cf. (1.8). Assume that L contains 
the field Fp». Let Ko = W(L)q,- Then there is a unit ue W(L), such that 
the Ko-bilinear form 


w(v, w) = u(v, w), v,weEN 
is a polarization of the tsocrystal N. 


Proof: As in the case where L is algebraically closed (comp. (3.19)) our 
conditions imply that ord, c(b) = 1. We define Nmb € G(Q,-) by the 
equation (bc) = (Nm 6)o*. For v,w € N we find the equation for the 
given symplectic form on V: 


((bo)*v, (bo)? w) = c(Nm b)(o*v, o*w). 
If we replace (bo)* by sv(p)o* in the equation, we obtain 
c(Nm 6) = p*. 


Let us denote by Nm, the norm of the extension W(F,:)/W(F,). Then we 
have c(Nm b) = Nm,c(b). The above equation takes the form: 


Nm, p 'c(b) = 1. 


By Hilbert Satz 90 this is equivalent to the existence of u € W(F):), such 
that 
e(b) = pu-'a(u) 


Clearly this is a u as required by the lemma. C] 


From the corollary (1.10) we obtain: 


Proposition 3.38 The isomorphism class of the homogeneously polarized 
B-isocrystal 
(N,Qxy) depends only on the o—conjugacy class b. 


Definition 3.39 A set of data for moduli of p-divisible groups relative to a 
perfect field L in the case (EL) is a tuple (F, B, Op, V,b, 1, L), that satisfies 
the conditions (1) (ti) and (iit) of the definition (3.18). Moreover we require 
that b € G(Ko) is decent, and that with respect to the inclusion of the 
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Shimura field E C K, the residue class field of E is contained in L. This 
gives an Og-algebra structure on L. In the case (PEL) we have in addition 
the nondegenerate antisymmetric pairing (, ), that satisfies the conditions 
of definition 3.18. In this case we assume that L contains F,:, where s > 0 
appears in a decency equation for b. 


Let E be the complete unramified extension of the Shimura field E with 
residue class field L. By proposition (3.38) there is a Q,—homogeneously 
polarized p-divisible group X over L whose isocrystal is (N, Qxy). With 
this X the moduli problem M of definition (3.21) makes sense over O» in 
this more general situation. 


Corollary 3.40 The functor M of definition (3.21) associated to the data 
of definition (3.39) is representable by a formal scheme which is formally 
locally of finite type over Op. 


3.41 Our next aim is to define a completion of the formal scheme M of 
definition (3.21) over the ring of integers Og of the Shimura field for any data 
of definition (3.18) over an algebraically closed field L. For the following 
proposition we start with data of definition (3.18) in case L is algebraically 
closed or with data of definition (3.40) if Z is an arbitrary sufficiently large 
perfect field (in the latter case b is decent). 

Let s be any integer, such that the morphism sv factors through G,,. We 
set 

Ys = p*(sv(p))~. 


This is a quasi-isogeny of height sdim X of the p-divisible group X, which 
lies in the group J(Q,). Let I, = 72 be the cyclic group generated by 7s. 
Hence I, acts on the functor M. 


Proposition 3.42 Let M, be the Zariski sheaf associated to the functor 
M(S)/Ps. 


Then M, is representable by a formal scheme, which is locally of finite type 
over Spf Ox. 
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More explicitly let S be a connected scheme in Nilpo,. Two data (X¢, o) 
and (X‘., @’) over S define the same point of M,(S), if for some integer k 
the quasi-isogeny ey* oe’! lifts to an isomorphism X4 — Xa, A € CL. 

Since y, is in the center of the algebra End X the group J(Q,) continues 
to act on Mg. 


Proof: We fix a member Apo of the lattice chain £. Let M(n) C M be the 
subfunctor where @,, is a quasi—isogeny of height n. This is an open and 
closed subfunctor and M is a disjoint union: 


M= [[ “©. 


Let us first exclude the uninteresting case where X is etale. Since 7; is a 
quasi-isogeny of height sdim X, the action of y, on M is homogeneous of 
a nonzero degree. We get an isomorphism: 


sdim X 
I] “@-™.. 
a=) 
In the case where X is etale the quasi—isogeny ¥; is the identity. Hence the 
result is trivial in this case. 


Remark 3.43 : If the group X is etale, we are in the case (EL). Since 
our functor M4 is empty unless dim X = dim Vj, we may assume that 
the morphism , is trivial. Assume that Z is a perfect field, and that 6 € 
G(W(Z)q) is a decent conjugacy class. Take a decent 6 € 6. Then for a 
certain integer s, we have: 


(bc) = sv(p)o* = p*o*, = 6 E G(Qp*). 


Since by Hilbert Satz 90 the cohomology group H*(Qp:/Qp, G(Qp)) is 
trivial, we conclude that p € 6. By corollary 3.40 we find a formal scheme 
Mo over Spf Zp, such that Mo x Spf W(L) = M. The scheme Mo is 
a disjoint union of copies of Spf Zp). We have one copy for each chain of 
Og-lattices in V conjugate to £. This is the model of M over the integers 
Z,of the Shimura field, which we would like to define in the general case. 


3.44 We will now define some sort of descent data on the functors M resp. 
M,. Let us start with a more general setting. 
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Let E be a finite extension of Q,. Let L be an algebraically closed extension 
of the residue class field « of E. We denote by E the complete unramified 
extension of E with residue class field L. Let us denote by rt € Gal(E/E) 
the Frobenius automorphism. Let S = ($,¢) be an object of Nilpo,, where 
@:S — Spf Oj denotes the structure morphism. We will denote by Str] 
the pair (S,7@). We mean by 7 the Frobenius automorphism of the scheme 
Spec Oj. We consider a (contravariant) functor G on the category Nilpo x. 
We denote by G” the functor defined by: 


G"(S) = G(Str}) 


Definition 3.45 A Weil descent datum for the functor G is an isomor- 
phism of functors: 


a:G—-+G" 


3.46 If we are given a functor Go on the category Nilpo,, we have an 
obvious isomorphism for S € Nilpo,: 


(5 os Go(id) . Go(S) =z Go(Str})- 


Hence we have a Weil descent datum on the restriction G of Go to Nilpo oa 
Let So € Nilpo, be a scheme, and let S = So Xspf og Spf Oy. The 
Frobenius automorphism on the second factor defines an isomorphism: 


FS Oip pas 
If Go is a formal scheme we have an exact sequence: 


G(r) 


Go(So) 


Hence the Weil descent datum determines Go uniquely. We say that a 
Weil descent datum on a formal scheme G over Spf Oj, is effective, if it is 
isomorphic to the descent datum defined by a formal scheme Go. 
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If G’, a’, Gi is a second formal scheme over Spf Oy with an effective Weil 


descent datum, we obtain: 
Hom((G, a), (G’, a’)) = Hom(Go, 99). 


Let E, be the unramified extension of degree r of E. Then a induces a Weil 
descent datum relative to the extension E'/E;: 


ar say neue Cx Gt 
We will call it a power of a, and denote it by a”. If @ is effective, then a” 
is effective, and is the Weil descent datum defined by Go Xspf og Spf Oz,.- 
The usual Galois-descent asserts that a converse is true: 


Proposition 3.47 Let G be a formal scheme, which is formally locally of 
finite type over Spf Oy. Assume that the associated reduced scheme is 
quastprojective. Let a be a Weil descent datum on G. If some power a” of 
a is effective, then a ts effective. The same is true tf Greq is a union of an 
ascending chain of quastprojective subschemes. 


Proof: There is a unique formal scheme G; over Spf Og, and an isomor- 
phism 
G =Gi Xspf On, SPf Op, 


which induces on G the descent datum a”. Since a commutes with a” 
the morphism a : G — G’ is obtained by base change from a morphism 
a@:G, + Gj. Clearly a” = 1 holds. Hence @ is an ordinary Galois descent 
datum for the etale covering Spf Oz, — Spf Og. We conclude by SGA 1, 
Exp.VIII Corollaire 7.6. 


3.48 We will now define a Weil descent datum on the functor M. Let us 
denote by 7 : Spec L — Spec L the Frobenius automorphism relative to 
the residue field « of E. We have the Frobenius morphism of the p-divisible 
group X relative to x, 

Froby :X — 7*X. 


Let S € Nilpo, be a scheme. We consider a point (X¢, @) of M over S. 
We can now define a point (X¢, 0%) in M(Str}) as follows: 
We set Xf = Xz, and we set e® to be the morphism: 


o¢*(Frob;') : To Xo PX > Xe: 
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We obtain a Weil descent datum on the formal scheme MM: 


ws (5) M (Str) 
(es Q) ks (As e°), 


It is obvious that the action of y, commutes with this Weil descent datum, 
hence we obtain an induced Weil descent datum on M,. 


Theorem 3.49 Let M/Spf Ox be the functor of definition (3.21), i.e. 
the field L is algebraically closed (but the conjugacy class b need not to be 
decent). Let Ms be the functor given by proposition 3.43. Then the above 
Weil descent datum on M, is effective. 


Proof: One checks that the isomorphism class of the descent datum does 
not depend on the choice of 6 € b, and on the choice of X. For any pair of 
natural numbers s,t € N we have a canonical isomorphism: 


Mst/Ts =M,. 


Since this isomorphism respects the descent data, it is enough to prove the 
theorem if s is sufficiently divisible. 

Let us first consider the case, where the group G is connected. Then we 
may assume that there is a decent b € 6, such that 


(b0)* = sv(p)o*, bE G(W(Fy*)a) 


We may assume that the residue class field of EF is contained in F,:. Let 
us denote by E, the unramified extension of E with residue class field Fp-. 
To the element b and the representation V we have associated an isocrystal 
No over Fs. In the case (PEL) it carries a canonical Q,-homogeneous 
polarization. Let Xo be a p-divisible group with this isocrystal. By corollary 
(3.41) we get a formal scheme over Spf Opg,, which we call M°. We set: 


Mi=M°/T, 


This is a well-defined formal scheme over Spf Ozg,, if we exclude the case 
where the formal group X is étale. We have a canonical isomorphism: 


X = Xo Xspec F,» Spec L. 
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The action of y;V~* on the left hand side of this equation induces on the 
right hand side the action of o* via the second factor. Indeed, this is what 
the above equation says. 

For the moduli schemes we get: 


M; ='M° x Spf On, Spf Op. 


The canonical Weil descent datum on the right hand side of this equation, 
looks on the left hand side as follows: 


(X, @) > (X, 07s Frobp’,). 


Since 7, is the identity on M, this is a power of our descent datum. Hence 
a power of our descent datum is representable. By proposition (3.48) we 
are done in the case, where G is connected. 

In the case, where the group is not connected, we consider the embedding 
G— G! = GLp(V). The additional data p, 6 € G(W(L)q), and CL in the 
definition for the functor M, may also serve as additional data for the group 
G), Hence we get a formal scheme M!. Since the group G! is connected, 
the Weil descent datum is effective for the formal scheme M!. The reader 
convinces himself that M; C M1! is a closed subscheme. Our theorem 
follows from the following lemma: 


Lemma 3.50 Let EF be local field of residue characteristic p. Let E be 
an unramified extension of E with algebraically closed residue field. Let us 
denote by r the Frobenius automorphism of FE. over E. Let V be a scheme 
over Og and assume that p is locally nilpotent on V. Let ZC Vo, be a 
closed T-invariant subscheme. Then Z is obtained by base change from a 
closed subscheme Z CV. 


Proof: We may assume that V = Spec A is affine. Let J be the ideal of 
Z in A@o, O i. We have to show that I is generated by elements of A. 
Let M be any submodule of A and set M = M @o,z Ox. It is enough 
to show that N = IMM is generated as an Oy-module by elements of 
M. If M is annihilated by a prime element 7 of E this is a well-known 
fact from linear algebra (Bourbaki, Algebre II, §8,7). Since the residue field 
of EF is algebraically closed, r—id is surjective on M. The general case 
now follows by induction on the power of m annihilating M. Indeed, let 

" M = (0). We find generators of N A 2"-!M lying in M. Considering 
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N/NO 21M Cc M/x"-1M we find by induction elements of N’ which 
are T-invariant modulo N Mx"~!M, which generate N/N A 2"-!M. Since 
T—id is surjective on N M2"-1!M we can take these elements T-invariant. 
Hence we have found generators of N in M. O 


Definition 3.51 We will denote by M the pro-formal scheme over Og that 
is the projective limit of the formal schemes M,. It is equipped with a left 
action of the group J(Q,). 


The last statement says that the action of J(Q,) on M, commutes with the 
descent datum in (3.49). This is true because any endomorphism commutes 
with the Frobenius morphism. 


3.52 We will use the height of @ to split M into a disjoint union of open and 
closed formal subschemes. We have a natural map of groups of Q,-rational 
characters 


XQ, (G) — Xa, (/)- 


Indeed let y be a Q,-rational character of G. For a Q,-algebra FR we get a 
map 


J(R) 4 G(R® Ko) 2 (R®@ Ko)” . 


An element x € J(R) satisfies bo(x)b~' = x. Since y commutes with o, we 
obtain ox(z) = x(z) and hence a morphism of functors in R 


; xX :J — Gn,Q, . 
Let A = Homz(X@,(G), Z) be the dual. We define a map 


Wy: J(Q,) — A 


by the equation 


< w(t}, ¥ >= ord, X(Z) - 


Our aim is to define a map 


ao M— XK, 
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which is equivariant with respect to wy. 
Let us give an explicit basis for the group A. Clearly it is enough to do this 
in the cases where F is either a field or * is an involution of the second kind 
and F = Fo x Fo, where Fp is a field, and * interchanges the two factors. 
Consider first the case where F is a field. We set i = i1(B) = \/[B: F]. Let 
us denote by n the composition of the maps 
Nm° Nmap 

Endg(V) — F —' Q,, (32) 
where Nm®° denotes the reduced norm of the central simple F-algebra 
Endg(V). Then n defines a character of the group G, which we denote 
by the same letter. 
We have the relation 


n(g)' = deta,(9;V), 9 € G(Qp). 
In the case (EL) the character n is a generator of XQ (G). In the case 
(PEL) we have the character (1.38) 


Cc. G ——F Gm,Q,> 
which is related to n by 
n(g)? nA c(g)timarV/*, 


Then XQ (G) is the Z-module generated by n and c and the above relation 
between them. 

Finally we consider the case of an involution of the second kind, where 
F = Fo x Fo. Then there is an isomorphism B = D x D°??, such that « 
induces on the right hand side the involution (d;, dz) ++ (dz, d,). Moreover 
there is a left D-module W and an isomorphism of D x D°??—left modules 
V = W@W", such that the given form on V induces the natural pairing 
W x W* — Q,» between W and its Q,-dual W*. Let n and n* be the maps 
EndpW — Q, resp. Endp+W* — Q, defined by (3.2). Then XQ, (G) is 
generated by the characters n, n*,c subject to the single relation 


n-n*= clima,W/i(D) 
The definition of the map x in the case (EL) and F a field is as follows. 


For a point (Xz, @), 0 = {ea} of M over a connected scheme S it suffices to 
define the integer 
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n(Xc, 0) =< #(Xc,0),n >, (3.3) 
such that for g € J(Q,) 


n(g(Xc, @)) =< ws(g),n > +n(Xz, @). (3.4) 


Lemma 3.53 Let F be a field. Let 9 : X — Y a quasi-isogeny of p- 
divisible Og—modules over an algebraically closed field P, which both satisfy 
the condition 3.21 (iv). Then the height of @ is an integral multiple of 
1(B) - f(F/Qp), where f(F/Qp,) is the index of inertia. 


Proof: Let M resp. N denote the Cartier modules of X resp. Y. Using the 
decompositions M = @M*, N = @N?® from the proof of 3.24, we get maps 
induced by @ 


M* @Q, — N*% @Q,. 


The orders of the determinants of these maps are well defined. Since the 
maps commute with V we conclude by 3.21 (iv), that these orders are 
independent of ¢. Gy 


For the construction of # we may assume that M is not empty. Then we 
may take for X a p-divisible Og—module, which satisfies 3.21 (iv). We fix 
a particular A and set 


* 1 : 
n(X¢, 0) = “7B height o, € Z. 


We have to verify the identity (3.4), 


1 : ay eee 1 : 
iB) height eng” =< ws(g),n > 7B) height on. 


This follows from 
i(B) <wy(g),n >= ord, det(g; V ® Ko) = height g. 


Next we consider the case (PEL), where F is a field. We may assume M is 
not empty and choose a point (Xzc, @) over L. We may take X = Xj for a 
fixed lattice A. We choose the polarization 4 : X — X in such a way that 
it induces an isomorphism Xa, — Ky, Then we have height \ = log, |A/A|. 
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We have to define equivariant maps in the sense of (3.4) 
én: M — Z, 


such that 2m = ((dimg,V)/i(B))é. This amounts to the assertion that 2 
height gq is divisible by dima, V. But we have 


2height oq = height o, + height oq — log, |A/A\. 


Hence the divisibility follows from 3.21 (v). 
Finally we consider the case F = Fo x Fo, B= D x D®°?P. We may assume 
>, CR Ee Y, where Y is an Op-module and Y the dual O pere—module. 
We fix a lattice of the form Ao ® Ke C W @W* of the multichain £. For a 
point (X¢, @) of M we have quasi-isogenies 


a:¥—+Xa,, B:Y—>Xq,, 


such that a x B= Crv@he: The quasi-isogeny (a is up to a constant in Q, 
an isomorphism. Then we define maps 


nn*,¢:M—Z 
by n = —1/7(D) - height a, n* = —1/7(D) - height 2, and 


1 
pee) LM bea + 
é deg. eight Ba 


P 


This gives the desired J(Q,)-equivariant morphism 
x:M— A. 


3.54 In the end of this chapter we discuss some examples. Drinfeld[Dr2] 
first considered a functor M in the case (EL) in the following situation 
(compare 1.44). Let B = D be a central division algebra over F with 
invariant 1/d. Let V = D considered as a D-module. In the following we 
will also use the right D-module structure on V. It gives us an identification 
G(Q,) = (D”?)*. We keep the notation F, 7, Il,7,¢: F 4 Q, from (1.44). 
Since the invariant is 1/d we have II? = m and the ring of integers in D is 


Op = Oplll], Me =r(z)ll, 2 € Op. 
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In this example L will be the field F,, which we identify with the residue 
class field of Q,. We write W = W(L) for the Witt vectors. Then Ky C Ce, 
the completion of Q,. Let K/Ko be a finite Galois extension contained in 
C,, such that e(F') C K. Then we have the decompositions 


Deak = |] Dor, K 
ee 
Veqa,K = @OY, 


We take for Vo C V @q, K a K-vectorspace of dimension d, which is in- 
variant by the action of D (from the left), and such that Vo C V-. For 
Vi C V @q, K we take any complementary space invariant by the action of 
D. Let p: Gm — G be the cocharacter with weight decomposition 


V @qa, K=WONVi. 


It is the cocharacter jz defined under (1.44). 

Finally we will define the structure of a crystal on Op ®z, W, such that 
the induced isocrystal is (V,®) in the notation of (1.44). This will give us 
the o—conjugacy class of b € G(Ko). 

Let F* be the maximal unramified extension of Q, contained in F’. We use 
the decomposition 


Op QZ, Wes II Op @Opr,0 WwW. 


a:iFt—Ko 


Let u € Op @z, W be the element, whose components ug with respect to 
this decomposition are defined as follows 


PO ALE 9 Fea Be 
a l ifaf#elF 


Let V be the o—!-linear operator on Op @z, W defined by Vz =o7\(z2)- 
u, 2€ Op z, W. 
Let us denote by 


M = (Op @z, W,V,F) (3.5) 


the crystal. The action of Op from the left gives a homomorphism 


108 CHAPTER 3 


t: Op — End M. 


The action of Op via s on the F,—vectorspace M/VM is given by the 
homomorphism é : Or — F, induced by e. 


3.55 In this context it is more convenient to replace M by a 7 — Wp(L)- 
crystal M (1.40). The procedure is as follows. 

Let L be any perfect field with an Op-algebra structure €: Or — L. From 
é we get a mape: Op: + W(L). We set Wr(L) = Or @0,1,e W(L). 
It is a complete discrete valuation ring with residue class field L, that is 
unramified over Or. The quotient field is Kp(L) (1.40). Let 7 be the 
Frobenius automorphism of Wp(L) relative to Or. 

A r—Wp(L)-crystal is a free Wr(L)-module of finite rank M with a r~1- 
linear operator V : M — M, such that VM D aM. 


Proposition 3.56 The category of r—Wr(L)-crystals is equivalent to the 
category of crystals M over L with an actions: Op — End M, such that 
the action of Or on M/VM induced by « coinctdes with the action given 
by €. Objects of the latter category are called Or-crystals. 


This is well-known (Drinfeld [Dr2]). We only indicate how to obtain a 
7 —Wpr(L)-crystal from the crystal M over L. Now M is an Or ®z, W(L)- 
module. From the decomposition 


Or @z, W(L) = Il OF @op1,0-'c W(L), 
ie€Z/f 


where f = [F* : Q,] we deduce a decomposition 


M= @ M. 


ieZ/f 


One checks that VM; C Mi41. The condition that the action z on the tan- 
gent space M/VM be viae is equivalent to the condition that the operators 


Vs M31 — M, Ce a 
are bijective. We set V = V/‘ and M = (Mo, V). Then we have an 


identification M/VM = M/VM. Since this Or-module is annihilated by 
m, we obtain in fact a tr — Wp(L)-crystal: 
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™MCVMCM. 


We have 


Fone ery rankw,(,)M = ranky z)M . 


We call rankyw,(z)M the F-height. Let ¢ : (M,c) > (M’,u’) be an isogeny 
of Or-crystals. Then ¢ induces a morphism y of r — Wr(L)-crystals. We 
have 


1 ; bend) Ore ie? 

j -height ¢ = 7 lengthy z)M’/~(M) = lengthy,,)M'/p(M). 
We denote this number by F-height y, comp. (3.53). 

Or-crystals arise from p-divisible groups of the following type. 


Definition 3.57 Let S be a scheme over Or. A p-divisible Op-module over 
S is a p-divistble group X over S with an actions: Or — End X, such 
that the action of Op on the tangent space Lie X induced by u is given by 
the structure morphism Or — Os. 


3.58 The r— Wr(L) crystal associated to the crystal M defined by (3.5) is 


M = Op ®o W(F>) ) 


FE 
with the operator V defined by Vm = r71(m) - II. We will denote by X 
the associated p-divisible group over F, with the actions: Op — End X. 
Let L be the chain of lattices in V = D, which consists of the lattices 
{Il*Op},k € Z. 

We have thus a complete set of data (F', D,Op, V = D,}, p, L) of type (3.18) 
(EL) which we call the Drinfeld erample. The associated Shimura field E 
is e(F') C Cy. We note that ¢ induces an isomorphism of the field Kr(Fp) 
with FE. 

Let M be the associated formal scheme over Spf Ox. Let us denote by S 
a scheme over Spf Ox. In the example at hand the condition (3.21) (iv) on 
the determinants may be expressed in a different way. The decomposition 


110 CHAPTER 3 


On @z,0s= |] Os 
a:FtB 
induces a decomposition of the tangent spaces of the p-divisible groups X 


involved 
Lie X = Ba Lie™ X . 
a 


Here again a ranges over all embeddings Ft — E. If a|F* = e|F*, there is 
a unique extension €q : F = E of a, such that €,|F =e. 

We claim that the condition (3.21) (iv) is equivalent to the following: 

If a|F* # e|F* the Os-module Lie X is zero. If a|F* = e|F' the Os-module 
Lie* X ts locally free of rank 1 and Og acts on Lie*X via éq. 

A formal p-divisible group X over an Ox-scheme S with an Op-action 
t:Op — End X that satisfies the condition above will be called (following 
Drinfeld) a special formal Op-module. We show that X is a special formal 
Op-module if 3.21 (iv) is satisfied and leave the converse to the reader. 

To do this we restrict our attention to an element a € Og in 3.21 (iv). 
We denote by W the scheme over Z,, whose S-valued points are Op @z, 
I'(S,Os). The decomposition above induces a decomposition 


Wo, = || We. 
Qa 


If a|F' = e|F* we define a function pg : Wa — A! by the map €q : 
Op OP a Os — Os. 

For the remaining a : F* > E we set Pa = 1. The right hand side of 3.21 
(iv) restricted to Wx is IIpq. 

On the other hand consider the decomposition: 


Lie X = G) Lie*X . 
Qa 
We set 


qa(a) = deto, (a; Lie“ X) for a € Of @om1,0 Os - 


This is a function on W, which is by definition 1 if Lie*X = 0. Then the 
left hand side of 3.21 (iv) is the product of the ga. Hence the condition is 
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Pee TT] pe 


Since the functions pa do not vanish everywhere there are constants ka € 
(£)* such that ga = kaPa. The degree of gq is the dimension of Lie®X. 
Hence we get 


0 alFtze|F' 


ko, Lie*X = 
fole int { 1 alFt =elFt, 


Hence for a|F* = e|F* the function gq is a homomorphism 


Op @Opt,a Os Sania Os : 


Then the equation gg = kgPa implies that this homomorphism is €,. This 
completes the verification that X is a special formal Op-module. 


3.59 We may thus replace the condition 3.21 (iv) in the definition of the 
functor M by the condition that X is a special formal Op-module. In [Dr2] 
Drinfeld considered the subfunctor given by the condition that @ is of height 
zero. 

It is obvious that the notion of a special formal Op-module makes sense 
over any Og-scheme S. If 1: Op — End X is a special formal Op-module 
then the action of .(f) on Lie X for f € Or coincides with the action of 
e(f) € On — Os. 

Let S be the spectrum of an algebraically closed field L. We denote by M 
the tr — Wr(L)-crystal associated to X. Since Op acts on M, we have on 
M the structure of an Op @o,,¢ Wr(L)-module. We choose an embedding 


E: Of —> Ox — Wr(L) (3.6) 
which extends e. Let 
M; = {me M;(f)m= rte(fm}. 
Then we have 
M=0M,;. 


The operator 1(II), which we denote also by II, is Wr(L)-linear and homo- 
geneous of degree 1, 
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TL: My — Maj ll’® =; 


while V is homogeneous of degree 1 and r~!-linear 


V:M; — Misi, V(wm) =77*(w)Vm, w € Wr(L). 


The Wpr(L)-modules M; are free, and M;/VM;-1 are 1-dimensional L- 
vector spaces. The length of the Wr(L)-module M;/I1M;-_1 is indepen- 
dent of 7. Since we are interested in special formal Op-modules that are 
isogenous to X, we will assume that this length is 1 or equivalently that 
rankw,(L)Mi = d, i.e. F-height X = d?. The isogeny class of X is uniquely 
determined by the r — Kp(L)-isocrystal (Mp @ Qp, V~'II). 


Lemma 3.60 Over an algebraically closed field L any two special formal 
Op-modules of F-height d? are isogenous. The group J(Q,) defined by 
(3.22) is isomorphic to GLa(F). 


Proof: By a theorem of Dieudonné there is a unique isotypic isocrystal of 
slope zero and height d. Therefore it suffices to see that (Mo ® Qp, V~'TI) 
is isotypic of slope zero. Consider the maps induced by multiplication with 
(II), 


its M;/VMi-1 > Misi /VM;. 


Since II4 = t = 0 in L, we obtain that there is an index 7, such that the 
above map is zero. We give a definition before finishing the proof. 


Definition 3.61 Let X be a special formal Op-module over an O-scheme 
S. We have a decomposition of the tangent space of X 


LieX = B Lie’ X. 
i€Z/dZ 


Here u(f) for f € F acts on Lie'(X) via the homomorphism r-‘é : O- > 
Ox > Os. 
We call the index i critical for X if the map 


Il : Lies X —> Lie't! x 


18 zero. 
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For S = Spec L we have Lie’ X = M;/V M;-1. We have seen that there is 
a critical index 7 for X. In this case IIM; C V Mj, and since both modules 
have the same index in M; we obtain IIM; = VM;. Hence M; C Mo ® Q, 


is a lattice stable by V~1II. Therefore Mp @ Q, is isotypical of slope zero. 
im) 


The fact that there is only one isogeny class is the reason the formal scheme 
M is p-adic, as we are going to prove now. 

Let R be a complete noetherian local ring of characteristic p, which is 
equipped with a Ox-algebra structure. Then we have an injection F, = 
Ox/pO — R. Let us denote by L the residue class field of R. 


Proposition 3.62 Let X be a special formal Op-module over R. Then any 
quasi-isogeny X; — Xz extends uniquely to a quasi-isogeny Xp — X. 


Before proving this we note: 


Corollary 3.63 In the Drinfeld example M isa p-adic formal scheme lo- 
cally of finite type over Spf Ox. 


Proof: It is enough to show by (2.2) that Z = _M xspf Ox Spec Ox /pOx is 
a scheme. Since Z is a formal scheme, it is enough to verify that a sheaf of 
ideals of definition is locally nilpotent. 

Consider a point z of Z and let R be the completion of the local ring Oz,,. 
The special formal Op-module X given over Spf Oz,, extends to a special 
formal Op-module on Spec Oz,, and hence on Spec R, which we also denote 
by X. By the proposition there is a unique quasi-isogeny Xp — X, which 
extends the given quasi—isogeny over the closed point. By definition of M 
we get a morphism Spec R — Spf Oz,z, such that the following diagram is 
commutative 


Spec R — Spf Oz,z 


SpecOz,z 


But this means that an ideal of definition J C Oz,, is nilpotent in R. 
Therefore Z is nilpotent itself, and the corollary is proved. O 
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3.64 For the proof of proposition (3.62) we shall use Cartier theory (Drinfeld 
[Dr2], Zink [Z2]). Let R be an Op-algebra. We denote by Er = E the 
Cartier ring of R relative to Op and a prime element 7 € Or. Then Ep is 
the set of all formal sums 


Ne oI [a;;]EF? ; 

i,j>0 
where #, j are integers and a;; € R. One requires that for fixed 7 only finitely 
many a,j; are non-zero. 
One has the relations F[a] = [a’]F, [a]V = V[a‘], where q is the number of 
elements in the residue class field k of Or. Furthermore Ep is a Op-algebra. 
The structure morphism maps a (q — 1)th root of unity € € Or to [€] € Ep. 
Moreover we have FV = 7 and 


co 
[a] + [b] = [a +8] + 5° V'[Pi(a, BF’, 

roms | 
where the P; are universal polynomials. 
The category of formal Or-modules (compare Definition (3.57)) over R 
is equivalent to the category of reduced Cartier modules. Let us assume 
that we are given a homomorphism O, — AR that extends the structure 
morphism Or — R. Then Ep is a Of-algebra. 
The category of special formal Op-modules over R is equivalent to the 
category of triples (M, M;,II), where M is a reduced Er-module, M = 
Diezsa M; is a grading of the abelian group M and Il: M -— Misa 
Er-module homomorphism. One requires that the following conditions are 
satisfied. The operators [a], V, F, II act homogeneously on M and have the 
degrees deg[a] = 0,degV = 1,degF = —1,degII = 1. We have II¢ = x. 
The R-modules M;/VM,-, are locally free of rank 1. 
We note that the decomposition 


M/VM= @ Mi/VM-1 
i€Z/d 
is exactly the decomposition in definition (3.61) for the corresponding spe- 
cial formal Op-module X. 
Assume that the R-modules M;/VM;,_ are free for i € Z/d. Let m; € 
M, i € Z/d, be a V-basis of M such that m; € M;. Then the elements 
IIm; may be uniquely expressed as follows 
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IIm; = se V" [ai nlmi—ngi, +¢ Z/d. (3.7) 
n>0 

Conversely for any set of elements a;n € R,n > 0,i € Z/d such that 
Hieza ajo = 7 there is a unique (M, M,;, II) with a V-basis m;, such that 
the equations above are satisfied. 
Let X be a special formal Op-module over R and assume that the index 
2 € Z/d is critical for X (3.61). Then we have ITM; C VM; and because V 
is injective we get an operator 


U=V'Il: Mj — Mj. 
Let R’ be a R-algebra. We denote by Xp the special formal Op-module 


obtained by base change, and by Mp: its Cartier module. 
With this assumption we have the following 


Lemma 3.65 (Drinfeld): For any n > 0 the functor which associates to a 
R-algebra R’ the set of invariants of the operator U 


U 
R' — ((Mr:)i/V"“(Mp:):) 
is representable by a scheme étale over Spec R. 


Proof: Since the question is local on Spec R we may assume that a V-basis 
exists. Any element of (Mp’);/V"7(Mp:); has a unique representation 


nd—1 

So VV leulmicay 2.16 -F'. (3.8) 

s=0 
This identifies the functor R’ + (Mpr:); /V"4(Mpr:); with the affine space 
A”? and U with an endomorphism of Aj’. Hence the functor in (3.65) is 
representable by a scheme of finite presentation over Spec R. We show by 
the infinitesimal criterion that this scheme is étale. 
Let R’ — R” be a surjective homomorphism of R-algebras with nilpotent 
kernel a. We have to show that the map 


(Mr:)i/V"4(Mr)i > (Mr)i/V"4(Mr")i (3.9) 


induces a bijection of the U-invariants. This follows if we prove that U is 
nilpotent on the kernel of (3.9). An element of the kernel may be expressed 
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in the form (3.8), where z, € a. It is enough to see, that for sufficiently 
large N 


nd—-1 
ip (S: Vein.) = 0, 


s=0 


where the equality is meant in Mp. 
But for given t € N we have 1% m;_, € V'M. The desired equation is 
therefore clear for large t. C] 


Let us denote by nx [n] the étale scheme given by Lemma (3.65) on Spec R. 
It commutes with base change R — R’: 


ni (n] = nk [n] xspecr Spec R' . 


Furthermore 7X [n] has an Op-module structure given by that of M. If X is 
of the minimal possible F-height d?, we see by the case of an algebraically 
closed field that n*[n] is locally for the étale topology isomorphic to the 
constant scheme associated to (Op/1"Or)?. 


3.66 We are now ready to prove proposition (3.62). Let us start with 
the case that there is an index 2 critical for X. By assumption F-height 
X = F-height X = d?. Hence n*[n] is a finite scheme locally isomor- 
phic to (Or/n"Or)4 as a scheme with Op-action. Since we have a quasi— 
isogeny X;, — Xz, this scheme is constant over SpecL and hence over 


Spec R. Let 1,...,%a € lim nf [n] be a Or-module basis. Then 7,..., 7a € 
n 


lim M/V"4M = M, and we have Ily; = V%. 


The Cartier module Mp of the special formal Op-module Xz is given by 
the equations IIm, = Vm,,k € Z/d in the sense of (3.7). We get a map of 
Cartier modules 


Mr — M 
m o> V'y4,, k=ijitl,...,i¢d—-1 
Using the fibre criterion for isogenies (Zink [Z3]) we see that the morphism 


of formal groups Xr — X induced by this map is an isogeny of height 
d(d—1). 
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If we multiply this isogeny Xp — X by a suitable quasi-isogeny of X, we 
get the desired lifting of X; — X,. 

Let us now consider the general case. Then S = Spec R is the union of the 
closed subsets S; C S, where the index 3 is critical. Let us more generally 
consider two p-divisible groups X and Y over a noetherian scheme S, where 
p is locally nilpotent. By the rigidity property (see after definition (2.8)) it 
makes sense to speak of a quasi-isogeny from X to Y over a closed subset 


tO onthe 


Lemma 3.67 Let S be a union of finitely many closed subsets S = S$, U 
...US,. Assume we are given quasi-isogenies y; : Xs, > Ys, for 1,...,r, 
such that y; and y; agree on S;S; for any i andj. Then there is a unique 
quasit-tsogeny p: X — Y over S, which induces the 9. 


Proof: It is enough to prove this for a covering with two closed subsets 
S = S; US. We may suppose that S is affine, S = Spec A, S; = Spec Aj, 
So = Spec A2, S53 S2 = Spec B. Since nilpotent elements play no role, we 
may assume that A is the difference kernel A — A, x Ap 3 B. We see 
that for two flat affine group schemes G and H over A there is an exact 
sequence 0 — Hom (G,H) — Hom (Gy,,Ha,) @ Hom (Gy4,,Ha,) 3 
Hom (Gg, Hg). The lemma follows easily. 


Since we have shown that the quasi—isogeny X; — X uniquely lifts to any 
S; the proposition (3.62) follows from this lemma. O 


3.68 We give now the description of the p-adic formal scheme M, which is 
due to Drinfeld. 

We recall the definition of the Bruhat-Tits-building B of PGL4(F). It is a 
simplicial complex, whose 0-simplices are equivalence classes i of Or-lattices 
modulo homothety. For two lattices 7 and 7’ we define the logarithmic index 


log[7 : n'] = lengtho, n/(n 7’) — lengtho,.1'/(n7') . 
A simplex is a set of 0-simplices A = {7i,,---,7i,},0 Sto <t1<-++<t< 
d such that there are representatives ;, € 7i;,, such that 
Bie eg Ge Ch, « (3.10) 


Since we have different homothety classes of lattices the inclusions are 
proper. We assume that the indices are chosen in such a way that log inne 
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Ni,_.] = tk — ie-1,k = 1,...r. Of course there are many choices of indices 
ig,..-,1%p for the same simplex A. 

Let us fix an integer h. Then for any simplex A there is a unique choice 
of indices and a unique choice of representatives n;, € 7;, satisfying (3.10) 
and such that 


log [ni, : Of] = ik — hh. (3.11) 


We view B x Z as a disjoint union of Z copies of B. Then a simplex of 
B x {h} is a chain of lattices (3.10) such that (3.11) holds. 

The group GLq(F) acts naturally on B x Z, such that the action on the 
second factor is translation by ord detg, g € GLa(F) and the action on the 
first factor is via the projection GLg — PGLq. More explicitly, if A x {h} 
is a simplex of B x {h}, which looks in the canonical representation (3.10) 
as follows 


Ris Ce MS 


then the canonical representation of gA is of the form 


WAG Cr Ag = eG AG 


where 4;, = 97i;,- 


3.69 Let us consider the category Nilpo, of Or-schemes S, such that p € 
Os is locally nilpotent. For any simplex A of B x Z we are going to define a 
functor Ua on N ilpo,. We always assume that A is given in its canonical 
representation (3.11). 

A point of Ua(S) is given by an isomorphism class of diagrams 


Nip C ge Go © ona Nio 
Pio | Pi, | | i (3.12) 
ete aoe edn oo ory shige? hae 


Here we denote by £;, invertible Os-modules. The lower horizontal arrows 
are Os-module homomorphisms. The ¢;, are Or-module homomorphisms. 
We require that for any n € 7,\ni,_, the section 9;,(n) of L;, vanishes 
nowhere on S. 
It is not difficult to check that Ug is a formal m-adic scheme over Spf Or 
isomorphic to 
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eee ete ee stay. oes 4| [Tos oT.) 
(3.13) 
The symbol “ denotes the z-adic completion. 

Fix an index k and let A’ = A\{nj;,}. Consider the morphism Ug > Ug, 
which associates to a point ;, > £;,, /=0,...,r and 14k, the point 


at nk oe ee ee Nix =e eh eee Ag 
| | | | 
Ligy = a sea? Linas = Ling: = Pe 


Then Ug: — Ug is an open immersion. 
Let us denote by =% the union of the formal schemes U, with respect to 
the open immersions defined above. 


Proposition 3.70 The formal scheme = is separated over Of. 


Proof: A scheme X over Of is separated if there exists an open covering 
{U;}ier, such that for all i,j € I the canonical immersions U; NU; — 
Ui Xo, Uj are closed. Since we have Ux AUp = Unar by definition of E, we 
need to verify that the canonical morphism Ungar + Uae. a Ur is a closed 
immersion. We leave this to the reader. a 


3.71 There is a left action of GLa(F) on ad. An element g € GLa(F) 
transforms a S-valued point y, : me — Le to veg! : gn — L. The units 
in the center of GLq(F) act trivially. 

The projection B x Z — Z induces a natural morphism 


where Z denotes the constant formal scheme over Spf Or associated to Z. 
Following Drinfeld we denote the fibre over 0 of this morphism by Oe We 
note that the fibres over different connected components n: Spf Or — Z 
are all canonically isomorphic. Indeed for a simplex A € B x Z the functor 
Ua, depends only on the projection of A to B. Therefore we obtain a 
canonical isomorphism 


2d. 04x Z, 
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The additive group Z acts via the second factor on Ed. The action of 
m € Z takes a point ni, — Li, to the point {nj 4m —~ Li,+m}, where 


Thetm = Nixr Li,4m = Li,. We call this the translation by m. 


Theorem 3.72 (Drinfeld): There is an isomorphism of formal schemes 
M — =4 xsptor Spf Ox, 


where the morphism Spf Ox — Spf Or is given by 9. For a suitable iso- 
morphism GLa(F) ~ J(Qp,) this map is equivariant. The Weil descent 
datum on M gives on the right hand side the composite of the canoni- 
cal Weil descent datum and translation by 1. The translation by m on 
ed, Xspf Or SPf Ox induces on M the morphism which associates to a 
point (X, @) the point (Xtal erage where II-™ here denotes the morphism 
X — X™" defined by (3.20). 


For the proof we refer to Drinfeld (loc. cit.). 


3.73 We will give here a few comments on the proof which we will use later. 
Let us denote by M the 7 — Wr(F>) crystal of X, 
M=Op @op Wr(F>). 


Note that there is a unique isomorphism Wr(F>) ~ O, that induces the 
given O,-algebra structure on F,, and such that 


Or — Wr(Fp) — Ox 


is the embedding ¢. We use this isomorphism to identify Wr(F,) and Oy. 
With respect to the choice of the extension & of € to Op (3.6) we have the 
decomposition 


M= GD Mi. 
We may write 
M; = Wr(F») @r-iz,0% Op. 


Any index i € Z/d is critical with respect to M, i.e. WM; = IIM;. The 
operator V~!II : M; > M; is given by the formula 
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V-'I(w@2)=7(w) @Iel-!, we Wr(F,),2 € Op. 


The invariants A; C M; of this operator consist exactly of the elements 


wel’, weOr, 0<j<d. 


Let us denote by e1,...,eq the standard basis of F?. 

If n is an integer we denote by n the integer given by the conditions 0 < 
n<dandn=nmodd. We use the same notation for n € Z/d. We define 
O,-linear embeddings 


AT 


j ete 
II’ ++ = espn? 


where €(i, j) = 0 ift+j <d, and e(i,j) =1ifi+j > d. Let us denote the 
image of this embedding by ;. Then we have a commutative diagram 


rat ret 
| ery Em et Via s  e ea 
nt \|~ |~ |~ |~ m1 |~ 
Ag OMI AgEE Ny eA, (AG om Ay 


3.74 Let X be a special formal Op-module over a Ox-scheme S of charac- 
teristic p. Assume 9: Xs — X is a quasi-—isogeny that gives a point of M. 
Let nx [n] be the étale sheaf of lemma (3.65), and 


mi = lim nx [n]. 


nm 
The quasi-isogeny @ gives a map 4; — 7*. We use it to identify the constant 
sheaf n* with a lattice in F?. We have the canonical map 


nk —>+ M; — M;/VM; = Lie'X , (3.14) 


where @M,;, denotes the Cartier module of X. 

Assume that the maps II : Lie? X > Lie’+1X are isomorphisms for j # i. 
Then the morphism in (3.72) associates to @ the point of iad given by 
(3.14). The canonical index of the 0-simplex {n;} in the sense of (3.11) is i. 


122 CHAPTER 3 


If S is the spectrum of a perfect field L, the morphism in (3.72) looks on 
the L-valued points as follows. Let 0 < tp < --- < i, < d be representatives 
for the critical indices of Y, Again the quasi-isogeny g allows us to identify 
nx with a lattice in F*, The canonical maps (3.14) fit into a commutative 
diagram 


II 
Nio . My Coney Ni. ae Nio 
| | | | 


Lie’°X = Lie" X we Lie'' X ms Lie"*X . 


It is easy to check that this is a point of Ua, where A C Bx Z is the simplex 
{n;, } with the canonical indices ¢,. 


3.75 To make this definition work over any base S, Drinfeld proposes the 
following construction. 

Let again S = Spec L. Let i € Z/d and 7 be the first critical index that 
follows t. If ¢ is critical, 7 is by definition equal to t. Let s > 0 be the 
smallest integer, such that i+s = Jj mod d. 

Consider in M; +1 = M; ®---@M; the abelian subgroup a which is 
generated by elements of the form 


(0,...,0, Vx, —IHz,0,...,0). 


Then there is an isomorphism 


Metyurt  M, 
(zo,...,28) > Tao + 1° "'Va, +---4+V° a5. 


The operator V~'II on M; induces on the left hand side of this isomorphism 
an operator of the form 


(ro ...@5) —+ Lao + (@1,..., 25,0) (3.15) 


where L : M; + M;*'/us** is a homomorphism of abelian groups. One 
defines an operator 


yp: Mf/Us — M¥/u$ 
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by the formula g(xo,...,%¢-1) = Lzo + (2,.. .,&q-1,0), where L is the 
composite of the L above with M;t"/U;*! = M?#/uU¢. 

The invariants (M#/U?)* are the same as those of the oe (3.15) on 
M;**/U$**, i.e. via the isomorphism with M;, equal to nh. 

The construction of y makes sense for the Cartier module of a special formal 
Op-module X over any base S and gives the desired morphism (3.72). By 
the case of a perfect field it is radical and surjective. The étaleness is verified 
in a standard way from the Grothendieck-Messing criterion. 


3.76 Drinfeld’s theorem shows that the local equations of the formal scheme 
M are given by (3.13). We may also obtain the local equations by computing 
M!°°, and then applying proposition (3.33). 

Let us consider the definition (3.27) in our case. The chain of lattices L 
consists of a single homothety class Op C V of Op-lattices. Assume we are 
given a point Op — t of M'® over a Ox-scheme S. We fix an embedding 
é: F — E. Again by condition (3.27, (i)) t is a direct sum of line bundles 


t= Ot. 


i€Z/d 


Here Of C Op acts on t' via the embedding Op - ty ; Ox — Os, and 
Il € Op acts as an operator of degree 1. Let [ C Op be the free Op- 
submodule with basis 1,II,..., II¢~!. To give a Oj-linear map Op > t’ is 
equivalent to giving a Or-linear map 9; : T — t'. The condition that the 
yy; define a Op-linear map amounts to the requirement that the following 
diagram is commutative 


any eles ae 


pi | | pita (3.16) 


te ta 


Hence M!°¢ is the functor of those diagrams (3.16) which satisfy the condi- 
tion that y; ® Og is surjective. 
The y; define a closed embedding 


loc d-1l y 
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where we have one copy of the projective space for each i € Z/d. Let 
us denote by pee Be jee the homogeneous coordinates on the jth copy. 


Then M!°¢ is the closed subscheme given by the equation 


1) itt +1) (8) ; 
eel re ee 


Braet dota 
1a ei ik ca oem Be) 


The scheme M!2 has indeed the same local equations as those given by 
(3.13). 


Proposition 3.77 Let M be the pro-formal scheme over Spf Og (3.52) 
associated to the Drinfeld example. Then there ts an isomorphism of func- 
tors over Spf Og 


M— OF X Spf Or Spf Ox . 


Proof: By Drinfeld’s theorem (3.72) the right hand side represents the fol- 
lowing functor G on the category Nilpo,. A point of G(S) is a triple 
(y,X,@) up to isomorphism. Here y : S — Spf Oj, is a morphism over 
Spf Or, X is a special formal Op-module over S. Let us denote as before 
the reduction modulo p by a bar. Then g is a quasi-—isogeny of height zero 
of special formal Op-modules 


o: eX — Xz. 


For X we take the special formal Op-module given by the r— Wp(L)-crystal 
associated to (3.5). 

Let S € Nilpo . be an object and y : S — Spf Ox the structure morphism. 
We define a morphism of functors 


M(S) —> Gxsps og Spf Ox. 
(X,@) +> (rp, X, op* (Frobz™)) x 


Here m denotes the F—height of @ which is locally constant. Recall that on 
M we have a Weil descent datum given by 


M(S) —+ M(Siy) 
(X,0) ++ (X, op* (Frob5’)) . 
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We give G Xspfog Spf Oj} its canonical Weil-descent datum. One checks 
immediately using the expression for the descent datum given by Drinfeld’s 
theorem (3.72) that the functor morphism above respects these descent data. 
Since the p-divisible group X is isoclinic, we get that the action of Vadis 

on M(S) (see 3.41) is multiplication by p%. On the right hand side of 
(3.77) we get an action of y,q2, on G. The natural morphism G — Spf Ox 
becomes equivariant, if 7,42, acts on Spf Ox by pnd’s, 

If we denote by G respectively Spf Or, the quotients with respect to the 
action of 742, on G respectively Spf O», we get a cartesian diagram 


ees Sp FA) 


{ { 
Geos Spf On; 


Taking this into account, we obtain 


MSG 2G . 


In terms of the functor G the action of J(Q,) on M takes the following 
form 


9p, X, 0) —+ (r-o4rd*t 99, X, pg” Froby erst) , 
where g € J(Q,) = GLa(F). 


3.78 We now discuss an example for the rational data (F = B,V = F?) 
introduced in (1.47). In this case we take as a lattice chain £ the multiples 
of the standard lattice O%. An argument similar to the one used in the 
analysis of the Drinfeld example (3.58) shows that our moduli problem M 
(for L = F,) is given as follows. Let X be a p-divisible group over F, mah 
isocrystal equal to (V @ Ko, bc). A point of M with values in S € Nilpo me 

given by a pair (X, g) consisting of a p-divisible group over S with an He 
of Op and a quasi—isogeny @: XX gee B, S — X xg which commutes with 
the action of Or. The determinant condition is equivalent to the condition 
that the induced action of Op on Lie X is the natural one, after identifying 
F with E = e(F). In other words, the fibres of X are formal Or—modules of 
dimension 1 and F-height d, comp. [HG2]. The corresponding infinitesimal 
deformation functor was studied by Lubin and Tate [LT], and Drinfeld [Dr1], 


comp. [HG2]. 
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Proposition 3.79 The formal scheme M is (non-canonically) isomorphic 
to a disjoint sum of copies of Spf W(F>,) [[Ti,.--, Ta-1]], 


M ~ [[ Spf W(F,)[[T,.--, Tas] 
heZ 
Proof: Let (X,@) € M(F,) with height 9 = h. Let @:X—X bea 
quasi—isogeny of height —h. Then 
00:X— XxX 


is a quasi—isogeny of height 0 between formal Or—modules of dimension 1 
over an algebraically closed field and hence an isomorphism (comp. [HG2]). 
We obtain a bijection given by the height, 


M(F>) aa 
Let M(*) be the open and closed subfunctor of M where the height of g 
is equal to h. Then M)(F,) has only one point. Since M‘") is formally 
locally of finite type over Spf Oj} it follows that M is of the form 
M = Spf A, 


where A is a complete local ring with residue field F,. Let (Xo, @0) be the 
special fibre of the universal object over Spf A and let (x , 0) be its universal 
formal deformation over Spf W(F,) [[Ti,.-.,Ta-1]], comp. [HG2]. Then 
(X, @) defines an object of M(), i.e. a local homomorphism 
A—W(F,)[[N,...,Ta-a]]. 


Conversely the universal object over M(*) is an infinitesimal deformation, 
i.e. defines a local homomorphism, 


WE. MIT y.tsy Tas) A. 
Universality shows that these are mutually inverse isomorphisms. O 


3.80 We now consider the example (1.50). It is of type (EL) with F = B= 
Q, and with V = Qa Let the chain £ be given by the multiples of the 


standard lattice Aj = Za”. Let X be the p-divisible group over F,, 


X = Gf, x (Qp/Zp)”. 
Its isocrystal is equal to (V @ Ko, bo). 
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Proposition 3.81 The formal scheme M is asomorphic to a disjoint sum 
of copies of the formal spectrum of the ring of formal power series in n2 
variables with coefficients in W(F,), 


M= II Spf W(F 5) [Tis 1, Trall- 
GLn(Qp)/GLn(Zp)XGLn(Qp)/GLn(Zp) 


Proof: Let S € Nilpwcg,) and let (X,@) € M(S). The existence of the 
quasi—isogeny @ shows that the function 


st— sep. rank X[1];, sES 


which associates to a point s the separable rank of the finite group scheme of 
p-division in X; is constant. It follows [Gr1], I. 4.9. that X is an extension 
of an ind—étale p—divisible group by a connected p-divisible group, 


eee ees ee ae (). 


The quasi—isogeny respects this extension structure and induces therefore 
quasi—isogenies 


e°: G? 5 each X$ ats (Q,/Zp)53 — ee 


The fibre of 9° resp. o° in a point s € S defines an element gi(s) € 
GLIn(Qp)/GLn(Zp) resp. g2(s) € GLn(Qp)/GLn(Zp) and the functions 


st—>gi(s), 7=1,2 


are locally constant on S. Correspondingly we obtain a decomposition of 


M into a disjoint sum 
M= Il M9192) 
(91,92) 


where M(91-92) is the open and closed subfunctor where the functions s +> 


gi(s) are constant of value gj. 
Let (X, @) € M(91/92)(F,). Then (X, g) is isomorphic to 


(X,% x 92 :X — X), 
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where g; € GLn(Qp) are representatives of gi € GLn(Qp)/GLn(Zp). There- 
fore M(9192)(F,) consists of a single point. The rest of the argument is 
similar to that used in proposition (3.55), with the result of Lubin—Tate 
being replaced by the fact that the universal formal deformation of (X, @) is 
represented by the formal torus T with character group Zz cf. [DI]. More 
precisely ({DI], p.131), let 


€1,.-.,€n be the standard basis of Ap- = Ag NV_, 
€n41,--+,€2n be the standard basis of Ap+ = Ao N V4. 


Let 
Vij € Hom (Ao-, Ao+), 2,7 = fl coe 


be the element which sends e; into en4; and all other basis elements to 
zero. Put Tj; = qi; —1. Then the universal deformation space is canonically 
isomorphic to 


Spf W(F>)[[Ti,---; Tnal]- 


3.82 We call a set of data (B, F, Og, V, 6, L) of type (EL) unramified if Bisa 
product of matrix algebras over unramified extensions of Q, and if the mul- 
tichain C is a product of chains of lattices consisting of multiples (by powers 
of p) of a single lattice. In the case (PEL) we require in addition that in each 
of the factor chains there is one member which is selfdual with respect to the 
given alternating form. In other words, in the unramified case the data CL is 
completely determined by giving a single Og-lattice A in V which in case 
(PEL) is supposed to be selfdual. In the unramified case the Shimura field 
E associated to a set of data of our moduli problem, (F, B, Og, V, 6, p, L), 
is an unramified extension of Q, and hence E= Ko(L). An object of our 
moduli problem over S € Nilpo,,, is a pair (X, @) consisting of a p-divisible 
group with Og-—action over S and a quasi—isogeny 


o:X Xspeer5— X xs S. 


The conditions of (3.21) reduce in this case to the determinant condition 
and, in case (PEL), to the condition that the given polarization on X induce 
on X a multiple by a power of p of a principal polarization. The unramified 
case is considered by Kottwitz in [Ko3]. He shows by an application of the 
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deformation theory of Grothendieck—Messing that the representing formal 
scheme M is formally smooth over Spf Ox, ({Ko3],§5). In particular, in 
this case the flatness conjecture before (3.36) is obviously true. 


Appendix: Normal forms 
of lattice chains 


We will give the proofs of the theorems (3.11) and (3.16). 


We start with the proof of theorem (3.11). Clearly we may assume that 
B = M,(D), where D is a central division algebra over a local field F. 
Moreover, we assume that Og = M,(Op). We consider Op C Og as a 
subalgebra by the diagonal embedding. We will fix a prime element II of D. 
Let L = {A;}iez be the given chain of Op-lattices in V. Then a chain of 
Op ® Or-modules of type (£) on an affine scheme T = Spec R is given by 
the following data (corollary 3.7): 


A sequence of Op ®z, R-modules 


Reg | eee) Pr one ay 


and for anyi € Z a periodicity isomorphism 


Ge, 26\ aM 
such that the following conditions are satisfied: 


1. locally on Spec R there exist isomorphisms of Op @z, R-modules 


M; ~ A; @ R, M;/0(Mj-1) ~ Ai/Ai-1 ® R 


2 $920 6,..00 = M0: 


131 
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Remarks A.1 The first condition says that M; is locally on Spec R a free 
Op ® R-module of the same rank as the D-module V. 

Let «(D) = Op/IOp be the residue class field of D. Then the second 
condition says that locally on Spec R the «(D) ® R-module M;/o(M;-1) is 
free of the same rank as the «(D)-vector space Aj/Aj-1. 


Lemma A.2 For k < r the following sequence of Op @z, R-modules is 
ezact and splits locally on Spec R for anyi€ Z 


0 — M;/o"(Mi-~) —> Mi4i/0**!(Mi-z) — Mi41/0(Mi) — 0. 


Especially there exists locally on SpecR isomorphisms M;/o*(Mi-x~) ~ 
Ai/Ai-, @ R of Op @z, R-modules. 


Proof: We may assume that B = D. Moreover we may assume that the 
«(D) ® R-modules M;41/0(M;) are free. Clearly the sequence of «(D) @ R- 
modules is exact on the right and the surjection 


Mi41/0°**(Mi-~) — Mi+1/0(Mi) 


splits. Hence we get surjections 


Mi /e* (Mi-%) ® Mi+1/0(Mi) —> Mi41/o**!(Mi_x). 


Hence by induction M;/o*(M;_x) is the quotient of an «(D) @z, R-module 
F;,~ which is locally on Spec R free, and has the same rank as the «(D)- 
vector space A;/Aj;_x. 

To see that M;/o*(Mj_%) is locally on Spec R a free «(D) @z, R-module 
of the same rank as A;/A;_, we apply descending induction on k. For 
k = r this follows from our assumptions. Assuming by induction that 
Mi41/0***(M;_x) is locally on Spec R free of the given rank, we obtain a 
surjection of projective modules of the same rank 


Fiz ® Mi41/0(Mi) — Mi4i/o"t!(Mi_x). 


This is then also injective. Hence Fj, + M;/o* (M;-%) is an isomorphism. 
The exactness on the left of the sequence asserted in the leommais immediate. 


O 
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Let us denote by M; the K(D) ® R-module 


M; = «(D) @ M; = M;/TLM; = M;/M,-, 


Corollary A.3 For any integer i and any k such that 0 <k <r there is 
an exact sequence 


za Fe = of % 
Mi+n-r aaa M; meh Mi+k 
Proof: Indeed by the lemma we have an injection: 


k ius 
Coker o'—* = Mi/Misn-r —+ Mi4n/Mitn—r = Mise 


CO 
We obtain a trivial example of a chain of Og ® R-modules if we tensor the 


chain £ by R. 


Proposition A.4 Let T be a scheme over Z,, such that p is locally nilpo- 
tent on T. Let {Mj} be a chain of Op @z, Or-modules of type (L). 


Then locally on T the chain {M;} is isomorphic to L@® R. Moreover, the 
functor on the category of T-schemes 


T’ — Aut ({M; @r Or'}) 


is representable by a smooth group scheme over T’. 


Proof: Let T = Spec R be affine. We may assume that B = D is a division 
algebra. If N is an Op-module we denote by N the Op-module N/IIN = 
K(D) Gop N. 

We choose a x(D) @ R-linear section s of the surjection M; — M;/o(M;-1). 
Let U; C M; be the image of s. We may lift U; to a direct summand Uj; of 
the Op ® R-module M;. Clearly the U; may be chosen to be periodic, i.e. 
for each i the morphism # induces an isomorphism 


RA ees Te 


The maps g induce an obvious map 
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0 
B Uj, —> M;. (A.1) 


k=r-1 


We claim that this map is surjective. By Nakayama’s lemma we need to 
verify this modulo II. 

Let us denote by M/_, the image of M;_, in M; for the given i. We obtain 
a flag by direct summands 


0C Mj_ p41 Cee Mj_, C M; ‘ (A.2) 


By the lemma we have isomorphisms 


M;-%/0(Mi-z-1) ~ Mj_,/Mj_,-1- 


Hence the images of U;_, in M; define a splitting of the flag ( A.2). This 
shows that (A.1) is a surjection mod II. Since (A.1) is a surjection of 
projective modules of the same rank it is an isomorphism. 

In terms of the U; the map M; — M;4, looks as follows 


3 
I 
ray 


r—2 
eho B Uj-x.- 
k=-1 


0 = 


co 
ll 


On the summand U;_; for k # r —1 this map induces the identity to the 
corresponding summand on the right hand side. On U;_,+1 it induces the 
map 


es Vise aes iat. 


From this we see that any two chains of type (L) are locally isomorphic, 
since locally on T the Op ® Or-module U; is free of the same rank as the 
K(D)-vector space A;/A,-1. 

The representability of the functor of automorphisms by a scheme of finite 
type over T' is obvious. 


Definition A.5 We call the modules {U;} a splitting of the chain {Mj}. 
They are characterized by the property that U; is a direct summand of M; 
such that U; maps isomorphically to Mi /o(Mi-1), and the U; are periodic 
with respect to 0. 
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Let R — S be a surjection with nilpotent kernel. Let {V;} be a splitting of 
{Mi} @r S. Then any set of liftings of the V; to direct summands U; of M; 
which is periodic is a splitting for {M;}. Therefore any given splitting {V;} 
lifts. The formal smoothness of the functor Aut is a consequence. Indeed, 
let a be an automorphism of {M;} ®r S. We find liftings U; and U} of the 
splittings Vj respectively a(V;). Then the isomorphism V; — a(V;) lifts to 
an isomorphism U; — U; which is periodic. It gives the lifting of a to an 
automorphism of {M;}. This completes the proof of the proposition. 


A.6 Let us now turn to the case of polarized chains (theorem 3.16). Without 
loss of generality we assume that the invariants / of the involution * on 
F form a field. We do a case by case verification according to the following 
list. 


(1) F = Fox Fo and the involution on F induces the obvious transposition. 
There is a central division algebra D over Fo, such that 


B= M,(D) x M,(D°?) 
and the involution on B is given by 
(di, d2)* =(do,d:), where dy,d,2€M,(D)=M,(D)? . 


(Il) B=M,(F), F= Fo. 
(IIl) B = M,(F) and F/F is a quadratic extension. 


(IV) B = M,(D) where D is a quaternion algebra over F and F = Fo. 


(We remark that on M,(D) there are no involutions of the second 


kind). 


We note that the case where B = Q and CL is a maximal selfdual chain was 
treated by de Jong [dJ1]. 


A.7 Let us consider the case (I). We have the decomposition 


B ~ M,(D) x Mn(D?). (A.3) 
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We may choose the isomorphism (A.3) in such a way that it takes the max- 
imal order Og to Mn(Op) x Mn(O#?). From (A.3) we get a decomposition 
of the representation V: 


V=Wew. 


The spaces W and W are isotropic subspaces of V with respect to( , ). 
Hence ( , ) puts these two spaces in duality 


W x W —+Qy. 
More precisely ( , ) identifies W with the dual space W* = Homa, (W, Q,) 
with its natural M,,(D°??)-action from the left. 
A multichain of Og-lattices in V is a pair CL, x. where £ is a chain of 
M,,(Op)-lattices in W and L is a chain of M,,(Of?)-lattices in W. The 
multichain is selfdual if and only if the two chains £ and L£ are dual to each 
other. 
A polarized multichain of Og ® Or-modules on a scheme T of type (L, L) is 
a pair of chains, a chain of M,(Op) ® Or-modules of type (£) and a chain 
of M,,(O7??) @ Or-modules of type Tat which are dual to each other. 


Lemma A.8 The functor which associates to a polarized multichain 
{Ma}aecs {Mx}xezx of type (L,L) the unpolarized chain {Ma}acc of type 
(L) is an equivalence of categories. 


Proof: We have an obvious quasi—inverse functor: If A € L and hence 
A* € L, we put 


Ma-+ = Homo,(Ma, Or) 


with the natural M,(OZ”) ®z, Or-module structure. We have to check 
that Ma- is of type £. But this is obvious, since we know that locally on T. 
the chain {Mj} is isomorphic to £L® R. O 


This lemma shows that the case (I) of theorem (3.16) reduces to the unpo- 
larized theorem (3.11). 


A.9 For the other cases we recall some basic facts on quadratic forms in 
the generality needed for the proof. 

Let R be a commutative unitary ring and S a unitary R-algebra, which 
need not be commutative. Assume that we are given an involution s +> 
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of S, i.e. a R-algebra anti-isomorphism of order 2 on S. Let us assume that 
2 is invertible in R. Let M and N be left S-modules and L a S-bimodule. 
A sesquilinear form is a biadditive map 


®:MxN—-L 
that satisfies the relations 
®(sm,n) = ®(m, n)s 
®(m, sn) = s®(m,n). 


We will say that a S-module is R-locally free, if it is locally free with respect 
to the Zariski-topology on Spec R. We note that we can view any right 
S-module as a left S-module by restriction of scalars with respect to the 
involution. For example the right S-module Homs_(M, L) becomes a left 
module by the rule 


(sp)(m) = v(m), y € Homs_(M, L). 


With this convention a sesquilinear form is a homomorphism of left S-— 
modules 


M — Homs-(N,L) (A.4) 
m1. -—— ®(m, —). 


If we view M as aright module by our convention, this is also equivalent to 
giving a homomorphism of left S-modules 


Ness tome s(MF D) (A.5) 
n +> O-,n). 


® is said to be perfect, if (A.4) and (A.5) are isomorphisms. 
In the case M = N = S a hermitian form is given by an element s € S: 


O(m,n) = nsm. (A.6) 


Then the condition (A.4) (respectively (A.5)) says that s has a right inverse 
(respectively a left inverse). Hence perfect means that s is a unit. 
A hermitian respectively antihermitian form on a S-module M is a sesquilin- 


ear form 
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®@:MxM—S, 


that satisfies ®(m,,m2) = +®(m2,m,). We will also say that ® is an 
e-hermitian form, where ¢ = +1 if ® is hermitian and ¢ = —1 if @ is 
antihermitian. We note that for such a form the conditions that (A.4) and 
(A.5) are isomorphisms are clearly equivalent. 

If Z is a two-sided ideal in S invariant under the involution, we can consider 
the reduction of the e—hermitian form ® modulo T: 


®:M/IM x M/IM — S/T. 


If M is a projective S-module and © is perfect, so is ®. 


Definition A.10 Let M be a finite projective S-module with a €-hermitian 
form ® which is perfect. Let N be a isotropic direct summand of M. An 
isotropic complement to N is a direct summand C' of M, which ts isotropic 
and such that the patring 


@:NxC—S 
is perfect. 


We note that the restriction of ® to the orthogonal complement (N @ C)+ 
of N @C is perfect, and that 


M=N@CO6(N@6C)-. 
Lemma A.11 An isotropic complement exists. 
Proof: Since ® is perfect, we get a split surjection 


M — Homs_(N,S) — 0 
Let C' the image of a section. Then 


®@:-NxC—S 


is perfect. Any sesquilinear form on C is of the form ®(a(c;),c2), where a 
ranges over the homomorphisms Homs_(C, N). Hence there is a such that 
—$0(c1,c2) = ®(a(c1), cz). But then 
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C’ = {c+ a(c);c € C} 
is the isotropic complement we are looking for. im 


Proposition A.12 Let M be a finite R-locally free S-module and ® be 
a perfect e-hermitian form on M. Let I C S be a two-sided nilpotent 
ideal, which is invariant under the involution. Then ® = ® modulo T is 
a perfect ¢-hermitian form on the module M = M/IM over the R-algebra 
S = S/T. Assume that N is a R-locally free isotropic direct summand of 
M. Then there is an isotropic R-locally free direct summand N of M such 
that N = N/IN. 


Proof: As usual we may assume that Z? = 0. Let us start by assuming that 
there is a lifting N of N to a direct summand of M, which is not necessarily 
isotropic. We write 


M=NO6C. 


If N’ is any other lifting of N, the projection to C defines a map N’ —> 
M=N0C —C. 

The image of this map lies in JC. Hence ZN’ is mapped to zero and we get 
a map 


aoN set CST eeC. 
We have 


N’ ={n+a(n)|nEN}. 


Therefore we get a bijection between the liftings and the set 


Homs(N,I @; C). (A.7) 
If we replace C' by Cj, such that C; = C the map a that belongs to N’ 
does not change. Hence the obstruction to lifting N lies in the cohomology 
H! of the sheaf on Spec R defined by (A.7) and is therefore zero. 
The sesquilinear form ®(a(n1),n2) on N x N is given by the homomorphism 


N—T@sC — I @5 Homg_(N, S) 


| ~ 


Homs_(N,7Z), 
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where the last isomorphism of left S-modules maps i ® y to the homo- 
morphism n r— y(n)i. Since the second map of the last diagram is sur- 
jective, any Z-valued sesquilinear form of N may be represented in the 
form ®(a(n1),n2). We get the isotropic lifting if we choose a such that 


B(a(n1), n2) = —$0(n1, n2) ET. O 


Proposition A.13 Let M be a finite left S-module and ® a €-hermitian 
perfect form on M. Assume that I C S is a nilpotent two-sided ideal of 
S, which is invariant under the involution. Assume that @1,...,@n 1s an 
orthogonal basis of the S-module M. Let a; € S be liftings of the elements 
B(e;,e;) € S, such that a; = ca;~. (Liftings with this property always exist.) 
Then there is an orthogonal basis €,,...,€n of the S-module M with respect 
to ®, such that e; modulo ZT = é; and ®(e;, e;) = aj. 


Proof: Let e';,...,e), € M be any liftings of the elements €),...,é,. Then 


P(e’, e*) = aj6;; + xij, where xj; € Z and 23; = Z;; respectively 23; = —Z;;, 
depending on whether ¢ = 1 ore = —1. 
For arbitrary elements m1,...,7™n € M we have the formula ®(e; + mj, ej + 


m;) = 363; + 233 + O(mi, e+) + &(m;,e;). By perfectness any linear form 
on M with values in T is of the type ®(m, —) for some m € TM. Hence we 
may choose m; € JM in such a way that (mj, e; 
given matrix with coefficients in Z. To finish the proof it is therefore enough 
to find yj; € Z, such that 24; + yj + 9ji = 0. Clearly yz; = —=2 does the 
job. C] 


) becomes an arbitrary 


The usual orthogonalization procedure takes in our setting the following 
form. Assume that S is a finite R-algebra. Then by Nakayama’s lemma 
the condition that a fixed element s € S is a unit is represented by an open 
subscheme of Spec R. For our purposes it is enough to make the strong 
assumption that for any point « € Spec R the ring S @r K(x) modulo its 
radical is a product of fields. In particular this ensures that the kernel of a 
surjection of R-locally free S-modules is again R-locally free. 


Proposition A.14 Suppose S satisfies the assumptions just made. Let M 
be a finite R-locally free S-module and ® be a perfect e-hermitian form on 
S. In the case € = —1, we assume that there is a unit u € S, such that 


~ 


Uu= —-U. 
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Then locally for the Zariski topology on Spec R the S-module M admits 
an orthogonal base, i.e., (M,®) ts an orthogonal sum of forms of the type 


(A.6). 


Proof. It is enough to find locally an element m € M, such that 6(m, m) is 
a unit in S. Indeed our assumptions ensure that the orthogonal complement 
of Sm is again R-locally free. Hence we may restrict to the case, where R is 
a field. Let J be the radical of S. Then by proposition (A.13) it is enough 
to show our assertion for S/J. Hence we may assume that S is a product 
of fields. Then one reduces easily to the case, where either S is a field or 
S = So x So, where So is a field and the involution interchanges the factors. 
In these cases the proof is standard linear algebra. ai 


A.15 Let us consider the case (II) where B = M,,(F) and + is an involution 
of the first kind. We will assume that Og = M,(Opf). Let us fix once for 
all a prime element 7 € Of. 
We may index our chain of lattices £ by Z: 

eC ApCggy C= ss 


The periodicity condition says that there is an integer r, such that 


mA; = ihe (A.8) 
for all i € Z. We call r the period of the lattice chain CL. 
The selfduality condition means that there is an integer a such that 

A; = Nea . 
We may index our chain in such a way that a= 0 ora =1. 


Let T = Spec R be an affine Z,-scheme, where p is locally nilpotent. We 
consider polarized chains Mc of M,(Or) ® Or-modules on T. We set 
M; = Mx, and get a sequence of M,(Or) ® Or-modules: 


et ee NE Es Mp cw ete Ways 


We denote the periodicity isomorphism 6, simply by @ : 


6:M; — Mi-_-. 
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We have the relations 


oO myy bps 6. 


The polarization on the chain {M;} is given by a set of perfect bilinear 


forms 
&; ; M; x M_i+a ——- Or. 
By Morita equivalence we write 


V=F°@rwW. 


Then there is a chain of Op-lattices G = {T;} of the F-vectorspace W, such 
that 


Ap= OF Oo, Te 
We will see that the chain G is selfdual for a suitable inner product on W. 


Proposition A.16 Up to multiplication by a unit in Op there is a unique 
perfect bilinear form 


op: Op x Op — Op 
that satisfies the equation 


or(Az,y) = br(z, A*y), r,y € OF, AéM,(Or). (A.9) 


Moreover or is either alternating or symmetric. 


Proof: One knows (e.g. [M1]) that any involution on M,(F’) may be written 


AP=G'A CG. where’ C= 4¢. 


The bilinear form 


dp: F"x F° —F 


defined by or(a, y) = ‘Cy satisfies the equality (A.9). We set T = O% C 
F". The dual lattice [* with respect to ¢p is an M,(Or)-module. Hence 
by Morita equivalence there is an f € F,, such that 
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r=} 


The bilinear form ¢p = for is the perfect. pairing we are looking for. 


Corollary A.17 There is a perfect Z,-bilinear pairing 


d: Of x Of — Zp 
that satisfies the equation 
o(Az,y) = G(x, A*y), 2,yE Op, AE M,(OF). 
Any other pairing ¢' with this property is of the form 
¢' (a, y) = o(fz, y) ) 
for a suitable f € OF. 
Proof: Let Jr be a generator of the different ideal of F over Q,. Then the 
pairings ¢ and ¢p determine each other by the equation 
¢(fz,y) =trrjq,¥p for(2,y)- 
a 


Proposition A.18 Let M; = OF @o, Ni and M2 = Of @o,; No be left 
Op ® R-modules which are projective and finite. 
Then there is a bijection between perfect R-bilinear forms 


E:M, x Ms —R, 
that satisfy the equation 
E(b*m 1, m2) = E(m,bm2), bE Og 
and perfect Or © R-bilinear forms 


B:N, x No — OF @R. 
The forms B and € determine each other uniquely by the equation 


E(ui @ 11, ue @ nz) = O(ui, u2B(n1,n2)), ni Ni, ui € OP. 
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We omit the easy proof. A slight modification of this proposition may be 
applied to our form (_ , ) on V = F” @p W and provides us with a 
F-bilinear form ¢ on W, which satisfies the equation: 


(u@w,u' @w') =4(u,C(w,w’)-u’) u,v’ EF", w,w' EW.  (A.10) 


The form ¢ is symmetric if ¢ is antisymmetric and vice versa. The chain G 
is selfdual with respect to the form ¢, 


Fe = | Rear 


Consider a polarized chain of M,(Or) ® R-modules of type (£). Then the 
Morita equivalence provides us with a chain of Op @ R-modules {N;}iez, 


M; = OF Go, Ni- 


Clearly the chain {N;} is of type (G), i.e. there are locally on Spec R iso- 
morphisms of Or ® R-modules: 


Ne =1TyO'R, Nifo(N;—1) = Ty [Tica @ RB. (A.11) 
Moreover by proposition (A.18) we get perfect Or ® Or-bilinear pairings 
B; : Nj x N-i+a — Of 8 Or 
such that the following equations are satisfied: 
1. Bi(o(n),n’) = By-1(n, o(n’)), ne Ni-1, n! € N-ita4i. 


2 it, 0) SB 744(n', 2), We Niy WreN aay 


Here the sign depends only on the type of the involution with which 
we started. 


3. If 6: N; — Nj_, is the period isomorphism, then 


B;(n, 6(n')) = B;_-(O(n),n'), ne Ni, n! € Nise. 


We call a set of perfect pairings B;, which satisfy these relations a polariza- 
tion of the chain {N;} of type (G). 
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Proposition A.19 The above functor which associates to a polarized chain 
{Mi},€ of M,(Or) ® R-modules of type (L) the polarized chain {N;},B of 
type (G) is an equivalence of categories. O 


Remarks A.20 We may take indices in Z/(r), if we define 


Ng =lim(Nz,0) kk EZ/(r). 
kek 
The condition 3) simply says that Bz is well-defined, and we may forget 
about it. The condition 9” = 7@ on the period morphism becomes o” = 7. 
We call {Ng} a polarized circle of Or ® Or-modules. 


By proposition (A.19) we may reformulate the theorem (3.16) in the case 
(II) at hand: 


Proposition A.21 Let {Nj }iez,B and {Nj}iez, B’ be two polarized chains 
of Or ® Or-modules of type (G). 

Then locally for the etale topology on T these two polarized chains are iso- 
morphic and moreover the following functor on the category of T-schemes 


T’ + Isom(({Ni}, B), ({Ni}, B’)) (A.12) 


is representable by a smooth affine scheme over T. 

If the form ¢ (A.10) is antisymmetric or tf the period r of G and the number 
a both are even, the two polarized chains are even isomorphic locally for the 
Zariski topology. 


Let us first treat the case r = 1. We may moreover assume that a = 0. Then 
the chains in proposition (A.21) are already determined by the modules No 
and Nj. To ease the notation we set N = No, B = Bo, N’ = Nj, and 
B' = By. The Or ® R-module N, N’ are R-locally free of the same rank, 
and the pairings B and B’ are perfect. We need to verify that the pairs 
(N, B) and (N’, B’) are locally isomorphic for the etale topology. 

Let us first consider the case, where the forms B and B’ are symmetric. By 
the existence of an orthogonal base (proposition A.14) we are reduced to 
the case, where N, N’ are free of rank 1. Clearly it is enough to see that 
there is locally for the etale topology an orthonormal vector in NV. The pair 
(N, B) is given by a unit s € Or ® R. We have to check that after an etale 
covering of Spec R the element s becomes a square. This is obvious since 
the residue characteristic is different from 2. 
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If the form B is antisymmetric, the usual proof in linear algebra works to 


show: 


Lemma A.22 Locally for the Zariski topology on Spec R the symplectic 
Or ® R-module has a standard symplectic base €1,...,€2r, 1.€. 


Bley Gpigh = vis TS a ee 


Hence the pairs (NV,B) and (N’,B’) are locally isomorphic for the Zariski 
topology in the antisymmetric case. 

The representability of the functor (A.12) is obvious. The smoothness is a 
consequence of the propositions (A.13) in the symmetric case and (A.12) in 
the antisymmetric case. 


Before we go on with the proof of (A.21) let us add a remark about some 
nonperfect forms over a ring F respectively an Op-algebra R. 


Definition A.23 Let N be a finite projective R-module and Q be a sym- 
metric or antisymmetric bilinear form on N. 

We call Q semiperfect, iff the cokernel of the corresponding map N — N* = 
Homp(N, R) ts a projective R-module. 


Lemma A.24 (N,Q) is semiperfect, iff (N,Q) may be written as an or- 
thogonal sum 
(N, Q) ~ (M, B) 6 (K,0) 
where (M, B) is perfect. is 
Lemma A.25 Let R be an Op-algebra, where x is locally nilpotent in R. 
Let (N,Q) be a symmetric or antisymmetric form on a finite projective R- 
module. Suppose that the map N — N* has a cokernel that is annilated by 
m and is a projective R/w-module. Then (N,Q) may be written locally as a 
direct orthogonal sum 
(N, Q) = (M, B) ®(C,7P), 


where B is a perfect pairing on M and P is a perfect pairing on C. 
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Proof: Let N = N @0r R/x. Let M CN the subspace of N given by the 
first lemma. We lift M to a direct summand M of N. Then O induces a 
perfect pairing B on M. Let C be the orthogonal complement of M. We 
get a decomposition N = M@C. 

Then C*/C is isomorphic to N*/N and hence has the same rank as C. 
Therefore the image of C in C* is 7C*. Let a : C — C* be the map 
induced by Q. We find a lifting 


C ——- C* 


(Gk 


Then —- or ae defines the pairing P we are looking for. In order 


to show that P is perfect, we have to ensure that @ may be chosen to be 
surjective. Then ator =a+ aS is surjective because a@* = @ = 0 mod z. 
Locally the map @ may be written by choosing a basis in each module: 
R” =, R” where X € My (R). Since the image is 7 - R” there is a matrix 
Y such that XY = 7E, where E is the unit matrix in M,(R). We have 
to show that in each point of Spec R we may find a matrix Z, such that 
aZ = 0 and X + Z is invertible. Since 7(£ — XY) = 0 it is enough to 
find locally matrices U; and U2 which are invertible, and such that X + 
U,(E — XY )Uz is invertible. But over a field, for a suitable choice of basis, 
we have X = diag(1,...,1,0,...,0) and for suitable U; and U2 we have 
Ui(E — XY)U>2 = diag (0,...,0,1,...,1) Hence we get what we want since 
obviously rkX + rk(E — XY) >n. iy 
We now continue with the proof of proposition (A.21). Let us consider 


the case where the period r is arbitrary and a = 0. Then Bp 1s a perfect 
symmetric or antisymmetric bilinear form on No, 


Bo: No xX No — OF ® Or. 


For r—1>t> 0 let us denote by F_; the image of N_; in No/7No. We 
obtain a flag of Or /tOpr ® Or-modules, whose quotients are locally free on 
T, 


OCF 41 G---S Fo = No/™No. (A.13) 
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Let Bo be the perfect pairing By modulo m on No/7No. 


Lemma A.26 F_, is the orthogonal complement of F_,44 with respect to 
Bo. 
Proof: The orthogonal complement of F_,4+; is the image of the following 


submodule of No in Fo: 


{no € No; Bo(o'(N-1), no) € TOF @ Or} 


= {no € No; B_-:(N-i,0°(no)) € TOF ® Or}. 
Since B_; is perfect the last condition is equivalent to o*(no) € tN; = 


o’ (N:-,). By the corollary (A.3) we get no € o” —‘(Ni_,). O 


Hence F_; for t > § is an isotropic subspace of Fo. Moreover Bo induces 
perfect pairings 


NeajNeis AN ip eet ali Nreee — Or/rtOr ®Or. (A.14) 
We are assuming that a = 0. Let us now take indices 7 € Z/(r). Because of 
the perfect pairings 
B_;:N_; x Ni-r —+* Or @ Or 


we may forget about N_; and B; for 7 in the open intervall 7 € (0, 5) without 
loosing information. We get a chain 


No — N-y41 —> +++ —¢ Nt — No — N_p4i1 — (A.15) 


such that moving once around in the corresponding circle is multiplication 
by wz. Here ¢t = [st]. Let us denote the map 9”~' : No — N_; by a and 
the map og’ : N_; — No by 8. 


For 0 < k < t we will identify N_,; with Nj_, by the formula n_, +> i 
where 


CATS Ve Ee ee Ce ee 


Equivalently we have the dual identification N,_, — N*, which is given by 
the formula n,_, — nj_, where 
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n,_,(n-~) = By_-(np_r, n_-~) = B_z(n_x, ne_y). 


The maps N_; — N*, and No — Nj = No which come from the identi- 
fications above and g define bilinear forms Q on N_; and B on No. We 
have 


Q(n_1,n/,) {aeeal tenet) madd 


eet 1.) r even 


B = Bo. 


Lemma A.27 To give a polarized chain of Op ® Or-modules on T of type 
(G) with period r and a =0 is equivalent to giving the following data: 


1. A circular diagram of locally on T free Op ® Op-modules 


eee es a fee t= [4] 


ei 


(A.16) 
2. Or © Or-bilinear pairings 
B g No x No a) Or ® Or 
QO: N+ x N+ — Or@Or 
such that the following conditions are satisfied. 
(i) There exist isomorphisms locally on T 
N; pa! [T; ® Or i=-t,...-—r+1,0 
NEN. I; /Ti-1 ® Or (=f, 5 or +l 
ie Dipgn/ Leg ® Or r odd 
ee { 0 r even 


The bilinear form B ts perfect. 
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(tt) We have the identity 


B( B(x), y) = Q(z, a(y)) 


where a : No — N_1,8: N-t — No are the obvious maps in the 
diagram. 
(iit) Going once around the circle above starting from any point ts multi- 


plication by 7m. 


Proof: We have to recover from the data of the lemmathe modules N;, k € 
Z/rZ and the bilinear forms 


B,: Ny xX N-~» — Or @ Or. 


This is simply accomplished by taking Ny = N*, for k = 1,..., [] — 1. 
We get the chain 


No > Nopgi 9 +++ Not & N*, Nog 2 + ONE No. 
(A.17) 
Here q is the map q(n_;)(n_,) = Q(nz, n_,). The maps which are symmetric 
around the arrow q are by definition dual to each other. Hence we have that 
N*,— No = Ng is the map a*. We have a*q = Bf: 


B(a"q(nz), no) = 9(nz)(a(n0)) = Q(z, a(n0)) = B(A(nz), no) - 
The existence of the isomorphisms (A.11) is obvious by duality. C] 


A.28 To prove the proposition (A.21) let us work with the circles above. 
First we consider the case r = 2. In this case By) moda on No/mNo induces 
a perfect pairing 


N_1/™No x No/N-1 ~> Or/tOr@R 


and hence these modules have the same rank. Our circle of modules has the 
form: 


Kgl oN ae IN af = pa= am. 
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Here the maps a@ and # are dual with respect. to the perfect pairings Q and 
B. The sequence is exact. mod a by lemma (A.2). We construct an isotropic 
direct summand Up of No as follows. 

The image of N_; in No = N/No is an isotropic direct. summand. Let Up 
be an isotropic complement. By the rank conditions we have ImN_; @Up = 
No. Next we lift Up to an isotropic subspace Up of No (proposition A.12). 
By the same process we define an isotropic direct summand U_, of N_. 
The modules Up and U_, are a splitting of our chain in the sense of definition 
(A.5) by isotropic subspaces. Hence we know 


No 
Ni 


Uo & B(U_1) 
U_i1® a(Up). 


Moreover we see that a(Up) and ((U_;) are isotropic subspaces. Hence our 
chain may be written as 


Up @®U_1 seed Up BU_}1 See th A. 1 (A.18) 


where Up and U_, are isotropic subspaces with respect to the bilinear forms 
and the pairing between them is given by the formula 


B(x, B(y)) = O(a(z), y), LE Uo, i] S hee . 


Hence in the case r = 2 any two chains of modules of type (G) are locally 
isomorphic for the Zariski topology. 


A.29 Let us now consider the case, where r is even. Then the modules 
No — N_z — No form with the given bilinear forms a circle of period 
r = 2. Hence the last sequence may be written in the form (A.18). Hence 
our chain looks as follows 


No = Up @ UZ °28" N_z =U OUR PS" No =Uo@U§ = (A.19) 
Note Noraa s< tue dN C No (A.20) 
Since a is the identity on Up we may write 
- r 
N_, = U0 @ N_x, ee ee tnd oe 


Hence we get a chain 
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Ug —> Nings —t ++» —¢ N_g-1 > UG. (A.21) 


We see that going once around the circle here is multiplication by 7. Hence 
this is an unpolarized chain of a given type, which clearly determines the 
circle (A.19) which we started with up to isomorphism. We conclude that 
for r even and a = 0 (or a even) two polarized chains are locally isomorphic 
for the Zariski topology. 


A.30 Next we need to show that in the case r even and a = 0 the functor 
of isomorphisms is formally smooth. First we look at the case r = 2. In 
order to write our circle No — N_,; — Np in the form (A.18) it is enough 
to take for Up and U_, any splitting of the underlying unpolarized chain, 
with the additional property that Up and U_, are totally isotropic in No 
respectively N_;. Let us call Up and U_, an isotropic splitting. 


Let R — S be asurjection with nilpotent kernel. Since we can lift isotropic 
direct summands in the affine case (proposition A.12), we can do the same 
with isotropic splittings. We may conclude as in the proof of proposition 
(A.4) . In the case r even we need to lift isotropic splittings of the chain 
No — N-z — No over S and then splittings of the chain (A.21) over S, 
which is possible by what we have shown. 


A.31 Next let us consider the case, where r is odd. Again we look first at 
r = 3. In this case we start with a circle 


ea eee (A.22) 


We are given a perfect pairing B on No and a pairing Q on N_»2 which are 
both symmetric or antisymmetric, such that the cokernel of the induced 
map q : N_2 — N*, is locally on Spec Ra free Or/7® R-module. We have 
B( B(x), y) = Q(x, a(y)). Moreover we require that a8 = Ba = x and that 


Tkop/r@R N-2/No+rkop/n@r No/N-2 = rkoper No = rkoper No. 
(A.23) 
These last conditions mean that we have an unpolarized Or @ R-chain if 
we forget about B and Q. 


As we have remarked, we may insert N*, in the diagram (A.22), 
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No —> N-2 ++ N*, 4 Np. (A.24) 
Explicitly q and g are given by the equations 


q(x)(z) = Q(z, z) 2,z € N_» 
B(o(z"),y) = 2*(a(y)); 2 E N_2,yE No. 


Then we have og = f and (A.24) becomes an unpolarized chain if we disre- 
gard B and Q. Especially, turning once around the circle is multiplication 
by 7. 

We will now construct a special isotropic splitting of the diagram (A.22). 
Let us denote by N_2 and N*., the images of # and g in No = No/1No, 


TENS GNisC Ns 


Then for the pairing B mod 7, we have that N _2 is isotropic and Nt, — 
(N _2)+ is the orthogonal complement by lemma (A.26). Take any isotropic 
complement Up of N _2. Then the induced pairing 


Nox — Or/7tOr@R 


is perfect and moreover N*,@ Up = No. Hence Up — No/N*, is an 
isomorphism. We lift Up to an isotropic subspace Up of No. 

Next we construct an isotropic subspace U_z C N_»2. We look at the flag 
induced on N_2 = N_2/mN_2, 


0c Nt, CNC N_o. 
Then Ae is the kernel for the pairing Q mod 7 on Nz by corollary (A.3) 
and Np is a totally isotropic subspace. Consider any complement C' C No 
of Ne Then we lift C to a direct summand C of Nz. By construction the 
restriction of Q to C is perfect. The image of No by the projection to C is 
isotropic. We take an isotropic complement and lift it to a direct summand 
U> of C. Then the map U_2 — N_2/ No is by construction an isomorphism. 


B defines a perfect duality between U_2 and Uo, since mod 7 it reduces to 
the perfect duality by ( A.14) : 


N_2/No x No/N*, "3? Or/xOr ® R. 
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Let us denote by V C No the orthogonal complement of 6(U_2)®Uo in No. 
Hence No = B(U_2) ® Uo ® V. Then Uo @ V is mapped isomorphically to 
No/N-2. Hence the spaces U_2 and Uo @V are a splitting of our original 
chain ( A.22). Therefore the map a restricted to Up © V is an isomorphism 
onto a direct summand of N_», and # restricted to U_2 is an isomorphism 
onto a direct summand of No. We see that the diagram (A.22) may be 
identified with a diagram of the form: 


U_2@ Uo ®@V —+U_2 ® Uo @V —+U_2 @ Uo BV. 


Here a is the identity on Up @V and is the identity on U_2. The restriction 
of a to U_2 is multiplication by 7 and so is the restriction of B to Up @V. 
We see easily that with respect to Q the spaces U_z @ Up and V are orthog- 
onal: 


Q(u_2,a(v)) = B(B(u_2), v) = Blu_2,v) =0 

O(uo, a(v)) = B(B(uo), v) = B(ruo, v) = 0. 
Moreover U_» and Up are totally isotropic for B and Q and the pairings 
B,Q:U_2 x Up ~ Or ® R are the same by 


B(8(u-2), uo) = Q(u-2, a(uo)). 


Finally we have for v1, vo € V 


Q(v4, v2) = O(a(v1), a(v2)) = B(Ba(v1), v2) = 7B(v1, v2) (A.25) 


From this we conclude that the whole situation is up to isomorphism de- 
termined by the perfect symmetric or antisymmetric form (V,B) and the 
number rkUp = rkU_2. But locally for the étale topology the isomorphism 
class of (V, B) is determined by rkV. Since these ranks are fixed by the type 
(G) we conclude that two chains of type (G) are locally isomorphic for the 
étale topology. 


A.32 The proof of the formal smoothness goes as usual. Let R > S be a 
surjection with nilpotent kernel.Let a be an automorphism of the polarized 
chain {N;} @S. We choose a splitting U_25, Uo,s by isotropic direct 
summands. Let Vs the orthogonal complement of U_2,5 ®Uo,s. The image 
under a@ gives another splitting of {N;} @ S, 
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Ulo5 =a(U_2,5), Ups =a(Uo,s), V5 =a(Vs). 


We take liftings of the isotropic subspaces Up,5,U} 5 and U_25,U15 5 to 
isotropic subspaces Up, Uj of No and U_2,U'.» of N_2. Clearly the isomor- 
phism a lifts 


& : Up — UG, &:U_2 —+ U4. 


We denote by V respectively V’ the orthogonal complements of Up @ U_» 
respectively Uj @ UL, with respect to B. These are liftings of the spaces 
Vs respectively V{. Hence all we need to show is that the isomorphism of 
perfect bilinear forms 


a:(V,B)s — (V',B)s 


lifts to an isomorphism 


a: (V,B) — (V’,B) 
But this follows by the propositions (A.13) and (A.14). 


A.33 Next we must treat the case r > 3, where r is odd and a= 0. We set 
t = [4+]. We start with a circle of lemma (A.27), 


Nig Mech tie tye Nu. No; (A.26) 


and with symmetric or antisymmetric bilinear forms B on No and Q on 
Wee: 
Then the chain 


No —- Na — No (A.27) 


with the pairing B and Q is exactly of the type (A.22). Therefore ( A.27) 
may be written as follows: 


idu_,® 
i, Ole Gi > Us OU ay. 


T@Pidug@v 
— 


U_.BU. OV 
Because of the idy,gy in this diagram, we may write 


r 


pS htdaveat ad 


N_, = NL, ®U0 @V, i) 
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We get an unpolarized chain of a certain type, 


U_t— Wey Ae N"(g]-2 — U_;. 


2 


We conclude by the same arguments as in the case where the period is even. 


A.34 Let us now assume that a = 1. Let us start with a polarized chain of 
Or ® Or-modules 


epee t+ Nai jae oP ae Nee ee (A.28) 


and perfect pairings B_; : N_; x Ni41 ~ Or ® Or. Assume that we have 
period r, so that we may take the indices in Z/rZ. We define the bilinear 
form B on No by 


B(no, No) = Bo(no, o(n)). 
The chain induces a filtration on No = No/aNo (compare (A.13)), 


ete cae, Cre ha 1G ave 


By assumption this chain of Or/tOpr ® R-modules splits. Moreover one 
easily verifies, following the proof of lemma (A.26): 


Lemma A.35 With respect to the bilinear form B = Bmodz on No, the 
orthogonal complement of F_, ts F_p4%4i, 1-€. 


Fe = L_r4+k4i k=0,...,—r+I1. 


In particular F_,4, is the kernel of the pairing B and 
B: No/N-r41 X No/N-r41 —> Or/T @R 
is perfect. O 


Let us start with the case r = 4, which is the essential one. Hence we have 
a chain 


No = N-4 — N_3 — N_2 — N_1 —> No. (A.29) 
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By Bo respectively B_2 the modules No and N_3 respectively N_» and N_y 
are in perfect duality. In addition to B on No we define a bilinear form Q 
on N_o, 


Q(n_2,n!_») = B_2(n_2, o(n1»)). 


First we construct isotropic splittings Up C No for B respectively U_» C 
N_» for QO. 

Indeed N_2/N_3 = F_2/F_3 C No/F-3 is an isotropic subspace. We write 
its inverse image in No as Vo @ F_3. Let us choose an isotropic complement 
Uo E No/F-s. We write the inverse image of Uo in No as U2 @ F_3. Next 
we lift Vo @ Up to a direct summand M of No. Then B is perfect:on M 
and hence there is an isotropic lifting Up C M of Up. The canonical map 
Up — No/N, is an isomorphism, because the orthogonal complement of 
N_2/N_3 in No/N_-3 is N_1/N-s. 

The construction of U_», is the same. From the unpolarized case, we know 
that N_2 — No induces an injection on U_2. We will identify U_»2 with its 
image. Moreover we identify Up with its image under the map No — N_o. 
By the lemma (A.35) we see that B and Q define perfect pairings 


Up xX U_zp — Of © OT. (A.30) 


It is easily checked that these pairings coincide. Let us denote by V the 
orthogonal complement of Up @ U_2 C No with respect to B. Because B is 
perfect on Up 6 U_2 we have a decomposition 


No = Up ®BU_2 BV. 


For N_2 we get a similar decomposition 


N-2=Up @U_2OW. 


Let us identify N_3 = Nj with Up @U_2@ V* via the given perfect pairing 
on Up @ U_2 induced by B or Q. Doing the same to N_; we may write 
N_1 = Up ®@ U_2 @ W. 

Since the map Np — N_3 = Nj is induced by the form B it induces a map 


Ue ler GV 5 Up OU Vv", 


where a: V — V* is some symmetric or antisymmetric map. 
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In the same way we may write the map N_2 — N_ as 


Up @ U_2 @W ‘FU @U_2 @ WW" 


where 3: W — W* is again a symmetric or antisymmetric map. 


Next we will check that under the map N*, = N_; — No the subspace W* 
is mapped to V. Let 1 € W*. We have to check 


B(uo, e(7)) =0, B(u-2,o(/)) = 0. 


We interpret | as a linear form on N_2, such that (Up) = 0, (U_2) = 0. 
Note that by definition of the identification N*, = N_1, we have 


BE (n_2, l) = I(n_2) : 


Hence we get 


B(uo, o(1)) = Bo(uo, e7(!)) = B_2(g?(uo),!) = W(uo) = 0. 
We used that by definition 9? : No —~ N_2 is on Up the identity. 


B(u_2, o(1)) = Bo(o*(u-2), o°(!)) = B_2(o*(u-2);!) 
= TH. 9\t9.4) = eit) = 0. 


We conclude that the map N_; — No is of the form 


r@idy_@y 
Up @U_2—BW* —- U@U_2O6V, 
for some map y : W* — V. Since Up is a splitting, the cokernel of this 
map is Up/tUo. Therefore y : W* — V is an isomorphism. Because 
N_3 — N_2 1s the dual map to N_; — No, we have identified all maps in 
the diagram (A.29). Identifying U_2 with Uj by (A.30) our original chain 
looks as follows: 


idy, Or @idys 
—- 


Ur @ Us OV 3 Hy OUZ OV" Ur @UZ eV" (4.31) 


@idrys @Vv 


UeUu;eV —+ UGeUujZeV. 


The perfect pairings B; are the obvious ones. Hence the whole polarized 
chain is up to isomorphism determined by the diagram 
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Vey 2, where of = fo 2 7 (A.32) 
and where the maps @ and @ are both symmetric or antisymmetric. By 
construction of V it is easily checked, that V*/V and V/V* are locally on 
T free Op /tOpr ® Or-modules and that 

rk V*/a(V)+rk V*/B(V) =rk V/rV. 


Therefore we are exactly in the situation r = 2 and a= 1. Hence by lemma 
(A.35) the sequence (A.32) becomes exact if we reduce it mod 7, 


a a ae (A.33) 


Let us take a direct summand M of V which is complementary to Ker @. 
Then lift M to a direct summand M of V. Let us denote by K the kernel 
of the canonical map 


Vi a 


Hence we have an orthogonal decomposition with respect to the bilinear 
form Q, defined by a, 


V=KOM. 
We rewrite the diagram (A.33) as follows 
K @ M °£23™ K* @ M* ©. K @ M *X8S™ K* QM". 
We claim that @ respects the direct sum decomposition. Firstly 
B(M*) = Ba(M)=7M CM. 
Secondly we must verify that 


BOC K 


But this is equivalent to the condition that the projection of af(K*) to M* 
is zero. This is clear because af(K*) =7-K". 

We may now write 8 = Gx © Ba-. Let us identify K* and K via Bx+ and 
M and M* via ay. Our diagram takes the form 
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K*om “8% Krom ‘SEY Krom 
I I | oe) 
No _—_ Nie 7" No 


The perfect pairing By : No x N_1 ~ Or @ R is induced by perfect pairings 
Ox-+ on K* and Qy on M. Since the composition of the two arrows of 
( A.34) is 7 we conclude that ax- = 7 and By = 7. Hence the isomorphism 
class of the original polarized chain is determined by the isomorphism classes 
of the perfect pairings Qy and Qx-, which locally for the étale topology 
are determined by the ranks of M and K*. This proves that in the cases 
r = 2,a=1 respectively r = 4,a = 1 two polarized chains of the same type 
(G) are locally isomorphic for the étale topology. 

Finally we treat the case where r > 4 is even and a = 1. Consider the 
subchain consisting of the following modules, 


No — N_r4i —— Nog aN Sees — No. (A.35) 
The pairings Bo and B_s define a polarization on that chain. By the case 
r = 4 and a = 1 this chain takes the form (A.31). The modules N_;,k = 


0,...,5 —1 inherit from (A.31) a direct sum decomposition 


N_, = M_. @UG @V. 


The M_, form an unpolarized chain of a given type, 


Une 4 C M-242 C++: C Mo =Uo. (A.36) 


In the same way we get an unpolarized chain 


Us = Mort C Morea C +++ C M_g =U. (A.37) 


We see that the data giving a polarized chain {N;} are equivalent to that 
of a polarized chain of the form (A.31) and to two unpolarized chains of 
the form (A.36) and (A.37) respectively, which are in duality to each other. 
This shows that also in the case r even, a = 1 two polarized chains of type 
(G) are locally isomorphic for the étale topology. 


A.36 Let us now show the formal: smoothness of the functor of isomor- 
phisms in this case. First we look at the case r = 2, that is a chain of 
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the form (A.32). We define a splitting of such a chain to be an orthogonal 
decomposition with respect to QO, 


V=K@mM 


such that K modz7 is the kernel of Q, modz. 
Let us consider a surjection with nilpotent kernel R — S. We claim that 
any splitting over S 


V@rS=Ks @Ms 
lifts to a splitting over R. Indeed let us denote by a bar the reduction mod 7. 


Consider the diagram 


Or/™®R — Or@R 


| | 


Or/7®S — Ores 


The kernel K(@) of Qg modz is a Or/tOpr ® R-module. All we need to 
show is that there is a direct summand K of V, such that K = K(q@) and 
K @r S = Ks. Let us replace in the above diagram Or © R by a ring 
T, such that we get a fibre product. Define Ky to be the fibre product of 
K(@) and Kg over Ks. Clearly Ky is a direct summand of V @ T. Hence 
it is enough to lift Ar to a direct summand K of V. Since an easy diagram 
chasing shows that Or ® R — T is a surjection with nilpotent kernel we 
have no trouble doing that. 

Now consider an automorphism w of the chain ( A.32) tensored with S. 
Choose a splitting of V as above and set 


M,=w(Ms) and Ky =w(Ks). 
Then we lift V @r S = Mg © K;, to a splitting over R, 
V=K'@M'. 


We need to lift the isomorphisms of perfect quadratic forms 


(os (Ms, Oo,5) Saas (Ms, Q,s), Ww. (Ks, Qz,s) re (Ks, Qz,5) 


to isomorphisms of perfect quadratic forms 
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w:(M, Qa) —> (M', Qa), w : (K, Qe) — (K’, Op). 


This can be done by the propositions (A.13) and (A.14). This finishes the 
case r= 2. 


Let us now consider the case of any even period r. We look at the diagram 
(A.35). We define a semisplitting of our polarized chain to be an isotropic 
subspace Up C No and an isotropic subspace U_z C N_z, such that the 
maps 


Uy —+ No/N-1, U-z 


5 —> N-z/N-s41 

are isomorphisms. Although contrary to the case a = 0 the pairings on No 
and N_z are not perfect, it is easy to see that such semisplittings lift with 
respect to surjections R — S with nilpotent kernel. Indeed one can use that 
Uo and the image of Us in No generate a perfect subspace of No. Then 


one argues by first lifting this perfect subspace. 


To lift an automorphism of the polarized chain one is reduced by using a 
semisplitting, to lift isomorphisms Up — U4, isomorphisms of a polarized 
chain (A.32) and isomorphisms of unpolarized chains (A.36) and (A.37). 
This finishes the case a = 1 and r even of our theorem. 


The only case left is a = 1 and r odd. Fortunately by an index shift this 
reduces to cases we have already done. Indeed, assume we are given a 
polarized chain ({N;}, B;). Then we define a new polarization by the rule 


Bons eae el tg, Ole aed) 


where n_; € N_; nj41-, € Ni4i-,. Then for the new chain ({N;}, Bi) we 
have a = 1—r even. An index shift Nj = N,, ler reduces everything to 
the case a = 0, which we already treated above. This finishes the proof of 
proposition (A.21). 


We will now consider the case (III). We assume that Og = M,(Or). The 
restriction of * to F' will be also denoted by f +> f. 


Let R be a Zp-algebra. We extend the involution R-linearily to S = Op@zR 
and denote it by s ++ 5. With respect to this involution we may speak of 
an ¢€-hermitian form on a S-module M. 
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Proposition A.37 There is a hermitian or antihermitian form 


xX: Of x OF — Op 


which is perfect and satisfies the equations 


x(Az,y) = x(w,A*y), z,ye Op, AE Mn(OF). (A.38) 
The form x ts uniquely determined up to a unit f € Op: 
Proof: Let us remark that there may exist both a hermitian and an anti- 
hermitian form meeting the requirements of the proposition; this is how the 


above uniqueness assertion is to be interpreted. We may write the involution 
* in the form 


Ae a Ale 
The equation A** = A implies U-!'U € F. We write 


i = fU.. 
We see that ff = 1. By Hilbert Satz 90 we conclude that we may assume 
that ‘U =U. Then 


x(z,y) = ‘Uy 


is a hermitian form that satisfies ( A.38). Since * leaves M,(Op) invariant, 
we see that U Oe is an M,(Or)-lattice. By Morita equivalence there is an 
u € F, such that U-!O} = u-O}. We have to find an element u; € F, such 
that u and uw, have the same order, and w, = +uy. If F/Fo is unramified or 
if the order of u is even, we may find u, € Fo having the same order as uw. 


In the ramified case, there is a prime element 7 of Or that satisfies 7 = —7. 
In this case we take u; to be a power of 7. Clearly u;- x is the form we are 
looking for. O 


Remark A.38 We may choose a generator Jp of the different ideal of 
F/Q, that satisfies Up = 0p or Up = —Up. As for Of-bilinear pairings the 
equation 


itniquip [xe y) — xo es7 9) 
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gives a bijection between hermitian or antihermitian forms and Zp-bilinear 
forms yo, which are symmetric or antisymmetric and satisfy the relation 


xo(x, fy) = xo(fz,y)- 


Under this bijection perfect forms correspond to perfect forms. 


A.39 Let M be aright M,(Or)-module. Then we view M as a left module 
by the equation 
Am = mA", mé€M, A€EM,(Op). 


With this convention yo becomes an isomorphism of M,(Or)-modules 


Xo : Of —+ Hom(OF, Zp). 
Let R be a Zp-algebra. Let M and M’ be M, (Or) @z, R-modules. Assume 
we are given a R-bilinear form 
E:MxM' —R, 
such that €(Am, m’) = E(m, A*m’). By Morita equivalence we write M = 
OF @o, N and M’ = Of} @o, N’. Then there is a unique R-bilinear form 
B:NxN'—+Or@R 

such that B(fn,n’) = fB(n,n') = B(n, fn’) for f € Op. Namely, B is 
defined by the equation 

E(1 @ 1, £2 ® ne) = Xo(#1, B(ni, n2)x2). (A.39) 
More formally we have the map of M,(Or)-modules induced by €: 


Pe @o0,N > Homr(O} @Op N', R) = Homo;er(N", Homr(O} @R, R)) 
| Xo 
Homo;e@r(N',O} ® R) 
I 
Oh Bop Homo; e@r(N', Or @ R) 


Hence again by Morita equivalence we get 
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B:N— Homo;er(N', Or ® R) : 


Clearly B is perfect if and only if € is perfect, and B is hermitian if yo is 
antihermitian and vice versa. 


A.40 Assume we are given a selfdual chain of M,(Or)-lattices £ = {A} 

in the vectorspace (V,7%). We write V = F” @r W. The equation (A.39) 

applied to this situation yields a hermitian or antihermitian pairing 
x:WxW oF. 


We have then a selfdual chain of lattices G = {[} in (W, x), such that 
{A= O7@T; I €G} is the chain (£) and A* = OF @I*. 
Assume we are given a polarized chain of M,(OFr) ® Or-modules (Ma, Eq) 


of type (£) on a scheme T. Then there is a chain Np of Or ® Or-modules 
of type (G), such that 


Mozer = OF ® Nr. 
From ( A.39) we get perfect pairings 
Br: Nr x Nr+ — Or @ Or. 
They satisfy the equation 
Br(n,n’') = eBr-(n',n), n€ Np,n' € Np-, 
where the sign € is opposite to the sign of xo. 


Definition A.41 Let {Nr} be a chain of Op@Or-modules on a Zp-scheme 
T of type (G). A polarization of the chain {Nr} ts a set of perfect sesquilin- 
ear forms 


Br : Nr x Nr» —> Or @ Or 
which satisfy the following conditions 


1. By(fn,n') = fBr(n,n') = Br(n, fn’), 
neé Np, n'e€ Ne, f € Or 
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2. Br(n,n’) = +Bp-(n’, n) 
Here the sign depends only on the involution with which we started. 


3. Let T; CT 2 be lattices inG. Then 


Br, (m, ors rz(n)) = Br,(or.,ri(™), 2), 
where m € Np, ,n€ Nrs. 


4. There is a periodicity morphism functorial in T 


P= 54 : Nar — Nr, 


such that 7-0 = or sr and such that 


Br(6(n),n') = “Ber(n, O(n’)), neé Nar,n’ € Np-. 


In the notation of the definition (3.6) we have £6 = 0,-1. If we multiply 
the last equation of condition 4) by 7 we get a special case of 3). 


We summarize our considerations as follows: 
Proposition A.42 There is an equivalence between the categories of po- 


larized chains of Mn(Or) ® Or-modules on the scheme T of type (L) and 
the category of polarized chains of Or ® Or-modules of type (G). | 


The theorem (3.16) may be reformulated as follows in case (III): 


Proposition A.43 Let (Np, Br) be a polarized chain of Or ® Or-modules 
of type (G). Then locally for the étale topology on T there is an isomorphism 
of polarized chains 


(Nr, Br) bad iG. x) Q Or. 


Ifr and a (see below) both are even, such an isomorphism ezists even locally 
for the Zariski topology. 


If (Np, Bp) is a second polarized chain of type (G), then the functor on the 
category of T’-schemes 


T’ — Isom((Nr, Br)r:, (Np, Bh)r') 


is representable by a smooth affine scheme. 
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Proof: Since the question is local we will assume that T = Spec R. Let us 
choose a prime element 7 € F, such that 7 = 7 in the case where F'/Fo is 
unramified and 7 = —7 in the ramified case. Let us index the selfdual chain 
G by Z: 
wnt tee Pray Cir. 
aT; = | yeaa ly — | ale . 


If (Nr, Br) is a polarized chain of type (G), we will set N; = Np, and 
Bo= Br;. 


Let us start with the case r= 1 and a= 0. Then the whole polarized chain 
(N;, B;) is determined by a perfect ¢-hermitian form : 


Bo: No x No — OF OR. 


In the case where Bg is hermitian or F is unramified over Fo the proposition 
(A.14) is applicable. Then the proof is as in case (II). Hence we are left 
with the situation, where F'/ Fo is ramified, and the form Bp is antihermitian. 
We claim that Zariski locally No is a direct sum of two isotropic subspaces. 
Indeed, since By modulo = is an alternating form on No/aNo, we have 
locally a decomposition into isotropic subspaces modulo 7. By proposition 
(A.12) we obtain the desired decomposition for No. This implies the first 
part of the proposition for a= 0 and r= 1. The proof that isomorphisms 
(No, Bo) —> (NG, Bo) lift follows from the same proposition. 


The case r = 1,a = 1 is done in the same way. We have only to use the 
perfect ¢-hermitian pairing 


OA(no, No) SS Bo(no, 6(n5)), no; nN (= No, 


which in this case determines the whole chain up to isomorphism. 


Next we consider the case a = 0 and r > 1. There is an obvious analog of 
the lemma (A.27), which we give without proof: 


Lemma A.44 A polarized chain of Or ® Or-modules of type (G) of period 
r and a=0 is given by the following data. 


1. A circular diagram of T-locally free Op ® Or-modules 
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al 1 
where t = ["t+]. 
2. Op, @ Or-bilinear pairings, which are either hermitian or antthermt- 


tian 


B: No x No — Of @z, Or 
Q: N_; x N.; — Of @z, Or. 


The following conditions are satisfied. 


(i) Locally on T there exist isomorphisms 


N; ~ lr; @z, Or 7=0,-r+1,...-t 
Ni /Nj-1 Telit Sz, Or t= -t,...,-r4+1 
ie fe | yl ry eae @z, Or af r 1s odd 
Neal { 0 if r ts even. 


The left hand side of the last isomorphism is a notation for the cok- 
ernel of the map induced by Q 
N_+ ———- NES . 


The bilinear form B ts perfect. 

In the case where the extension F/Fo is unramified the forms B and 
Q are hermitian of the same sign as x. In the ramified case B has the 
same sign as x but QO has the opposite sign. 


(it) Let a = 9"~*: No —>+ N_y. Then we have the identity 


B(B(m),n) = Q(m,a(n)), mEN_~, nENo. 
(ttt) Going once around the circular diagram is multiplication by 7. O 


A.45 Let us start with the case where r is even. Assume r = 2. Then the 
circular diagram of lemma (A.44) looks as follows 
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ge aeelie ee Not Wiki 


where Ba = af=r7. 

We know that isotropic subspaces of No/mNo and N_i/aN_, with respect 
to B moda and Q mod 7 lift, since in the case r even the form Q is per- 
fect. Hence we find a splitting of our chain by isotropic subspaces (compare 


(A.18)): 


No 
M 


Uo @ B(U_1) 
U_1@ a(Up). 


We have a perfect sesquilinear form, U_; x Up ~ Or @ R given by 


B(A8(u_1), uo) = Q(u-1, @(uo)). 


We see that the Or ® R-module Up determines the whole chain up to iso- 
morphism. Since Up mod 7 is isomorphic to the cokernel of 3, it follows that 
Up is T-locally free. Hence any two chains of type (G) are locally isomorphic 
for the Zariski topology. The rest of the argument for r even is exactly as 
in the case of M,(OFr) with an involution of the first kind. 

The case, where r is odd and a = 0 is done by an obvious modification of 
the arguments in case (II). We therefore skip it. 


A.46 We will now consider the case a = 1. We consider the sesquilinear 


form 


B:No x No —OreR, 


which is defined by 


B(no, no) = Bo(no, e(n9))- 


B is c-hermitian of the same sign as x. We set No = No/4No. ForO<t<r 
we denote by F_; the image of the map N_; —> No obtained from g. 
In the same way as lemma (A.26) one proves: 


Lemma A.47 The orthogonal complement of F_1 with respect to B modulo 
1s Kesves als 
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We will start with the case r= 2. For an Or ® R-module N we denote by 
¢N the module obtained from N via restriction of scalars by the conjugation 
Or@®R-Or@R, faer—fer. 

The perfect sesquilinear pairing 


P:Nox N11 — Or@kR (A.40) 
(no,n-1) ++ Bo(no, O(n_-1)) 


allows us to identify N_; with “No. Let a be the map 
No —+ N_» — N_i x °NG z 
g-1 e 
We get a diagram 
No —°NG5— No; (A.41) 
a B 


where the map # is induced by @. We have af = Ba=7. 

Exactly as in case (II) (A.32) this diagram determines the whole polarized 
chain up to isomorphism. If x is hermitian, one checks that @ is hermitian 
with respect to P, while a is hermitian in the case where F'/ Fo is unramified 
but antihermitian in the ramified case. If # is antihermitian, a and # are 
é-hermitian with the opposite sign. By corollary (A.3) we get an exact 
sequence, if we reduce modulo 7, 


No —+°Ng — No —+"No. 
We may rewrite this diagram in the same way as (A.33): 


K @ M °*8S™ eK* @ yt PREEM K @ M. 


Here the maps ay and (x are isomorphisms. These isomorphisms deter- 
mine ax and @y uniquely by the equations Bxax = 7 and Byay = 7. 


Hence our polarized chain is determined by the maps ay and 6x, which 
may be interpreted as perfect hermitian respectively antihermitian forms 
on M and °K". Hence we finish the case r = 2 by applying the proposition 
(A.43) in the case r= 1,a=0 to ay and Bx. 
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A.48 We consider now the case r = 4. We have a chain of modules: 
o" Q 0 e e 
No — N-4 — N_3 — N_2— N_; — No. (A.42) 
Moreover we have perfect sesquilinear forms 
Po: No x N_.3 —Or@R 
Po(no, n-3) = Bo(no, O(n_3)) 
and 
P_2 : No x NEG — OreR 


P_o(n_2,n-1) = B_o(n_2, O(n_1)) 


We have the relations 


Po(no, 8 *e(ng)) +P(np, 9-1 e(no)) 
P_2(n-2,0(n)) = +P _2(nLo, e(n_2)) 
Po(o(n-1),n-3) = +P _2(e(n-3),n-1) 


Here the signs depend on x and the ramification of F'/ Fo. We also introduce 
the e-hermitian forms 


B(no, no) = P(no, 8" e(ng)) = Bo(no, e(n9)) 


and 


Q(n_2,n'_») = P_2(n-2, o(n_»)) = B_2(n—2, 90(n1»)). 


We can use Po (respectively P_2) to identify N_3 with °N9 (respectively 
N_, with °N*.). Then the diagram (A.42) takes the form: 


Noes No No. (A.43) 
The relations between the bilinear forms above signify that the second and 
the forth arrow in this diagram are anti-dual to each other, while the first 
is induced by B and the third is induced by Q. 


As in the case (II) we find totally isotropic direct summands Up C No 
with respect to B and U_2 C N_» with respect to Q, such that the maps 
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Up — No/N-, and U_2 — N_2/N-3 are isomorphisms. Since by lemma 
(A.47) the form B modulo z induces a perfect pairing 


B: N_2/N-3 x No/N-1 esi Or/tOrP@R 
Ns -% No ++ B(o?(n_2),no) modulo 7, 


we get a perfect pairing 


U_» x Up — Or @R, (A.44) 


which maps u_2 X uo to B(e?(u_2),uo) = Q(u-2,070-*(uo)). From the 
unpolarized case we know that @? maps Up isomorphically to a direct sum- 
mand of N_»2 and U_» isomorphically to a direct summand of No. Hence 
we may identify Up with a direct summand of N_»2 and U_2 with a direct 
summand of No. Then the restrictions of B to the subspace Up BU_2 C No 
respectively of Q to the subspace Up @ U_z2 C N_» are the same perfect 
pairing given by ( A.44). 


Taking the orthogonal complements to Up @ U_2 we may write: 


No=Uo @U_-2@V, N-2=U0@U_-26W. 
If we identify Up @ U_2 with “(Up @ U_2)* by (A.44) we may write 


oN, =U) @BU_2 @°v*, ee =U, @U_2® cy. 
As in the case of an involution of the first kind, one checks that the map 
N_, — No takes with these identifications the form 
Tid cole 
Ur@U-20°W*  —> UW @U_20V. 
The map y¥ is an isomorphism, which we use to identify V and °W*. Then 
our original chain (A.42) looks as follows: 


Heu.sey 2 Up @U_2 @ SV" 
r@idy_, @idy 


Up BU_2 BV — Uo ® U_2 @ V. 


idug@t@ideys 
oe 


Up ® U_2 @¢V"* paces 


Here a: V + °V* and 8 : °V* = V are maps, which are either hermitian 
or antihermitian and a@ = Ba = 7. This is exactly the situation of the 
diagram (A.41). This shows that the ranks of the modules N; and N;/N,-1 
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determine locally for the étale topology the polarized chain (A.42) up to 
isomorphism. 

In the case where r > 4 is an even number the proof of this fact may be 
reduced as in case (II) to the case r = 4. 

The proof of the formal smoothness of the functor is as usual. The case 
a= 1 andr odd reduces to the case a = 0 by a shift of indices. 


A.49 We will now consider the case (IV). For the maximal order in B we 
may take Og = M,(Op), where Op is the unique maximal order in the 
quaternion algebra D. 

We will fix an unramified extension F>/F of degree two that is contained in 
D. We also fix a prime element II € D, such that conjugation by II induces 
on F, the nontrivial automorphism over F: 


é=Tlell~' for e€ Fy. 


Then II? = z € F is a prime element of F. The maximal order in D is 
Op = Of, [I]. 


By assumption the involution X +—> X*,X € M,(D) leaves Mn(Op) in- 
variant. Let us classify the possible involutions of this kind up to isomor- 
phism. In terms of matrices this problem may be rephrased as follows. For 
X € M,(D) we denote by X’ the matrix obtained by applying the main 
involution to the entries of X. Then 


Xr *X! 
is an involution of M,,(D) that leaves M,(Op) invariant. Any other invo- 
lution of the first kind is of the form 


DETER WEED 
where C' € GL,,(D) is a matrix that satisfies one of the equations C' = + ‘C’. 
Two involutions X* = C tX’C-! and X+ = C, 'X'CT' are isomorphic, iff 
there is an A € GL,(D) and f € F™, such that 


AC A = {Cy 


Since the involution X +— X’ fixes M,(Op), we see that COZ C D” isa 
left M,(Op)-submodule. By Morita equivalence we conclude that 
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co}, =O? forsomek. 


Since we may multiply C by an element of F without changing the involu- 
tion, we may assume that k = 0 or k= 1. 

Let U = O%, considered as a right Op-module. We have Og = End_o,(U). 
In the case k = 0 we have a perfect hermitian respectively antihermitian 
form on the right Op-module U with respect to the main involution 


H(u,v)='wC-v, uvev. 


In particular we have the equations 


H(ud, v) = d'H(u, v) 


and 


H(u,vd) = H(u, v)d. 


This form H induces the involution X -- X* on Og 


H(Xujoy = Hu, X* vy. 


In the case k = 1 we define A € GL,(Op) by the equation C = AII. We 
will work with the nebeninvolution on D, 


Definition A.50 The nebeninvolution on D with respect to the prime ele- 
ment II is defined by d = Id'II-?. 


We note that even up to isomorphism this definition depends on the prime 
element II. 
Hence in the case k = 1 we have with the obvious notation 


Daca Gp © teem 
where A € GL,n(Op), tA = $A. In this case we get a perfect e-hermitian 
form on the right Op-module U with respect to the nebeninvolution 


H(u,v)=*GA71v, u,veU. 


This pairing induces the involution X ++ X* on Og = End_o,(U). We 
note that isomorphic e-hermitian forms on U induce isomorphic involutions 
on Og. Let us summarize our conclusions. 
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Proposition A.51 Any involution of the first kind on Og is induced by a 
perfect ¢-hermitian form on the right Op-module U = O} with respect to 
the main involution or the nebeninvolution, 


H:UxU —Op. 


The reader may verify that up to isomorphism there are the following pos- 
sibilities for perfect ¢-hermitian forms on U. 
Let us denote by d +> d an involution on D, which is either the main 
involution or the nebeninvolution. In the table below we represent a e- 
hermitian form H on U by its matrix N € M,(Op), 

H(u,v) =*iNv. 


We also denote by ¢ a root of unity of order prime to p that generates F)/F 
Case: H hermitian with respect to the main involution, 


N=FE the unit matrix. 


Case: H antihermitian with respect to the main involution , 


N=CE. 


Case: H hermitian with respect to the nebeninvolution, 


E 0 
N= Ea or eee 


Case: H antihermitian with respect to the nebeninvolution 


Ome 
Ha (os Nk 


where the blocks are quadratic of the same size. 


Instead of H we can consider the perfect (anti-)symmetric Of-bilinear form 


hp :UxU — Or, 


which is given by the formula 


hr(u1, u2) = tr°ll- 1 A (ur, u2) ; (A.45) 
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where tr®° denotes the reduced trace form on D. Let us denote by d +> 
d+ the involution on D given by d+ = IIdII~!. This is either the main 
involution or the nebeninvolution. One checks that hp satisfies the equation 


hp(uyz, ued) = hp(uidt, u2) . (A.46) 


Conversely a perfect (anti-)symmetric Op-bilinear form hp that satisfies 
the equation (A.46) comes from a perfect hermitian pairing H on the right 
Op-module U with respect to the involution d > d. 

As usual to hp there corresponds a Z,-bilinear perfect form 


A(u1, u2) = trrjg, Up Ar(ui, U2) - 


Here Jp is any generator of the different ideal of F over Q,. Again h 
satisfies the equation (A.46). It induces on End_o,(U) = Og the given 
involution X -—> X™*. 

We may reformulate the Proposition (A.51): 


Proposition A.52 Any involution of the first kind on Og is induced by a 
perfect (anti-) symmetric Zp-bilinear form on the right Op-module U = O%, 


h:UxU —+Z, 
that satisfies the equation 


h(uyd, ua) = h(uy, ud), 


where d -—> dis either the main involution or the nebeninvolution. 


Proposition A.53 Let M; = OF @op Ni and Mz = O}, Gop No be left 
Op ® R-modules which are projective and finite. 
Then there ts a bijection between perfect R-bilinear forms 
ae: M, x M> ——> Fu 
that satisfy the equation 


E(b*m 1, m2) = E(mi,bm2), bE Op, 


and perfect sesquilinear forms with respect to the involution d@r+-+d@r 
on Op ® R, 
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B:N, x No — Op @R. 
The forms B and E determine each other uniquely by the equation 


E(ui @ M1, Ug ® M2) = h(ur, u2B(m1, m2)) 


Proof. Let us denote by Mj the left Og @ R-module obtained from the 
natural right Og ® R-module Homr(M;, R) by restriction of scalars with 
respect to the given involution b —- b* on Og. Then € becomes a linear 
map of left Og-modules 


M2 —— Mj 

495 E(-, m2) 
Using the Morita equivalence we get a map 

OF @op No —? Homr(OD @O0p Mi, R). (A.47) 
Let us extend h to a perfect form on OF ® R, 
h:0,@®RxOZ,@R—R. 
We see that fh defines an isomorphism of left Og ® R-modules, 
(OZ, ®R) — (05 @R) = HomR(OG ® R, R) 


u ad h(—,u). 


Using this isomorphism, we may rewrite the right hand side of (A.47), 


Homr(O%, S07, Ni, R) = Homopgr-(Ni, Homa(OF ® R, R)) 


~ Homoper_(N1, 0% ® R) ~ O% @op Homopar-(Ni, Op ® R). 


We note that the left Op-module structure on Homr(OF ® R, R) used to 
form the second Hom is the one induced by the natural right Op-module 
structure on O%,. The left Op ® R-module structure on Of, @ R respectively 
on Op ® R used to form the Hom in the second line is induced from the 
natural right module structure by restriction of scalars with respect to the 


involution d+ d on O ie 
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Inserting what we did in (A.47) we get by Morita equivalence an Op-module 
homomorphism 
No ——* Homo,er-(N1, Od ® R). (A.48) 


The Op-module structure on the Hom is induced by the natural left Op- 
module structure on Op ® R. Clearly (A.48) defines the sesquilinear form 
B we are looking for. Moreover B is perfect, iff € is perfect. C] 


Consider the given symplectic B-module (V,( , )) with respect to the 
involution b+— b* on B 


(bv, w) = (v, b*w). 


We write V as a left B-module in the form V = D”® @p W. Then by 
proposition (A.53) we find a sesquilinear form 


x: WxWw—D, 


that satisfies the equation 


h(uy, u2x(wi, w2)) (ui ® wy, Uz @ we) 


x(dwi,w2) = x(wi,wa)d 


x(w1, dw) dy(w1, we) 


x(w1, we)” = + y(we, wi). 
The sign in the last equation is + if h is antisymmetric and — if h is 


symmetric. 


Now assume that we are given a selfdual chain of lattices {Aj}icz in V, 
indexed as in corollary (3.7). We write A; = Of, @o, Ti, where G = {Ti }iez 
is a chain of Op-lattices in W. If the lattices A; and Aj are dual with respect 
to(, ), then by proposition (A.53) the sesquilinear form 


y:T; x Ty — Op 


is perfect, i.e. {[;} is selfdual with respect to x. There is an integer a such 
that 
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Py = asaak 
If the chain {A;} has period r we get 
| Sears as 8 


Definition A.54 Let T be a scheme, where p is locally nilpotent. A po- 
larized chain of Op ® Or-modules of type G = {Tj} on T is given by the 
following data: 


1. A sequence of left Op ® Or-modules 


Q Q 5 
es i-1 —> Ni — Nigi — = WE Th, 


2. A set of periodicity isomorphisms 


BON eee Seat 


3. A set of perfect sesquilinear forms with respect to the involution d -> 
d on D 


BENG XN a — Op ®Or. 


These data are subject to the following conditions : 


(i) Locally on T there exist isomorphisms of Op ® Or-modules 
N;=T;@O0Or, N;/Ni-1 =Ti/Ti-1 ® Or. 
(ii) 


(iii) The forms B; satisfy the following relations: 


B; (m1, dmz) = dB;(m1, m2) 
B; (dm, m2) = B;(m, - my)d 
Bi(m1,m2) = +B_i+a(me2,m) 
B;(o(m3),m2) = Bj-1(ms, e(m2)) 
B;_,(8(m1),m4) = —IIB; (1m, 0(ma)), 
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where m, € N;, m2 € N-i4a, M3 € Ni-1, m4 € N-itrga, dE Op. 


Let {Mj }iez, € be a polarized chain of modules of type (£) on a Zp-scheme 
T. The polarization form € consists of a set of perfect pairings 


&;: Mj x MLi4a — O7,~ 


where a is some fixed integer. 
By Morita equivalence we get a chain {N;}iez of Op ® Or-modules of type 


(9), 
M; = OF @op Ni. 
By proposition (A.53) we have perfect sesquilinear forms 
B;: Ni x N-ita — Or. 


Proposition A.55 The chain {Ni}iez with the forms B; is a polarized 
chain of Op ® Or-modules of type (G). The functor which associates to 
a polarized chain ({M;},€) of type (L) the polarized chain ({N;},B) ts an 
equivalence of categories. 


Proof: For any element b in the normalizer of Og we have an isomorphism 


65 : Mo —+ Mpa. 


Let us begin with the definition of the isomorphisms 6 : Ni! — N;_,, and 
show how the @ may be recovered from @. 
We view 6, as an isomorphism of O7-modules 


05 : My — Moa (A.49) 


that satisfies the relation 


(am) = bab~'0,(m), a€Og,me My. 


We note that any element b of the normalizer of Og may be written 


b=T"™u weEGL,(Op). (A.50) 


We denote the exponent m by ordpb. By the equation (II*)? = m we see 
that 
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ordpb = ordpb” . 


If ordpb = 0 the map (A.49) is just multiplication by b. For a general b we 
have 


0, = (@n)”™ eRe. 

We note that there is a natural isomorphism 
Mj" = (05)" @op Ni — OF Gop NP 
zr@nr— IIzrll-! @n. 


Hence the map 64 : M/! —- Mj_, induces by Morita equivalence a map 


On : NE —— Nee : 
Conversely the map @q may be written 
On: OF @0p Ni —> O} @0p Ni-r 
z@n, +—Izll-!@ 61(n;). 


Next we need to verify that the relations (iii) of definition (A.54) hold for 
B. Only the last relation needs a verification. 
We have II* = ull for some u € OF. Then the map 6p: is 


Oy+: OF @N; —+ OF Bop Ni-r 
r@n H+ ullzII-! @ O(n). 


By definition the periodicity isomorphisms are compatible with the polar- 
ization € in the following sense: 


E;-_r(6n(m1), m2) = E;(m1, 9 (m2)) ; (A.51) 


Let us compute, what these equations say about the sesquilinear forms B;: 
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&—+(On(21 @ (n1)), 22 @n2) = &-,-(Mzi1-* @ 641n1,22 @ n2) = 
= h(x, T-!, 22B;_,(8n(n1), n2)) 
= h(2x1, I*22B;_,(6n(n1), n)II-') 
= —h(21, ullz2B;_,(On(n1i), n2) I"). 
Computing the other side of the equality (A.51) we get 
E;(a1 © 1, On (v2 @ n2)) = Ei(x1 @ 11, ullz2lI—* @ HA (n2)) 
= h(x1, ullzgII~'B;(n1, Oq(n2))) . 


Comparing both results, we get the last equation of the proposition. O 
The theorem (3.16) may now be reformulated in the case at hand. 
Proposition A.56 The polarized chain {N;} of type {G} ts locally for the 
étale topology on T isomorphic to {T; @Or}. Ifr anda both are even, such 
an isomorphism exists even locally for the Zariski topology. 


Moreover if {N;} ts a second chain of type (G) on T, then the functor of 
isomorphisms of polarized chains on the category of T-schemes, 


T’ — Isom({Ni} G0, Or, {N/} Qo, Or), 


is representable by a smooth affine scheme. 


The proof of this proposition will be the rest of this appendix. We may 
assume that T = Spec R is affine. Let us start with the case where a = 0 
and r= 1. Then we have a perfect sesquilinear form 

Bo: No x No — OD OR. 


From Bo we recover the whole chain of modules by the rules: 


Nu; = NE’, a= II, é = id, B_;(ni, n2) = TI-*Bo(ni, no)II' : 


Consider first the cases, where either Bo is hermitian or ~ is the main invo- 
lution. Then the modules No and Ng admit locally for the Zariski topology 
an orthogonal basis by proposition (A.14). The smoothness of the functor 
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of automorphisms follows by proposition (A.13). To show the first assertion 
of proposition (A.56) in the case where Bo is hermitian with respect to the 
main involution it is enough to show that there exists an orthonormal base. 
Since an orthogonal basis exists we may assume that No is a free Op ® R- 
module of rank 1. In this case the assertion is that we have a surjection of 
étale sheaves in R, 


(Op @ R)X — (Or @R)*. (A.52) 


This follows because the last map is a smooth morphism of algebraic groups 
over Zp, for p # 2. Next we have the case, where Bo is antihermitian 
with respect to the main involution. This reduces to the case before, by 
multiplying By with a root of unity ¢ of order prime to p, which generates 
F>/F. In the case where Bo is hermitian with respect to the nebeninvolution 
we consider the reduction of By modulo II, 


B = No/TLNo x No/ILNo — K2@R, 


where Kz denotes the residue class field of F). To show the existence of an 
orthonormal basis we may replace by proposition (A.13) Bo by B. Since 
the nebeninvolution is the identity on Kz the form B is a perfect. symmetric 
bilinear form, which has an orthonormal basis locally for the étale topology. 
Finally let By be antihermitian for the nebeninvolution. Then the reduction 
B modulo II is an antisymmetric perfect form, which even with respect to 
the Zariski topology has a standard symplectic basis. Then the same is true 
for the form Bo by proposition (A.12). The smoothness of the functor of 
isomorphisms follows from the same proposition. 


Hence we have treated the case a = 0 and r=1. The caseea=1andr=1 
is similar. In this case 

P(no, No) = By (8-*(no), No) 
is a perfect hermitian or antihermitian form with respect to the involution 
a lldil-: 

P:NoxN—Od@R. 


Again P determines the whole polarized chain uniquely. Hence in this case 
the proposition (A.56) is valid too. 
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We may now assume r > 1. Let us start with the case where a = 0. Then 
Bo is a perfect e-hermitian form on No with respect to the given involution 
d+—+ d. We will denote this pairing also by B. The lemma (A.26) holds 
with the same proof. 


Lemma A.57 For0<t<_r let F_, be the image of N_z in No/I1No under 
the map o'. Then F_,4+ is the orthogonal complement of F_, with respect 
to B modulo II. C 


From now on let t = ewe Then we define a form 
Q:N_4xN-1— ODOR 


B.(0-10(n),n’) ifr is odd 
Q(n,n') = 
B,(@-1(n),n’) if r is even. 


Then Q is hermitian or antihermitian with respect to the involution d -—> 
Pattee 


The definition A.54 may be rephrased in terms of the sesquilinear forms P 
and Q. 

Before doing this we need to fix a notation. Let N be a left Op ® R-module. 
Then N* = Homo,er-(N, Op ® R) is in a natural way a right Op @ R- 
module. We denote the left Op @ R-modules obtained by restriction of 
scalars with respect to the involutions d > d’ respectively d > d+ by N~ 
respectively N+. There is a natural isomorphism of left Op @ R-modules 


(Nol) Not = (No. 
It is given by conjugation with II: 
Homo, er-(NU, Op ® R) —s Homo,er-(No, Op ® R) 
prod o(n) =I y9(n)IL. 
Proposition A.58 To give a polarized chain of Op ® R-modules on T = 


SpecR of type (G) with period r and a = 0 is equivalent to giving the 
following data 


1. A circular diagram of locally on T free Op ® R-modules: 
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Nee pec ace * 


hs N_} 
? +1] 
ae eo Shes 
(A.53) 


The maps g and B are Op @R-linear. The map y satisfies the relation 


y(an) = Mlall-'y(n), ae Op@R, nE No. 


2. Two R-bilinear forms 


B: No x No a Op@R 
QO: Ni x Nt — Ope@R. 


B is perfect and ¢-hermitian with respect to the involution d -> da” 
and Q is e-hermitian with respect to the involution d -— IdTI-!. 
The forms B and Q are €-hermitian of the opposite sign. 


The following conditions are required. 


(i) Going once around the diagram (A.53) is multiplication by II. 


(it) There exists locally on T isomorphisms of Op @ R-modules 
Ne ee Ou 
N;/o(Ni-1) = Ti/Tie1 82,6 t= 2 t 2, 4.05> 
The cokernel of the map 
Nay Nr, 
n O(n, —) 


is locally isomorphic to T_¢41/T_-:® R. 
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(itt) Let a = g'~*~!y: NU — N_y. Then we have the relation 


Q(a(n),n’) = Bin, B(n’)), n€ No,n' € N_+. 


Remark: Because we are in a non commutative situation some care is 
needed: 


Q(n',a(n)) = —ITB(@(n’),n)II-?. 


Proof: It is obvious that a polarized chain of modules of type (G) of the def- 
inition (A.54) gives rise to a circular diagram with the properties described 
in the proposition. Let us prove the opposite assertion. 

We note that @ is uniquely determined by a and the equation 


Q(a(n), n’) = B(n, B(n’)), nE No, nr’ E Nz. 


We denote the map n’ += Q(n’,—) by ¢: N_; —> NI,. Fort <i<r-—1 
let N°, be the dual of N;_, with respect to the involution +. We denote 
the corresponding sesquilinear forms by 


<. >: Nt, x Ni-r — Op. 


If we denote by g* the dual map to @ defined by these pairings, we get a 
diagram 


+ + 
WE Nyy es ES WE ee 2... N+, NS 
(A.54) 
Here the map 64 is given by the equation 
B(no, 6(m)) = €g < m,7(no) >*, 
or equivalently 
— II~'B(5(m), no) =< m,7(no) > . (A.55) 


Here ¢g denotes the sign of the e-hermitian form Q. 
Let k = r—t—1. We claim that the map 6(q*+)*q coincides with 8. Indeed 
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B(no, 6(o* )*a(n)) = €9 < (g*)Ra(n), ¥(m0) >+ 
= €9 <4(n), o*y(no) >+= eg Q(n, of y(n9))* 
= Q(o" (no), n) = Q(a(no), n) = B(no, B(n)). 
Next we consider the chain (A.54) modulo II. Then the maps 
NOW Naa we and Nea mo No 


are dual to each other by the equation (A.55). Since the first map has by 
our condition a Op/IOp ® R-projective cokernel which is free locally on T, 
we conclude that the second map has a cokernel with the same properties 
and of the same rank. 

Finally we have to show that going once around the circle (A.54) starting 
at any point is multiplication by II. Indeed, this is a requirement except if 
we start in a point N*;. In this case let (g*)* and (et)’ be the maps 


(9)? : wt. st Noa. (ot)’ : Ne, = SEES 


For n_; € No and Wie. € Ni_, we get 


= (ot )Pgac(o’ )°(n_2), tar = 

< qa6(ot)*(n_i), o°(ni-r) >= Q(a5(o*)*(n-i), o’(ni-r)) = 

= B(6(o+)*(n_i), Bo” (ni-r)) = —II“* < (0+ )*n_i, Bo’ni-r > I= 
= Sloe am edin; oll = a nb nj bal 

<img Ri pe> |: 


This proves the proposition. According to the proof we will set in the 
following N_; = Neo for 1<i<t—1. O 


A.59 In the case r = 2 and a = 0 we have a diagram 


No “> N-1 4 No-+N_-1 af =fa=r. (A.56) 


The forms B and Q are perfect. Then the chain arises as follows: 
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Let P : Up x UL) —+ Op @ R be a perfect sesquilinear form with respect 
to the involution d+ d, where Up and U_, are locally on T free Op ® R- 
modules. Then the diagram (A.56) above is given as follows 

NU =u eu! SF ule, ueu-s. 


The forms B and Q are uniquely defined by the condition that the spaces 
Uo, U_, respectively Ud! are totally isotropic and by the equations 


B(uo, u-1) = P(uo, u-1) B(u-1, uo) = +P(uo,u-1)” 
Q(uo,u-1) = P(uo,u-1) Q(u-i1,uo0) = FP(uo,u_i)*. 


One verifies the equation Q(IIu_1, uo) = B(u_i, uo), which shows that the 
condition (iii) of the proposition (A.58) holds. 

This shows that in the case r = 2 and a = 0 any two polarized chains of type 
(G) are locally isomorphic for the Zariski topology. The same is true for any 
even r by the argument given in the case (II). Also the formal smoothness 
can be seen as in the previous cases because isotropic direct summands lift. 


A.60 We consider now the case, where r is odd. Let us start with r = 3. 
In this case the circle looks as follows 


Noi > N_2 ae No 

where a and £ are Op ® R-linear maps. 
The given ¢-hermitian forms on B and Q allow us to factor @ as follows: 

WS Nu, 3s SEES Nee (A.57) 
The map q is the one defined by the form Q (Prop. A.58) (ii)), and the map 
6 is given by the equation 

B(no, 6(m)) = €g(m(a(no)))* , 
where €g denotes the sign of the ¢-hermitian form Q. 
Let us denote by Up an isotropic complement of the image F°, of N_» in 


No = No/IINo. If F°, denotes the image of N_, in No we find a direct sum 
decomposition 


No = F°, @0. 
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Let Up C No be an isotropic direct summand that lifts Up. Next let Pee be 
the image of a in N_» = N_2/TIN_2 and tae e hd be the image of a6. 
By the lemma (A.3) we know that F7/? is the kernel of g mod II. It is easily 
checked that the orthogonal complement of Fj)? with respect to QmodII 


is Pe We find an isotropic subspace U_» in N_» such that its image in 
N_./F =} is an isotropic complement of Fy ?/F7?. We get 


U_2@F)*=N_2. 


Let U_2 C N_2 be an isotropic subspace that lifts U_2. The spaces Up and 
U_2 are part of a splitting of the unpolarized chain (A.57). Hence by the 
proof of proposition (A.4) @(U_2) @ Uo C No is a direct summand. Since 
B(U_2) mod II and Up mod II are isotropic complements, the same holds for 
B(U_2) and Uo. Hence we get an orthogonal decomposition 


No = (Uo ® B(U_2)) LN. 
It is clear that U_z2 C N_2 and Up @ N C No represents a splitting of the 
unpolarized chain 
a B 
No — N-2— No. 


Hence we get N_2 = U_2@a(U ON). 
We have a perfect sesquilinear pairing with respect to the involution d -— 


d: 
Die Up x U_z2— OD @R 
P(uo, u-2) = B(uo, Buz) 

and moreover a perfect €g-hermitian form induced by B: 


B: Nx N—Op®R. (A.58) 


Our whole situation is uniquely determined by (N, B) and the dual spaces 
(Uo, U_a, P) $ 
Indeed the circle takes the form 


idol Me@idy_ 
NU = uN@n"eus, S? UN@N"@U_2 =N-1 >? U@N@U-2. 
(A.59) 
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The bilinear forms B and Q are uniquely given by the rules 


B(uo,u-2) = Q(uo,u-2) = P(uo,u-2), u-2€U_2, uo € Uo 
Biv, v’) coincides with (A.58) for v,v’ € N 
O(v, v’) = AB a2)" hs 


Hence the question whether two polarized chains of the same type (G) are 
locally isomorphic for the étale topology is reduced to the question whether 
two perfect ¢-hermitian spaces (NV, B) and (N’, B’) of the same rank and sign 
are isomorphic. But this was settled in the case r = 1. The smoothness of 
the functor follows in the usual way from the lifting property of isotropic 
direct summands. . 

To treat the more general case where r is odd and a = 0 one proceeds 
exactly as in the case (II). 


A.61 Let us now consider the case a = 1. If r = 2+ 1 is an odd number 
we define a new polarization on our chain by the rule 


B_j(n~i, Nis ior) = Bp (07 (N22), Meine): 


This is a polarization for the involution d > dt with a = 1—r even. Since 
we have already done this case we may restrict our attention to the case 
r= 2t and a=1. Let us start with the case r = 2, 


NES Wee We, —+ No. (A.60) 
We consider the sesquilinear form with respect to the involution +, 
P: N.1x No —Op@R 
P(n-1, no) = 3; (@-"{n=3), No). 


The form P determines the polarization B; uniquely. We define a form B 
on No and a form Q on N_, by the equations 


B(n0, no) P(08(n0), no) 


P(n-1, o(n_,)). 


O(n_1, 3) 
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Then B is a €g-hermitian form for the involution d —+ d’and Q is a EQ- 
hermitian form for the involution d > dt. 


Let us denote 08 by a and @ by @. We look first at the situation modulo II: 


NE EN (A.61) 


We note that P induces a perfect pairing 


P: a(Nf) x No/B(N_-1) — Op/I@ R. (A.62) 


Indeed, assume that P(anj,no) = Omod II for all nj € No. We have 
P(a(ng), no) = €BP(a(no), ng). Hence a(no) = 0modII and by the exact- 
ness of (A.61) no mod II is in the image of 8. 

Let Co be a direct summand of No projecting isomorphically to No/@(N_1). 
Let C be the orthogonal complement of Co with respect to P. Then by 
(A.62) C; is complementary to a(N2!) and hence projects isomorphically 
onto N_;/Im@. Again from (A.62) we deduce that B is perfect on Co and 
by symmetry Q is perfect on C}. 

Let us lift Cp to a direct summand Cp of No. Then B is perfect on Co and 
hence we find an orthogonal decomposition with respect to B: 


No=GQoeCe. 


Let C_,; C N_, be the orthogonal complement of Cp with respect to P. 
Then C_, modII = C_, and Q is perfect on C_,. We get an orthogonal 
decomposition with respect to Q: 


N-1 == Cas @ Ge : 


We claim that the map B induces an isomorphism 8 : C_; —> Ct. For 
c_1 € C_, and cp € Cp we have the equation 


B(B(c-1), co) = P(afB(c-1), co) = —IIP(c_1, co) == (8), 


Hence @(C,) C Ci. On the other hand Ct modII = Kera = Im. We 
conclude by the lemma of Nakayama. By symmetry a : Ch C2 is an 
isomorphism. We obtain 
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a(Cy) = af(C_1) a IIC_, 
B(C2,) = 1Co 


P(G1 CAVE SUC ao2) =0-. 


It follows that the couple of (+)-hermitian perfect spaces (Co, B) and 
(C_1,Q) for the involution ~ and + respectively determine the polarized 


chain uniquely. 
Indeed, using the isomorphisms 167 : CoB®C_1 ~ No anda@1: Cl@c_i~ 
N_, our polarized chain becomes 


NE = cM ech, 0 n_, = Cl ec.: Sm =OeC1. 


The polarization P is uniquely determined by the properties 


P(co,¢o) = Blep,¢0) co,¢o € Co 
Ple4 e241) im O(c! 1, ¢-1). 


The spaces C_, and Cp (respectively on and C_,) are orthogonal to each 
other. 

Two chains are locally isomorphic for the étale topology because by propo- 
sition (A.56) in the case r = 0,a = 0 the corresponding spaces (Co, B) resp. 
(C_1, Q) are locally isomorphic. 

We call a splitting of the chain (A.60) a pair of direct summands Cp C No 
and C_; C N_;, such that Co modulo II maps isomorphically to No/@(N_1) 
and C_, is the orthogonal complement of Co with respect to P. The smooth- 
ness of the functor of proposition (A.56) follows from the fact that splittings 
lift with respect to surjections R —> S with nilpotent kernel. 


In the case where a = 1 and r is any even number, we consider the ¢g- 
hermitian form 


B: NoxNo—OpD®@R 


B(no, no) = Bi(e(no), n6). 
We denote by a bar its reduction modulo II 


B: No x No — Op/1@ R. 
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Let F_; be the image of N_; —> No. 


(0) = F_y C Fipgi C-+-C Fo= No 


One verifies as usual 


Lemma A.62 The orthogonal complement of F_; with respect to the form 
B 1s f SPW eae O 


Let Q: N_s x N_z —+Op ®R be the €g-hermitian form with respect to 


the involution + given by 

Q(n,n') = Bz41(007*(n), n’); On ne Nags 
Then the lemma holds for Q with the obvious modifications. 
A.63 Next we consider the case r= 4 and a= 1. We get a chain 


ates) Nate es ee) yy: (A.63) 


The polarization B; is uniquely determined by the following perfect sesqui- 
linear forms with respect to the involution + 


P_1: N_, x N-2 —+ Op @R, 
P_1(n_1,n~2) = B3(0-!(n_1), n-2) 
P_3: N_-3 x No — Op @R, 
P_3(n_3, 70) = Bi(0—'(n_3), no). 
We have the relations: 
B(no, 29) = P-a(90(no), no) = B1(o(no), ro) 


Q(n_2,n'/_») = P_1(0(n-2), n_») = B3(0-10(n_2), nL). 


With the notations of lemma (A.62) one checks that (No/F_3, B) is a per- 
fect €g-hermitian space. Let Co C No /F_3 be an isotropic complement of 
F_2/F_3. Then we have by the lemma that Co ® FA/Fus= No/F-3.- 

We lift Gs to a direct summand Cy of No and F_2/F_3 to a direct summand 
M_» of No. Then Cy and M_» are isotropic subspaces and Co ® M_2 is 
perfect. We lift Co ® M_2 to a direct summand M of N. Then B restricted 


194 APPENDIX TO CHAPTER 3 


to N is perfect and hence Co may be lifted to a direct summand Co of M 
which is isotropic. 

Hence we have shown that there is an isotropic direct summand Cp of 
No with respect to B, whose reduction modulo II maps isomorphically to 
No/F_1. There is an isotropic direct summand C_2 of N_2, whose reduction 
modulo II maps isomorphically to N_2/ImN_3. 

Let Lo be the orthogonal complement with respect to B of the perfect direct 
summand Cp © @?(C_2) of No. We get the decomposition 


No = (Co © 0? (C_2)) @ Lo. 


Similarly we have an orthogonal decomposition with respect to Q: 


N_2 = (@70(Co) ® C_2) ® L-2. 


We define L_; C N_, to be the orthogonal complement of (@76(Co) 6 C_2) 
with respect to P_1. 

From the definition of Q we have o(L_2) C L_ 1. We claim that @ induces 
an isomorphism L_; —> Lo. Let us verify that o(L_1) C Lo. Indeed this 
is equivalent to B(o(!),z) = 0 for any 1 € L_, and xz € Co @ @?(C_2). But 
we have 


B(o(l), 2) = Bi(o?(I), 2) = B_i(I, o°(2)) 
= —11B3(0—'(1), 00?(z))Il = —IIP_, (I, 00?(x))M =0. 


Since Lo @ @?(C_2) is the orthogonal complement of o?(C_2) with respect 
to B, it follows from the lemma (A.62) that Lo @ @?(C_2) reduces modulo 
II to F_;. Hence L_; @ o(C_2) aay ays o”?C_2 is an isomorphism modulo 
II and we get our assertion. 

Similarly we define L_3 and get that @ induces an isomorphism L_3 —> 
[_2. Hence our original polarized chain 


No aN os — N_»— N_1 — No 


splits into two orthogonal parts, one formed by the modules Cp and C_» 
and one formed by the modules L;. On the first part the polarization is 
given by a perfect pairing between Cp and C_z, 


Q(0A(co), c-2) = B(co, e”(c-2)). (A.64) 
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Hence locally for the Zariski topology this part is determined by the rank 
of Co. 
On the part 

6 

Lo => L-3 + L_» *+ L_1 2+ Ly (A.65) 

the forms P_; and P_3 that define the polarization are given by a single 
sesquilinear form with respect to the involution +, 

P: L-»xlo—-Ope@R. 


It is given by one of the following equivalent equations: 


P(l_2,lo) = P_s(o7*(-2), lo) = —esP_1(o7 (Io), l_2)*. 


We note that the forms P and Q are given by 


B(lo, lo) = P(8g° (lo); lo), Q(l-2,%) = Pl(l-2, e°(l2)). 
Hence the polarized chain (A.65) is determined by the chain 


2 2 
e°8 2 
Lig bas 3 Tg, 


which is polarized by the form P. The last chain is exactly of the type r = 2 
and a = 1, already considered (A.60). It follows that the whole polarized 
chain {N;} (A.63) is determined up to isomorphism locally for the étale 
topology by its type {T;}, and that the functor of isomorphisms is smooth. 


A.64 In the case where r > 4 is any even number and a = 1 we consider 
the following subchain of modules 


No — N-r4+1 — Lees rao NOE 41 —* Vg, 
The pairings By and B_z define a polarization. Hence we are in the situation 
r= 4. We conclude that the map N_z41 —> No looks as follows, 


L_1 @CE @C_2 — ln @CO@C_2. 


This map has the form e@IM@idc_,, where g : L_; —> Lo isan isomorphism 
and II : Ci! —+ Cp is multiplication by II. 
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Hence the part NEES a Nig+2 — ---—+ N_, —> Np of our chain is 
given by an unpolarized chain 
Col = Nigy, —+ NLg —>-+-NL, —> Ng =Co. (A.66) 


Similarly we get a chain 


CHa Nays = Nia see et Ny =C_2, 


which is dual to the chain above, with respect to the pairing (A.64). From 
this we obtain the theorem for r even and a = 1, which was the last case to 


be treated. 
This completes the proof of proposition (A.56) and also of theorem (3.16). 


4. The formal Hecke 


correspondences 


In this chapter we shall define the Hecke correspondences. They will be 
self-correspondences of any one of the formal schemes constructed in the 
previous chapter. We shall first explain the relative position of lattices and 
lattice chains and then pass to the corresponding concepts for isogenies of 
p-divisible groups. The case of a moduli problem of type (PEL) will be 
reduced to the case of type (EL). 


4.1 Let us recall the notion of a Hodge polygon. Let D be a finite dimen- 
sional division algebra over Q,. We denote by Op the ring of integers in D, 
and by II a prime element. We consider an injection of finite torsion free 
Op-modules of the same rank, 


g:M—N. (4.1) 


Then there exists a basis {v;};=1,...,.r of the Op-module N, such that there 
is a basis of M of the form {MOo} ire where the e(7) are nonnegative 
integers. We define nonnegative integers t,: 


tn = f(D/Qp)eard{i; (i) = k} 
Here f(D/Q,) = dimp,Op/IMlOp denotes the index of inertia of D over Qp. 
For negative integers k we set t; = 0. In a more invariant way the numbers 
t, for nonnegative k may be expressed as follows: 


t, =lengthz (MOU*N +1M)/(Mat***N + 1M). 
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From this definition we conclude 
Stk = f(D/Qp)rankopM = e(D/Qp) dima, M ® Qp. 
keZ 
Sometimes it is convenient to work with the non-decreasing function 
t(k) = So lti +k > th. (4.2) 
I<k I>k 


For nonnegative k this function may be written: 
t(k) = lengthg ker(II* : N/M — N/M). 


Let {ti }zez be any sequence of nonnegative integers, such that h = )o,¢z tk 
is bounded. We call such a sequence finite. 


Definition 4.2 The Hodge function associated to the sequence ty is the 
unique nondecreasing continuous function in the real interval [0, h], which is 
linear of slope k on the interval [)°)¢, th, dii<k t;] and vanishes at the origin. 
The graph of this function ts called the Hodge polygon. If the numbers arise 
from the situation as in (4.1), we will speak of the Hodge polygon of the 
injection yp. 


Clearly this function takes the following values: 


BOS i) =.) ale 


I<k I<k 


Lemma 4.3 Suppose we are given two sets of nonnegative integers: 


{tr}eez, {tp}eez- 


Assume thath = Vo,egth = Drpez th is bounded. Denote by HP and HP® 
the associated Hodge polygons. The condition that the Hodge polygon H P° 
lies above the Hodge polygon of HP is equivalent to the following inequality 
for the t-functions (4.2). 


t(k) < t°(k) 
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We content ourselves with giving the geometric reason for this elementary 
lemma. Consider two convex continuously differentiable functions y Sa (e) 
and y = H°(z) on the real interval [v1,@2], i.e. the derivatives of the 
functions are nondecreasing. Then the graph of the function H lies below 
the graph of the function H° if and only if the tangent line of slope A to the 
graph of H lies below the tangent line of slope \ to the graph of H®. For 
the proof of the lemma it is enough to note that t(k) is the t-coordinate of 
the intersection point of the tangent line of slope k to HP with the vertical 
line ¢t = h. 


4.4 The Hodge polygon of an Op-morphism (4.1) is an invariant that ex- 
presses the relative position of Op-lattices. To explain this, consider a D- 
vectorspace V. We consider an Op-lattice M C V, ie. a finitely generated 
Op-submodule of V such that M @z Q = V. Given two Op-lattices M and 
N of V we associate to them a Hodge polygon H P(M, N) as follows. There 
is a power II” such that II” M CN. Let 1) be the sequence associated to 
this inclusion. Then we associate to the pair of lattices (M, N) the sequence 


= i> This is independent of the number m chosen. 


Definition 4.5 The Hodge polygon HP(M,N) of the pair (M,N) ts the 
Hodge polygon of the sequence ty. 


4.6 More generally we will consider the situation where B is a simple algebra 
of finite dimension over Q,. Let Og be a maximal order of B. Then there is 
an isomorphism B = M,(D) with a matrix algebra over a division algebra 
D such that Og = M,(Op) under this isomorphism. Assume we are given 
a B-vectorspace V. The Hodge polygon of two Og-lattices M and N in V 
is by definition the Hodge polygon H P(M, N) of M and N viewed as Op- 
lattices. We will denote the corresponding Hodge function by H(M, N). It 
is a real function on the interval [0,h], where h = e(D/Q,)~‘dima,V. Here 
e(D/Q,) denotes the ramification index. There is a natural submodule W 
of V such that V = W” as an M,(D)-module. Any Og-lattice M C V is 
of the form M™” for the natural Op-lattice M C W. The Hodge functions 
are related: 


H(M, N)(nt) = nH(M, N)(t). 


Consider the algebraic group G = GLp(V) over Qp. We fix an Op-lattice 
A C V, which we call the standard lattice. The stabilizer of A is a maximal 
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open compact subgroup K C G(Q,). With the notations introduced above 
we have G = GLp(W). 

To any pair of Og-lattices M and N in V one associates a double coset in 
K\G(Q,)/K. To do this we take an element x € G(Q,) such that N = vA. 
Then there is a g € G(Q,) such that M = agA. One verifies that the double 
coset KgK is independent of the choice of x and g. 


Definition 4.7 The relative position of the pair(M,N) is the double coset 
KgK. We will use the notation : pos(M, N) = g. 


Example 4.8 Let M and N be lattices in a D-module V. Let {u;};=1..., 
be a basis of A as an Op-module. With respect to this basis we have an 
isomorphism G = GL,(D°?). Assume there is a basis {vj }i=1..r of the 
Op-module JN, such that {Mv Jinn + is a basis of M. Then pos(M, NV) 
is given by the diagonal matrix 


iG ee eg eee | 
Ore ge 
0 0 T1e(") 


Lemma 4.9 The map 
H: K\ G(Q,)/K — C[(0, h] 


that associates to a double coset KgK the Hodge function H(gA, A) on the 
interval [0, h],h = e(D/Q,)~‘dima,V, is an injection. 


We omit the verification. Hence the relative position and the Hodge function 
determine each other by the relation: 


H(pos(M, N)) = H(M,N). 


4.10 We next consider the extension of these concepts to periodic lattice 
chains. Let us first consider the case where D is a division algebra and V is 
a D-vector space. Let L = {A;}iez be a lattice chain of V (cf. 3.1) which 
we index by the integers. We put 

hee lengthz (A;/Aj-1). 


Then m+, = mj, where r denotes the period of L, (cf. 3.2). 
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Lemma 4.11 Let £ = {Aj} and L’ = {A‘;} be indexed lattice chains. 
There exists g € G(Qp) = GLp(V) with gA'; = Aj, alli, if and only if 
Land L' have the same period r and if m; = m';, i € Z. 


Proof: Only the if-direction is non-trivial. Let g’ € G(Q,) with g'A’o = Ao. 
Then also gA’_, = A_, and g’L’ and CL induce two filtrations of the same 
length on the Op/IWOp-vector space Ap/A_,. By assumption the successive 
quotients have identical dimensions. Therefore we find g” € G(Q,) with 
g'’ No = Ao which carries one filtration into the other. The element g = g'’g' 
therefore takes A’; into Aj, all 7. F] 


4.12 Let C = {A;} and L’ = {A’;} be two conjugate indexed lattice chains 
in V, i.e. there exists g € G(Q,) with gA’; = Aj, all i. We introduce new 
lattices 


Aj; ee AG + Noy: 


Then for fixed j these form an increasing sequence of Op-lattices between 
A’;-, and A’; which for small values of i all coincide with A’;_, and for large 
values of 7 all coincide with A’;. We introduce the non-negative integers 


= lengthz (Aij/Ai-1,;)- 
Lemma 4.13 The integers ti; have the following properties. 
(i) Lists = My. Dy tig = Mi 
(il) tite jtr = bij 
(iii) Ay; = Ap <> tj = O.forl >: 
Ag = Aja > hy = O for] st. 
(iv) A’; C Ay > ty, =O fori > tk <j 
Ne GaN ete 0 ford Saki ys 
(v) 


Vi 3ji,j2 witht), =0 for />ztandk <j, and 
for 1<iandk > jo 
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Vj Jij,i2 witht), =0 for 1>%, andk <j and 
for |< ig andk >j7. 


Proof: The first assertion of (i) is trivial and the second follows from the iso- 
morphisms GrfGrt ee Grf Grf. The assertions (ii) and (iii) are obvious. 
Let us prove the first statement of (iv). The one implication is obvious, so as- 
sume Aik = A,,k <j. But then Apr’ +A’j-1 BE A’; 5 ANA 1 +A'j~2 = 
A’;-1 , etc. From these equalities we inductively deduce that 


APA + Me A's, hes. 


However, if k is small enough that A’; C A; we deduce that A’; C A;. The 
second statement of (iv) is similar. Finally, using (iv), the first statement 
of (v) says that 


Vi 4ji,j2 with A‘ CATE A‘;, ; 
and similarly for the second statement of (v). 


Example 4.14 (i) Let r = 1 and let M = Ao and N = A’o. Because of 
the periodicity condition (ii) of (4.13) the integers t;; are determined by the 
integers 


tio = lengthz (I-*N NM +IIM)/(I-“-Y Nn M + TM). 


However, it is obvious that the sequence of integers t, associated in (4.4.) 
to the pair (M,N) is given by t, = t_z9. In this sense the collection of 
integers t;; generalizes the definition given in (4.4.). 

(ii) Let r = dimpV, ic. m; = m'; = 1, all ¢. Then Vj 34 = w(j) 
with tj; = 1. For i # w(j) we have t;; = 0. Lemma (4.13.), (i) and (ii) 
easily imply that the map w : Z — Z belongs to the affine Weyl group 
Wl ={w:Z—Z bijective; w(j +d) = w(j) + d}. 


4.15 The integers t;; serve to determine the relative position of two indexed 
lattice chains. To explain this we fix a indexed lattice chain £° which we 
call the standard chain. The subgroup 


K = Keo = {9 € G(Qp) ; gA=A,AEL} 
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is an open compact subgroup of G(Q,). If £ and L’ are two indexed lattice 
chains conjugate to £° one associates to them in a way completely analogous 
to (4.7.) above a double coset KgK. We will again use the notation 


pol, y= 9 dee GQ,): 0 =2l",£= 2g9L’. 
The analogue of lemma (4.9.) above is the following assertion. 
Lemma 4.16 The map which associates to the double coset KgK the col- 
lection of integers t(g) = (tij(g)) = (tij(gl°,L°)) is injective. In other 


words, tf L,L',£1,L'; are indexed lattice chains all conjugate to L°, then 
there exists x € G(Qp) with 


xz; = A’ ;, zAj1 = ae all i 


if and only if t;;(L, L’) = tij(L1, £'1). Put yet another way, if L and L’ are 
indezed lattice chains conjugate to C°, then there exists k € K with 


kA; = A’; 
af and only if tj; oe Phy Fe Tey, 


Proof: We prove the lemma in its last form. We consider a segment of the 
chain £°, 
RN ea 


A set of direct summands M; of AQ is called a splitting of this segment if 
the image of M; in A2/A§ is equal to A}/Aj. The existence of a splitting 
shows the surjectivity of the map 


K — [J GLo_(A$/A$_1)- 


g=1 


Therefore, replacing L by kL,k € K, we may and will assume that 
0 
A; NAS + AS 4 = N'; NA} + AGT 


We use the following statement. 
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Sublemma 4.17 Let s > 1. Assume that 
Ayn Aj + Nie, =A';N Aj + AG 5s 


Then there exists k € K with (k — 1)A$ @ Bis such that 


kA; AQ + AS, y= AOA + AP, 1. 
Proof: We consider the submodules 
Giz = Ag OAR/AGNAF_, C AZ/Aj_, 
Gig = AG AS/AeOAG_,_y C AR/AZ_,-1- 
and 
Vip = ASAE hy / Aa VAGS, CAS sa AG, 
Vij SALONS AG EV AS 9, AD oe AE eye 


We have a cartesian diagram with exact rows 


0 — Vij-1 — Gi; — Gi; — 0 
| U U 


0 >= Vij 7 Vi - Vag - 0. 


If we replace £ by L’ only the middle terms change and Gj; /Vi; = G’i;/V'i;. 
Let y € Vi; and let 2,2’ € Af_,,,/A$_,_, be liftings to the middle terms 
of the lower rows in the above diagram for £ resp. L’. Then the residue 
class of x — x’ in 


(Aj _5/Aj—s—1)/ARj—1 


is independent of the choices of z and x’. Hence the difference between the 
diagrams is measured by a homomorphism 
F 0 
Gj: Vij ay (eh 1 a 


Now let k € K with (k — 1)A? C A}_,. Then the difference between the 
extension for £ and for k £ is given by the maps induced as follows from 
k—1: 
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Wag a ens CAT AP oy) [AG 1 
n T 
k-1 
Aj/Aj_s mr Niet AG 23 


Therefore, to prove the sublemma, we have to find k € K with (k — 1)A} (8 


a ; which induces the given maps a,;, all i,j. Clearly any set of homo- 


morphisms 


Gj . Aj o41/Aj-5 > i teases We ase 


(j = 1,...,1r) is induced by some k — 1. Therefore we must prove that for 
fixed j there is a homomorphism ¢; which induces a;;, all 7. However, this 
is an exercise in linear algebra which we may formulate as follows. 


Let V and W be vector spaces with finite separating and exhaustive increas- 
ing filtrations V, and W,. Suppose we are given linear maps,a; : Vi; ~ W/W; 
such that the following diagrams are commutative. 


Vi Gers VW: 
T t 
Vi-1 — W/Wi-1 
Then the maps a; are induced by a homomorphism 


V—W 


The proof is by induction, constructing at the i-th stage a dotted arrow so 
as to make following diagram commutative. 
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W/V; 


Vi-1 


End of the proof of lemma (4.16). By an obvious induction we construct 
elements k, € K with (ks — 1)A$ Cc A}_,(s = 2,3,...) such that putting 
k() = k,---ka we have (k(*) — 1)A? C Aj_, and 


kA; AP + Ayes = AG OAD + Ayes. 
However, k‘*) converges to k € K with (k —1)A? C A?_, and 
RAV OA; =A; N45, 
Peel see 


4.18 In the setting of (4.15) we define the Hecke correspondence associated 
to the double coset KgK (with K = Keo, £L° = {A9}). It is the correspon- 
dence on the set of indexed lattice chains conjugate to L° defined by 


Tole unda poa(L. CL’) gh. 

Alternatively, by lemma (4.16.), this set may be described as follows. Let 
t(g) = (tis(g)) = (tij(9L°, £°)). 

Then 


T,(L) = {L’; tij(L,L’) = tij(g), all i,j}. 
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Lemma 4.19 The set T,(L) is finite. 


Proof: We may assume £L = L°. The set T,(£) may then be identified with 
the orbit under K of gl°. Being discrete and compact it is therefore finite. 


4.20 More generally we will consider the situation where B is a simple 
algebra of finite dimension over Q, and Og is a maximal order of B. As in 
(4.6.) we write B = M,(D) for a division algebra D and Og = M,(Op). 
We consider indexed lattice chains £ = {A;} in a B-vector space V, cf.(3.2). 
Let G = GLp(V). For two indexed lattice chains £ and L’ we introduce the 
numbers #;;(£, £’) as above by considering £ and L’ as Op-lattice chains. 
The obvious analogue of lemma (4.16) is true and may in fact be reduced 
to this lemma by Morita equivalence, cf. (3.2) and (4.6). In fact, under 
this equivalence we may write any Og-lattice A in the form A” for an 
Op-lattice in the D-vector space W with V = W”. Corresponding to the 
indexed lattice chains £ and L’ there are indexed lattice chains £ and L' 
and 


ti; we 6g =n-ti; ee ed 
Similarly, G = GL p(V) = GLp(W) and Kz = Kg, which proves the claim. 


4.21 We now turn to p-divisible groups. Let B be a simple algebra of finite 
dimension over Q, and Og a maximal order of B. We consider p-divisible 
groups X with an Og-action: 


Op — EndxX . 


We require that morphisms respect the Op-action. 
Let X and Y be p-divisible Og-groups over a perfect field L of characteristic 
p. Assume we are given an Og-isogeny 


a:x —Y. 


Let y : M — N be the morphism of the corresponding crystals. This is a 
morphism of Og ®z, W(L)-modules. For nonnegative integers k we define: 


ty = lengthy(z)(MO0*N +0M)/(Mom'*'N + IM). 


For negative integers k we set t, = 0. 
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Definition 4.22 The Hodge function of the isogeny a is the Hodge function 
associated to the sequence tz. We will denote the Hodge function respectively 
the Hodge polygon of a by H(a) respectively H P(q). 

In contrast to the situation considered in (4.1) there is no reason for the 
integers ty, to be divisible by f(D/Q,). We have the relation: 


S| te = e(D/Qp) | height X = height X(II) 

keEZ 
Here X(II) denotes the kernel of the isogeny II : X — X. The kernel of 
the isogeny a is a finite group scheme A with an Og-action. We denote 
by A(II*) the kernel of the multiplication by II* on A. The function t(k) 
associated to the Hodge polygon of a (cf. 4.2) is for nonnegative k given by 
the formula: 


t(k) = height A(II*). 


We note that the numbers t; for nonnegative k and height X determine the 
Hodge function of a. 


4.23 We denote by Nilp the category of schemes where p is locally nilpotent 
(cf. chapter 2). Let us consider an isogeny of p-divisible Og-groups a : X — 
Y over a general base S € Nilp. Then A is by definition a finite locally 
free group scheme. We denote by A(II*) the quasicoherent Ogs-algebra 
associated to A(II*). It is locally of finite representation. 

Before we proceed, we need to recall a definition. Let R be a commutative 
ring. Let M be a finitely generated R-module. One associates to M a 
sequence of ideals of R, 


Bo(M) C 91(M) C ¥2(M) C..., 


the determinantal or Fitting ideals of M (Bourbaki, Algebre commutative, 
Exerc.10 Chapt.VII, 4). These ideals commute with arbitrary base change, 
i.e. for any ring homomorphism R — S, we have 


0;(M)S = Ui(M @r $). 


The variety V(v;(M)) consists of all points s € Spec R, such that the rank 
rkx(s)(M @r x(s)) > i. If M is of finite presentation the Fitting ideals are 
finitely generated. 
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Definition 4.24 Let {ax}iez be any sequence of nonnegative integers such 
that a, = 0 fork <0. We say that the Hodge polygon of an isogeny of p- 
divisible Op-groups a: X + Y over S € Nilp lies above the Hodge polygon 
associated to the numbers ax, if the (p%*)=1) Fitting ideal of the Os-module 
A(II*) is zero. 


If S is the spectrum of a perfect field this means simply that the Hodge 
polygon associated to a (cf. 4.22)) lies above the Hodge polygon H P(a) 
associated to the sequence ay. If S is reduced the Hodge polygon of a 
lies above H P(a), if and only if for any geometric point 5 of S the Hodge 
polygon of a; lies above H P(a). 


4.25 We make the well known fact that the Hodge polygon rises under 
specialization a little more precise. For a given isogeny a : X — Y over 
S, we define the functor HP2* on Nilp. The T-valued points H P2*(T) 
consists of morphisms f : T’ — S such that the Hodge polygon of f*(q) lies 
above the Hodge polygon H P(a). 


Proposition 4.26 The functor HP2*% is representable by a closed sub- 
scheme of S. 


4.27 We want to extend these considerations to quasi-isogenies of p-divisible 
groups with Og-action. We recall that any b € B* normalizing Og defines 
an isogeny (cf. 3.20) 


Se aa 


Let a = {ax}zez be any sequence of nonnegative integers. We denote by 
a‘™) the sequence given by a”) = den. 


Definition 4.28 Let a = {ax}rez be a finite sequence of nonnegative inte- 
gers. We denote by m the smallest nonnegative integer, such that a” =] 
fork <0. We say that the Hodge polygon of a quast-isogeny a: X + Y 
lies above HP(a), if Ia: xl” _,Y is an isogeny, whose Hodge polygon 
lies above H P(a\™)). 


Remark 4.29 Assume that a, = 0 for k < 0. Assume that the Hodge 
polygon of a lies above H P(a). Then the Hodge polygon of Ila lies above 
H P(a)), but the converse need not be true. Indeed, if A denotes the kernel 
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of aw and A’ the kernel of Ila, we have an exact sequence of group schemes 
for any k >1: 


0 X(M) — A'(m*) — A(I*-*) +0 


This implies that locally for the Zariski topology on S the algebra A'(II*) as- 
sociated to A’(II*) is as an Os-module a direct sum of p" copies of A(n* +), 
where h = height X(II). Let J,,(A(I*~1)) be the first nonvanishing Fitting 
ideal of A(II*-!), We conclude by Bourbaki loc.cit. that 0;(A'(II*)) = 0 
for i < pu and that Vpr,(A'(I*)) = 0,(A(I*-1))P". Hence u > p%#-2) 
implies p*u > p%-1)A = pr (e), This proves the assertion of the remark. 


Proposition 4.30 Let H P2* be the subfunctor of S, where the Hodge poly- 
gon of the quasi-isogeny a lies above HP(a). Then H P2® is representable 
by a closed subscheme of S. 


Proof: This follows from proposition (4.26) since the subfunctor of S where 
IIa is an isogeny is representable by a closed subscheme of S, (cf. 2.9). 


4.31 We also introduce the functor H P=*. It is the subfunctor of S which 
consists of points f : T — S, such that II” f*(a@) is an isogeny and moreover 
if A’ denotes the kernel of II” f*(a) then A’(II*) is a locally free group 
scheme of height a‘™)(k). 


Proposition 4.32 H P= is an open subfunctor of H P2*. 
This is a consequence of the following elementary fact. 


Lemma 4.33 Let M be a quastcoherent module on a scheme S, which is 
locally of finite type. Assume that the (t —1) Fitting ideal of M is zero. If 
for a point s € S the inequality rks) M @ k(s) <t holds, then M is a free 
module of rank t locally around s. 


Proof: Let n = rkys)M @ x(s). By the lemma of Nakayama there is 


an affine neighbourhood SpecR C S of s, such that the R-module M = 
H°(Spec R, M) admits a resolution 


0— kK — RR" — M — 0. 
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Let e1,...,€n be the standard basis of R” and ej,...,e€, a dual basis. The 
i-th Fitting ideal J; is by definition generated by the (n —i) x (n—) minors 
of the following (possibly infinite) matrix 


Meike £eEK. v= 1... Mm, 


where 0; = R fori >n. 

If M is free of rank t, we have J;_, = 0. 

For the converse assume ¥;_; = 0. Since J, = R we conclude n > t — 1. 
Hence n = t, since by assumption n < t. But then ¥,_; is spanned by the 
element a; i. It follows that K = 0. 


| 


4.34 Propositions (4.30) and (4.32) justify the following definition. The 
quasi-isogeny a: X — Y puts X and Y in relative position a if the locally 
closed subscheme H P=* of S is all of S. In fact, we shall not use this 
definition in the sequel. 


4.35 We now return to the definition of the formal Hecke correspondences. 
We wish to transpose the definition of (4.18) to the context of chains of p- 
divisible groups with Og-action of a fixed type (L£), (cf. 3.21). We number 
L once and for all, 


ib = {Ai }iez . 


Therefore a chain of p-divisible groups of type (£) over some base scheme 
S € Nilp inherits a natural numbering, 


a; Oi41 
— > Xj-1 —> X; aT ie si | 


Let 
a:X,—-yY 


be a Og-quasi-isogeny of chains of p-divisible groups of type (£) over S. 
This means that we are given Og-quasi-isogenies a; : X; — Y; commuting 
with the transition morphisms. Obviously, giving a is equivalent to giving 
a; for one i € Z. Let S be the spectrum of a perfect field L of characteristic 
p. Then the quasi-isogeny « allows us to identify the rational Dieudonné 
modules of X; and of Y;. We denote by V this B @ Ko(L)-module. The 
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Dieudonné modules of (X;); define a indexed chain of lattices in an obvious 
sense (these are Og ® W(L)-modules) 
siiedeiey rely Maes. 


and similarly for Y,, which defines {A’;}. We put 
ti; (a) = lengthy) (Ai N A’ + AGS) (Aes ‘a A’; a Asad 
There is the relation 


eG = height Ker(a; : Yj-1 — Yj). 


We shall use this relation to treat the case of a general base scheme S € Nilp. 


4.36 We fix a collection of integers t = (t;;). One example we have in mind 
is when t = t(g), cf. (4.16). We wish to say what it means for the quasi- 
isogeny a to be of type t. Let 7, j,k be integers such that i < k and that a 
induces a true isogeny X; — Y;. Let Aj, (j) be the intersection of the finite 
group schemes arising as the kernels of isogenies, 


Aix (J) = Ker(X; = Xx) al Ker(X; = Yj). 


Definition 4.37 The Og-quasi-isogeny a is of type t = (ti;) if, for all 
integers 1, j,k as above, Ajx(j) is a finite locally free group scheme of rank 


p” with 
Th ate eee 


i<rsk <i 


4.38 Let S be the spectrum of a perfect field ZL and (A,) and (A’;) the 
Op ®W/(L)-lattice chains associated to X, and Y, in the B® Ko(L)-module 
V. We suppose that t;;(a@) = tj; (cf. (4.35)). Then A;;,(j) is a finite group 
scheme of rank p” with 


n= lengthy z)(Ax N A’; /A;). 


Here A; C Ax and A; C A’;. However, 


k 
length (ALMAY;/A;) = > length (A’; NA,/A’j 1 Ap-1) 
r=i+1 
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k 
= a length (A'; N INE = 1 Ro ye 
r=i+1 
= ue Poe . 
J<rgk l<i 


Therefore a is of type (t;;) in the sense of definition (4.37). Conversely, if a 
is of type (t;;) in the sense of (4.37) then t,;;(a) = t;;. Indeed, the numbers 
length (Az 9 A’;/A;) for all i,j,k with i < k and A; C A’; determine 
uniquely all integers ¢;;(a@). In this sense the definition (4.37) is the correct 
definition of the relative position of a in the case of a perfect field L. 

We now analyze the definition (4.37) over a general base scheme S € Nilp. 


Proposition 4.39 The subfunctor of S where the quasi-isogeny a is of type 
(ti; ) ts representable by a locally closed subscheme of S. 


Proof: Due to the periodicity condition there is a positive integer c such 
that the quasi-isogenies 


Xj-e —> Yj — Xjte 


are isogenies for all 7. Furthermore, for any i,j,k as in (4.37) there is an 
exact sequence of group schemes 


0 — X;_,(I1l) — Aj_+,4(9) —> Aiz(JZ) 0 . 


Therefore, locally for the Zariski topology on S, the affine algebra associated 
to A;_,,~(j) is a direct sum of p” copies of the affine algebra of Aj,(j), where 
h = height X;(Il). Hence the condition in (4.36) for 7, 7,k is equivalent to 
the condition for i—r, j,k. Furthermore, for fixed i, j, k as in (4.36) we have 
fk > Fe; 


Agi Kerias >) 


since the isogeny X; — X; factors through Y;. Therefore for such indices 
the condition that Ajz(j) be locally free is automatic and the condition 
on the rank follows from the condition for 7, j,ko with ko = max(i,j +c). 
Finally, multiplication by II induces isomorphisms of group schemes 


Aik(j) — Aitr,etr(J +7). 
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Summarizing, we see that the subfunctor of S where a is of type (tij) 
is defined by finitely many conditions of the type that a certain finite S- 
group scheme be locally free of a given rank. By (4.30) and (4.33) this is 
representable by a locally closed subscheme of S. 


Remark 4.40 We have reduced here the proof of proposition (4.39) to 
(4.30) and (4.33) which use the Fitting ideals. In fact, the assertion that 
the condition that a certain finite S-group scheme be locally free of a given 
rank defines a locally closed subscheme of S is more elementary. 


4.41 We finally remark that everything generalizes to the case where B is a 
finite - dimensional semi-simple algebra over Q, and Og a maximal order in 
B and where we consider indexed multichains of lattices and of p-divisible 
groups and Og-quasi-isogenies between them. In this case B,Og, and G 
decompose as a product and we associate to each g € G(Q,) the function 
t(g) = (tij) of each factor and to a pair of conjugate indexed multichains 
of lattices £ and CL’ the function t(L,L’) of each factor. Similarly, if a 
collection of integers ¢ = (t;;) is given for each simple factor, it makes sense 
to say of a Og-quasi-isogeny between multichains of p-divisible groups to 
be of type t. 


4.42 We now return to the set-up of chapter 3 and consider a moduli prob- 
lem of type (EL), corresponding to (F,B,Og,V,6, pu, £) (cf (3.21)) rela- 
tive to an algebraically closed field L of characteristic p. We denote by 
M = Meg the formal scheme over Sp f(O 3) representing the functor (3.21). 
Let S € Nilpo, and let (X¢,o) € M(S) and (X'c, 0 ec M(S). Then 
o'o~1 defines a quasi-isogeny from X¢ xg S to X¢: xs S which extends in 
a unique way to a quasi-isogeny 


= >Xc¢ — X'¢. 


Definition 4.43 Lett be as in (4.41). The formal Hecke correspondence 
associated to t is the functor on Nilp which to S associates the isomorphism 
classes of objects 


(Xe, 0), (X'c, 0") € M(S) x M(S) 


such that the resulting quasi-isogeny o'9~' from Xc to X'¢ is of type t, cf. 
(4.41). 
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From (4.39) we deduce immediately the following statement. 


Proposition 4.44 The preceding functor is representable by a locally closed 
formal subscheme 


Corr(t) a M X Spf Ox M. 
We remark that the projection morphisms 
4 Corr(t) — M 


very often are not proper (comp. however (5.42)). In fact, Corr(t) is in 
general not Zariski—closed in M X Spf Ox M. The reason for this is that the 
Hodge polygon of a family of quasi-isogenies may vary with the point of the 
base scheme. 

If g € G(Q,) and if t = t(g), cf. (4.41), we use the notation 


Corr(g) = Corr(t). 
In general, the collection of integers need not arise in this way. 


4.45 We now pass to the polarized case which will be reduced to the previ- 
ous case. Let then (F, B,Og,+*,V,(, )) be data of case (PEL). We denote 
by G the associated reductive algebraic group over Q,. Let Fo be the in- 
variants under the involution * in F. 

Let £ be a selfdual multichain of lattices in V. Let Kg be its fix group, 


= {9g € G(Q,); gA =A, AE L}. 


Then, as in (4.15), one associates a double coset KcgK¢ to a pair of indexed 
selfdual multichains of lattices, conjugate to C under G(Q,). 
Let 


iG G_—Giziy) 


be the canonical embedding, and let Ke C G(Q,) be the fix group of £ in 
G(Qp). 

The proof of the following theorem was communicated to us by Waldspurger. 
It is the generalization of a lemma of Kottwitz [Ko3], 7.4 which is valid for 


hyperspecial open compact subgroups Kc. 
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Theorem 4.46 The embedding i induces an injective map on sets of double 


cosets, 
Ke \ G(Qp)/Ke — Kz \ G(Qp)/Ke. 


To present Waldspurger’s proof we need some preparations. Any self-dual 
multichain of lattices £ may be refined to a maximal self-dual multichain of 
lattices £L’ (i.e. AE £L => A € L’) and any two maximal self-dual multichains 
are conjugate by an element g € G(Q,) with c(g) = 1. We fix one such 
maximal self-dual multichain £° and denote the corresponding fix group in 
G(Q,) by K°. It is an Iwahori subgroup of G(Q,) and we may assume that 
L° is a refinement of L, i.e. K° C Ke. 


4.47 We shall first assume that F is a field. Let B = M,(D) and Og = 
M,,(Op) for a division algebra D. We consider D” as a D-module from the 
right and a B—module from the left. Let * : D — D be a main involution if 
D is a quaternion algebra. In the case that the involution on B is of second 
kind, we have D = F and we take for * the restriction of the involution to 
F. Then there exists a D-valued sesquilinear form 


Hf ¢.D? xD" —+D 
such that 


H (ad, yd’) 
H(be, y) 


d*H(z,y)d’, d,d’eéD 
H(z,b*y), bEB. 


Let 
h(z, y) = Trpyq, Tr°(H(z, y)). 


By Morita equivalence we may write V = D" @p V. Furthermore, there is 
a uniquely defined sesquilinear form 


<,>:VxV—D 


such that 


(2 @v,2'@v')=A(z,2'<v,v' >), 2,2'E€ D", v, v7 EV. 


Then 
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< dud’ yw Sadi wah pd" .d,.d'<.D. 


and <, > is hermitian or anti-hermitian. Let G’ be the algebraic group over 


Q, with 


G'(Qp) = {9 € GLa(V); < gu, gv’ >= c(g) < v,v' >, c(g) € FX}. 


We write V as an orthogonal sum of an isotropic space and an anisotropic 
one, 


Yoav”. 


Here V’ posesses a maximal Witt basis. In V” there is a unique Op-lattice 
L” CV" such that 


(L")* = Be = (L")*. 


We introduce the integers 


a= dim, p)(L" /TI(L”)*) 
B = dim,(p)((L")*/L") 
2r1= dimp ve 5 


Then the dimension d of V is 2r +a+ . Let 


ee Z if a is odd 
“~ | Z+1/2 if a is even. 


We choose a basis {€1-2_,; . --€a=ringg} of V such that L” has as Op- 
basis 


{erca,..-,€a=1} U {Canty pay) Carta ng ahs 
(L’’)* has as Op-basis 
ue =1 
{ersa,.--,€a-1}U {Hl *Camtipgio ++ Ceti ns pts 


and such that 
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{€1-a peers €1sa_y}U femryyyee ss ean14,} 


is a basis of V’ such that < €;,¢€; >= 0 if e; and e; both are in the same of 


the two sets above and such that 
hejy 65) Se Oy ey 
if e; lies in the first set and e; in the second set. Before proceeding we make 
a simple remark. Let 
cy = min{e > 0; 4g € G’(Q,) : c(g) € MOF}. 


Assume that cj is odd. Then D = F and hence cy = 1. Let go € G’(Q,) 
with c(go) € WOX. Then go(V’) has again a Witt basis and hence by Witt’s 
theorem there exists h with c(h) = 1 which takes V’ into go(V’). Replacing 
go by h-!go we may therefore assume that go(V’) = V’,go(V") = V”. 
However, since c(go) € Oj, by the uniqueness of the lattice L’” we have 


go(L")* = EY gent = TL)". 
and go induces an isomorphism 
(CE * fz! ae Byun" y* ? 


In particular, a = @ and d is even in this case. We therefore have proved 
the following statement. 
Let co = min{ord c(g) > 0;9 € G(Qp)}. Then c = cod/2 € Z. 


Indeed, if co is even there is nothing to prove. If co is odd, then since co is 
a.multiple of c’o the latter is odd and hence, by the above, d is even. 
We now extend the definition of e; to all of Za by putting 


Cit jd = iy ej. 


The basis {e;} defines a maximal split torus S of G, namely S(Q,) consists 
of those elements g € G(Q,) such that 


gei = Aiei, AX E QF, all i. 
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Furthermore, for e; € V”’, the scalar ); is independent of e; and satisfies 
AF =c(9), ee EV", 
The centralizer H of S is therefore defined by 
gei =A, AE D*,e, EV". 


In particular, any g € H preserves the subspace V’”. The maximal compact 
subgroup of H(Q,) is defined by the conditions 


gei=Aex, 44 €EOK,e EV’, 
eg) EL, 


The last condition is automatic if V’ # (0). The normalizer N of S is 
formed by the elements g € G which permute the lines D e; in V’ and which 
preserve the subspace V”. 


Lemma 4.48 Recall the integer c = cod/2. The affine Weyl group welt 
of G may be identified with the group of permutations w : Za — Zag such 
that 


(t) w(t+ d) = w(t) +d, 1 € Ze. 
(ii) There exists y(w) € Z such that 
w(t) + w(—2) = 2cy(w), 1€ Ze 
w(t) =i+cy(w), 1€ {45%,..., 4} U{S44r41,..., ott rt ph. 


Proof: By definition the affine Weyl group we! f is the factor group of 


N(Q,) by the maximal compact subgroup of H(Q,). Let g € N(Q,). If 
e; € V’ we define w(z) through the following identity 


gei = Ai€wGa), AE Op, €w(i) E V'. 
Let y(w) € Z such that 


ord c(g) = 7(w)co. 


Then w is a permutation of 
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l-—a a— a-—l a-—1l 


Za \ {ren —}ut 5 Sede 


which satisfies (i) and the first half of (ii). We extend w to the remaining 
elements of Zq by the second half of (ii). It is then easy to see that the map 
g +> w induces an isomorphism of well with the group of permutations of 
Zq satisfying (i) and (ii). O 


+r+8})+dZ) 


4.49 Let A? denote the Op-lattice with basis {e_;,...,e-i4a-1}. Let Z'a = 


a-1l a—l 


1 
U tpt? ... 
} { 2 : / 2 


ET OT st a 
5 oo er 


Za\{it+jd; 1€ { +r+}}. 


Then £° = (A?);ez/, is a maximal self-dual chain of lattices. Let £ be a 
self-dual chain extracted from L°. Let 


We= wel! N Kg, 


i.e., We is the factor group of K-NN(Q,) by the maximal compact subgroup 
of H(Q,). 


Lemma 4.50 There is an equality 
Ke = K° We K°. 
Furthermore, there ts an identification of sets of double cosets, 
K°\ G(Qp)/K° = we? 


and 


Ke \ G(Qp)/Ke = We \ Welt /We. 


More generally, if L’ is another selfdual chain extracted from L° with asso- 
ciated subgroups Ki, and We), 


Ke \G(Qp)/Ker 2 We \ Welt Wer. 


Proof: ‘This is a general fact about reductive groups over local fields, al- 
though a comprehensive reference does not seem to be available. If G were 
semi-simple and simply connected, then (G(Q,), K°, N(Q,)) would form 
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a Tits system and the statements would follow from corresponding state- 
ments valid for general Tits systems (Bourbaki, groupes et algebrés de Lie, 
chap. IV). Since this is not applicable, the most expedient way seems to 
verify that (G(Q,), K°, N(Qp)) is a generalized Tits system in the sense of 
Iwahori [I] and to transpose the proofs of the corresponding statements in 
Iwahori-Matsumoto [IM], (2.27) and (2.34), compare also [T], (3.31). O 


We now return to the proof of theorem (4.46). The lemma (4.50) transposes 
in an obvious way to the group G. The affine Weyl group we t of Gis 
identified with the group of permutations w : Z_ — Zq satisfying (i) in 
Lemma (4.48). To the chain £ extracted from L° we associate the subgroup 
Wee weit and we have 


Kp = K° We K° 
Ke\G(Qp)/Ke ~ We\ Wl! /Wee. 


2 


Therefore theorem (4.46) follows from the case £ = CL’ of the following 
proposition. 


Proposition 4.51 The natural map 
We \ Welt [Wer — We \ WE / We 
ts injective. 


Proof: Let Zc C Z'g be the corresponding subset, i.e. 1 € Ze @ AP ECL. If 
i € Zr, let i+ be the smallest element of Zc with i+ > i and let J; be the 
interval {7,i+1,...,7+ —1}. Then the subgroups We of wet! resp. We 
of wet f are the common stabilizers of the intervals J;, i € Zc. 

Every double coset We w We: contains a unique element w of minimal 
length (Kostant representative). It may be characterized as follows. Let 
the chain L’ define the intervals I; = {j,j + 1,. ..j* —1}, 9 € Zev. Then 
w is monotone increasing on each interval J;,i € Zc, and w~* is monotone 
increasing on each interval I';,7 € Zc. 

We are going to show that if such a double coset contains a element w € 


ve then w € WewWe.. Let 
dj =| w™*(1'j)|. 


The selfduality of £ and CL’ imply that ifi € Zc, 7 € Zc then 
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—it+1EZ%e, —jt+1€ Ze. 


Furthermore, condition (ii) in (4.10) on w implies easily that 


—(I; Nw7*(I'j)) Ti+41 Nw '(I'_5+41420y(w)); 
d_itgij = 4i,-jt+414207(w): 
We now define permutations u, u’ of Za by the following rules. 
Let i € Ze,j € Ze, write J; N wo '(1';) = {ki,...,ka,;} with ki < ke < 
ie ataege en 


u(k1) = i-1l+ ye; dj; +1 
u’~*w(k1) = 7 —1 + ies dj; = l. 


Claim: u € well with y(u) = 0, and similarly for ul tw. 


We indicate the proof for u. The condition (i) of (4.48) is trivial. Let us 
check the condition (ii), a). By the above relations we have 


u(—kr) 


II 


Ge Uae Dajte jt4142ey(w) d_yig +dyz =! 
Sha doje —jt4i42ey(w) Ui,-jt4142ey(w) + dig — 1 


The inequality in the index of the last sum is equivalent to 


—j'+1+2cy(w) > jt. 


We therefore obtain 


u(—ky) = oth + ey; dj; —l 
= (ki). 


This proves condition (ii) a) and condition (ii) b) follows. Indeed, let us for 
instance show that u|{+5%,...,%5+} is the identity. By condition (ii), b) 


for w there exists a unique (i,j) € Zc x Ze such that {455, : .., 4} = 
I,Nw-* (Ij). Hence the set {+5%,..., 95+} is mapped under u to an interval, 
in a monotone increasing manner. Hence u|{+5%,..., 2-1} is a translation 


and therefore, taking into account (ii) a), the identity. 
Since wu stabilizes each interval J;, in fact u€ We. Similarly u’ € We. 
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We now define the permutation v of Z', by 


vi-1L+ SO diye +k) = 5-14 dy; +k, Rie {Lea xash.das} 
ee) <i 


Then obviously 
w=u'vu 


and all factors lie in we ue Furthermore, v is the representative of shortest 
length since v is monotone on J; (i € Zc) and v~! is monotone on I; Geé 
Z'.). The proposition follows. 


Remark 4.52 (i) Given a self-dual lattice chain £ there exists a unique 
chain extracted from £° and conjugate to £L by an element g € G(Q,) 
with c(g) = 1. However, two self-dual chains extracted from £° may be 
conjugate under G(Q,). In fact, this occurs if and only if these two chains 
are conjugate under wo € Wé/! where 


wo(t)=ite , 1€ Zy. 


It is easy to give a criterion for two self-dual lattice chains £ and L’ to be 
conjugate by an element g € G(Q,) with c(g) = 1. (An analogous crite- 
rion for conjugacy under G(Q,) is complicated by the above phenomenon). 
Namely, we index the chain C in such a way that 


Ay GAA) aA, 


and that there is no member of CL strictly between these two lattices. The 
integer a is 0 or 1 and is an invariant of £. We furthermore have as before (cf. 
(4.10)) as invariants the period r and the integers m; = lengthz (Ai/Ai-1). 
Then the self-dual chains £ and L£’ are conjugate by g € G(Q,) with c(g) = 1 
if and only ifa=a',r=r' andm=m';, i€ Z. 

On the other hand it is easy to give examples of self-dual lattice chains 
which are conjugate under G(Q,) but not under G(Q,). 

(ii) The analogue of theorem (4.46) where instead of the fiz groups K¢ resp. 
Ke we take the stabilizer groups, e.g. 


{g €G(Q,); VAEL AN EL: gA=A'} 


is false. 
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4.53 We now prove theorem (4.46) in the special case where Fp is a field 
and where F is the direct. sum of two copies of Ff which are interchanged 
by the involution *. The decomposition of F induces a decomposition of B 
and V, 


B=B'x B?, V=V' xv? 


and an identification V2 = V!*, B? = B}?? and finally an identification 
of the natural embedding 7 with the inclusion 


{(91, 92) € GLpi(V") x GLpi(V"); go=eg1, cE QX}C 
GLpi(V') x GLpi(V?). 


The claim of the theorem is in this case a trivial exercise which is left to 
the reader. 


4.54 We now prove theorem (4.46) in general. We may decompose our data 
of type (PEL) into a product, 


m 


(F, B, Op, +, V,( ) Wire [in B:, Canto Vel } ike 
i=! 


where each factor is of one of the two types already treated, i.e. either F; 
is a field or is the direct sum of two fields which are permuted under the 
involution +;. Let G; resp. Gj; = GLg,(V;) be the groups corresponding to 
the i-th factor. We obtain a commutative diagram of natural inclusions, 


m 
Gu ii G; 
eu 
N N 
Bs m 
Cages |} ies 
til 
For each i = 1,...,m, there is a unique multichain of Og,—lattices £; in V; 


such that L consists of the Og—lattices for which the projection into V; lies 
in £;. (If F; is a field, £; is a chain of lattices). Let Ke, C G; i(Qp) resp. 


Kc, C Gi(Qp) be the corresponding fix groups. We have Kc = I] Kc,. We 
put 
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G=|[G; Ke=]][ Ke. 


The above commutative diagram induces a map on sets of double cosets, 


Ke \ G(Qp)/Ke + K'. \ G'(Qp)/ Ki. 


Ke \ G(Qp)/Ke 


The map 7’ is the product of the corresponding maps for the individual 
factors, for i = 1,...,m. By what has already been proved it is therefore 
injective. Theorem (4.46) therefore follows from the following statement. 


Proposition 4.55 The map j above is injective. 


Proof: We introduce the kernels of the multiplicator homomorphism c in 
the various groups, 


GOGC TEMS CN COE) 
Then 
GO=GOe= II Gt), 


We make a compatible choice of a maximal Q,-split torus in all these groups 
adapted to the maximal chain £°. Let Wels wer, Wf! etc. be the 
corresponding affine Weyl groups. The multichain £ defines corresponding 
subgroups wets N Ke, walt N Kg, wel! NK‘, etc. Now the map j may 
be identified with the map on double cosets of affine Weyl groups induced 
by the inclusion wel wee we i 


watt nk. \ wall well n Ke — Well a Ke \ Well (wel! n Ke. 


The assertion therefore follows from the following statement. 


Claim: 
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wes Ke, or Sibi 


wes NKe,, i=1,. 


wel Ta Kt 
Welln Ke, 


I 


It suffices to prove the last statement factor by factor. The case that F; is 
the direct sum of two fields which are permuted by the involution is easy 
and left to the reader. 

We now consider the case where F; is a field. We drop the index from the 
notations and place ourselves in the situation considered in (4.47) — (4.52). 
In the notation of (4.48) the subgroup Ws of W2! is defined by 7(w) = 0 
so that all that has to be shown is that 


we wel ake => yw) =0. 
However, any w € we! f Kg stabilizes each interval IJ;,i € Zc. On the 


other hand, condition (ii) in (4.48) implies 


w(-];) = I; +2cy(w), te 
wlitgi) = Iiitgi + 2c7(w), 


hence y(w) = 0 as required. 


Corollary 4.56 Let Land L' be indexed self-dual multichains of lattices 
in V which are conjugate under G(Q,). Let g € G(Qp). Then 


pos(L, L’) 
(LiL) 


g (cf.(4.45)) if and only if 
i(9) (cf.(4.41)). 


Proof: This is just the conjunction of (4.46) and (4.16), as generalized to 
the composite case in (4.41). O 


The preceding considerations justify the following definition relative to the 
case (PEL) which is the analogue of definition (4.43) for the case (EL). 
Let M = Mg be the formal scheme over Spf Ox representing the mod- 
uli problem (3.21) relative to the data (F,B,Og,V,( , ),6,u,L) of type 
(PEL). 
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Definition 4.57 Let t be as in (4.41). The formal Hecke correspondence 
associated to t ts the functor on Nilpo, which to S associates the isomor- 
phism classes of objects 


(Xc, 0), (X'c, o') € M(S) x M(S) 
such that the resulting quasi-tsogeny o'o~1 from X¢ to X'¢ is of type t 


(cf.(4.41)). This functor is representable by a locally closed formal sub- 
scheme 


Corr(t) G M X Spf Ox M. 


Pox a me ia Aap 


_ a ame Of 2 ste 
4:58) Qentvs 


7 ed 


ee oe ae 


—— 


5. The period morphism 
and the rigid—analytic 
coverings 


In this chapter we first explain the Berthelot-Raynaud functor which asso- 
ciates to one of the formal schemes M encountered in the earlier chapters a 
smooth rigid—analytic space M9. We then construct the period morphism, 
a rigid—analytic morphism from M9 to one of the p-adic period domains 
introduced in chapter 1 and investigate its properties. Finally we construct 
the tower of rigid-analytic coverings of M"9. 


5.1 In the beginning of this chapter we will change our notation. We shall 
denote by (F,O,«,7) a complete discrete valuation ring. Our aim is to de- 
scribe Berthelot’s functor which associates to a formal scheme 4 formally 
locally of finite type over Spf O (cf. (2.3)) a rigid—analytic space. Our ref- 
erence is chapter 0 of Berthelot’s projected Astérisque volume [Ber], comp. 
also the appendix to [dJ2]. Let us start with the case of a m—adic formal 
scheme 4, i.e. 4 is locally of finite type over Spf O (cf. (2.2)) (the topol- 
ogy on Oy is the z—adic topology). In this case the construction is due to 
Raynaud [Ral]. To describe this construction we start with the affine case. 
If Y = Spf A is an affine m—adic formal scheme of finite type, then A @ F 
is a Tate algebra and we put 49 = Spm(A @ F). In general, define the 
set V9 to be the set of closed formal subschemes Z which are irreducible 
and reduced and finite and flat over O. This definition coincides with the 
previous one in case 1 is affine (associate to « € Spm(A ® F) the formal 
spectrum of the image of A in the residue field of x). The support of such 
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a subscheme Z is a closed point of 4’, called the specialization of the point 
xz € XY corresponding to Z. This construction defines a map 


spon? —s ¥. 


For any affine open U = Spf(A) C 4, sp~'(U) can be identified with 
Spm(A ® F). 


Examples 5.2 (i) Let % = SpfO{T;,..., Tn} (restricted power series ring). 
Then 79 is the closed unit ball. A point z of 49 is defined by (1,...,€n) 
€ O(z)”" where O(z) is a discrete valuation ring finite over O. Then sp(z) is 
the point (€1,...,€n) in the affine space A?, where €; are the residue classes 


of Es. 


(ii) Let ¥ = Pe be the formal projective space. Then a point z of ¥9 can 
be represented in homogeneous coordinates (£0,...,&,) € O(x)"*! where at 
least one €; is a unit. The point sp(z) is the point of P? with homogeneous 
coordinates (f,...,&n). 


Proposition 5.3 [Ber, 0.2.3.]: Let X be a x-adic formal scheme locally of 
finite type. 


(i) There exists on X™9 a unique structure of a rigid-analytic space over 
F with the following properties. 


(a) The inverse image under sp: X™9 —+ X of an open subscheme 
(resp. of an open covering) of X is an admissible open subset 
(resp. an admissible covering) of X"*9. 


(b) For any affine open subscheme U = Spf AC &X the structure on 
und = sp-1(U) induced from X79 coincides with the one on 


Spm(A @ F). 
(it) The map sp defines a morphism of ringed sites Xd 1 with 
sp.(O>") = Ox ® F. This morphism has the following universal 


property. Let Y be any rigid-analytic space and letu: V+ 2H bea 
morphism of ringed sites. Then u factors in a unique way through 
Sp. 

(itt) The functor ¥ ++ X"9 has the following properties. 
(a) If X is of finite type, then X*9 is quasi-compact. 
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(b) It commutes with products and transforms open resp. closed 
immerstons into open resp. closed immersions. 


Examples 5.4 (i) Let f € O{T),...,T,} and let U = D(f). Then U9 is 
the open subspace of the closed unit ball defined by |f(x)| = 1. 


(ii) Let Q4% be Deligne’s formal scheme. (cf. [Dr2], comp. (3.61)) Then 
(Q4)ri9 is the complement of the union of all F-rational hyperplanes in 
poe Here Pe is the rigid space defined either by completing projective 
space over O along its special fibre or by applying the GAGA functor to 
projective space over F’. This identification is obtained as follows. A point 
of (Q4)ré9 with values in a finite field extension K of F is given by a diagram 
(3.12) over Spf Ox. For a given index i, we tensor y;, with F and obtain 
a morphism y”9 : F¢ — L, where L is a K-vector space of dimension 
1. This morphism is easily checked to be injective and independent of 
the choice of iz. Hence y”9 is a point of PS in the complement of all 
rational hyperplanes. Conversely assume we are given an F-linear injection 
y's : F4 —. L into a K-vector space L of dimension 1. Consider the chain 
{A} of all Ox-lattices in L. Then nq = AN F? form a chain of Op-lattices 
in F?. The morphisms ya : na — A provide a section of oe over Spf Ox. 


5.5 We now consider the general case of a formal scheme #’, formally locally 
of finite type over Spf O. As before we start with the affine case. 

Let % = Spf A and let f,,...,f, be a system of generators of a defining 
ideal. For each n put 


Dee Alla ses te tills cB ldans- dea Ble) 


where A{7j,...,7;} is the 7-adic completion of A[T;,...,T;-]. The hypoth- 
esis implies that B, is topologically of finite type over O, hence By, ® F is 
a Tate algebra. For n’ > n we have a homomorphism 


JE AS OE hh 9 
The corresponding morphism 


Spm(Bn ® F) — Spm(Bn: @ F) 


identifies Spm(Bn @ F) with the special domain defined by |fi(z)| < Ia. 
The rigid space 49 is then defined as the union of Spm(B, ® F), with the 
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Spm(Bn ® F) as an admissible open covering. One shows easily (cf. [Ber]) 
that this definition is independent of the choice of the defining ideal, and of 
the set of generators, and that this definition coincides with the usual one 
in case where 4 is 7—adic. The morphisms 


Spm( Brn @ F) a Spf (Bn) — # 


define by passage to the limit the morphism of ringed sites 


Pid ee 


Let xz € "9 be represented by a maximal ideal zy, € Spm(B, @ F). It is 
easy to see that the image R of A in the residue field of z, is independent 
of this representative and is an integral domain which is a finite and flat 
O-—algebra. Conversely, if R is a factor algebra of A with these properties it 
is a local ring and it is easily seen that for large n the images of the elements 
ff'/7 lie in its maximal ideal. It follows that R arises in the way described 
above from a point in Spm(B, ® F). 

Now consider the general case. By the preceding remarks we may define as 
before 479 to be the set of closed subschemes Z of 4 which are integral 
and finite and flat over O. The support of such a subscheme Z is a closed 
point of 7, the specialization of Z. We obtain a map 


pee x: 


For any affine open U C 4, sp~'(U) is in bijective correspondence with 
U9, With these remarks, proposition (5.3) carries over ([Ber, 0.2.6.]). (In 
((i), b) the given structure on U9 is of course supposed to be the one 
defined above; unless A is x-adic, Spm(A ® F) makes no sense). 

We call V9 the generic fibre of the formal scheme 2 over Spf O. 


Example 5.6 Let Y = SpfO[[T),...,Tn]] with ideal of definition (7,71, 
...,In). Then 49 is the open unit ball, regarded as the increasing union 
of closed balls of radius |r|. 


Proposition 5.7 [Ber, 0.2.7] Let ¥ be a formal scheme locally of finite 
type over O. Let I be an ideal of definition and Xo = V(I). Let Z C Xo 
be a closed subscheme and let X be the completion of X along Z. Then 
sp~'(Z) is an open subspace of ¥"'9 and the canonical morphism of rigid 
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spaces X™'9 —, X™9 arising from the canonical morphism X — X induces 
an isomorphism 


#9 ~, sy-1(Z), 


Example 5.8 Let V be a 2—adic formal scheme and let f;,..., f, be ele- 
ments of ['(X, Ox) with reductions Fa ., fr mod @ such that the closed set 
Z=V(fi,...,f-). Then sp-'(Z) = {x € X79; |f,(2)| < 1,1 =1,...,r}. 
This allows in general a more direct description of the generic fibre V9, 
comp. e.g. the example in (5.6). 


5.9 A morphism of rigid spaces f : Y — X is smooth (resp. étale) if there 
exist admissible affinoid coverings (Y;); and (X;); of Y and X such that 


Gi) f(%i) CX 
(ii) if A; = T(X;,Ox), Bj; =T(¥;, Oy), there exists an isomorphism 


B; = A{T1,..., Tr} /(fi,-- +5 fr) 


with det(Of;/OT¢)x,e=1,...,.7 invertible in B; (resp. and r = n). We shall 
need the following analogue of Grothendieck’s infinitesimal criterion for a 
morphism to be étale. 


Proposition 5.10 [Ro, 3.1.]: The morphism of rigid spaces f : X — Y 
is étale if and only if the following condition is satisfied. Let Z be rigid- 
analytic space with only one point and let Zo C Z be a closed subspace. 
Then any commutative diagram of morphisms below with solid arrows can 
be completed in a unique way by a dotted arrow into a commutative diagram. 


LO a 
| om f 
ee x 


Proof (reduction to the statement of loc. cit.): Both conditions are local 
on X and Y, hence we may assume that X and Y are affinoid which is 
the general setting of loc.cit. In loc.cit. the rigid—analytic space Z is any 
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affinoid space and Zp is definied by a nilpotent ideal; however a glance at 
the proof shows that it suffices to consider only spaces appearing in the 
statement of the proposition (which are, of course, affinoid). 


Remark 5.11 The Berthelot functor may be viewed in a natural way from 
the standpoint of Huber’s adic spaces, cf. [Hu]. The category of adic spaces 
over the adic space Spec(F’)* associated to Spec F contains as a full sub- 
category the category of rigid spaces and there is a functor which associates 
to a locally noetherian formal scheme an adic space. The image under the 
Berthelot functor is the generic fibre of this associated adic space. We men- 
tion without proof the following fact which clarifies the difference between 
the Raynaud functor and its extension of Berthelot. 


Proposition 5.12 (R. Huber) Let V be a formal scheme formally locally 
of finite type and flat over Spf O. Then X79 is quasicompact if and only 
if X is of finite type over Spf O, in particular X is a noetherian m-adic 
formal scheme. 


5.13 We now revert to the notations used elsewhere in this paper. Let us 
start with the data (B, F, Oz, V, , 1, CL) in the case (EL) relative to L = Fp. 
In the case (PEL) we have in addition a non-degenerate alternating Q,- 
pairing ( , ) on V. We denote by M the solution of our moduli problem 
(3.21). This is a formal scheme, formally locally of finite type over SpfOx. 
Here & denotes the completion of the maximal unramified extension of 
the Shimura field Z. We denote by (X¢,@) the universal object over M. 
We denote as usual by Ma the Lie algebra of the universal extension of 
Xa (A € L). The isogenies G1, : Xx — Xai (A C A’) (cf. (3.21)) 
induce morphisms of coherent locally free O,,-modules Ma — Ma: which 
induce isomorphisms between the corresponding modules over the structure 
sheaf of the rigid space M9 associated to M. Let us denote the common 
value of this O,4,:.-module by My . We are going to exhibit a canonical 
isomorphism 


My? = VO Opis (5.1) 


5.14 The construction of this isomorphism is best done in a somewhat more 
general context. Let (F,O,«,7) be a complete discrete valuation ring of 
unequal characteristic, with perfect residue field of characteristic p. Let 
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M be a formal scheme formally locally of finite type over Spf O. Let X 
be a p-divisible group over M. We denote by Mx the Lie algebra of the 
universal extension of X. Its formation is functorial in X and commutes 
with base change. Let X be a p-divisible group over k. We assume given a 
quasi—isogeny 


o: Xm, — Xm,- 


Here Mo denotes the «-scheme defined by an ideal of definition of M 
containing the uniformizer 7. By the rigidity of quasi—isogenies this datum 
is independent of the choice of such an ideal of definition. 


Proposition 5.15 The quasi-isogeny @ induces a canonical and functorial 
tsomorphism of locally free O,4,:g-modules of finite rank, compatible with 
base change, 


6: N(X) Owing Onjrin —> MY. 
Here N(X) denotes the isocrystal associated to the p-divisible group X. 


Proof: We first treat the case when M is a z—adic formal scheme, in which 
case we may assume that Mo is defined by the image of 7. Let Mo be 
defined by the image of p. Then Mop C Mb is a nilpotent immersion. 
Since O/pO is a x-algebra we may consider Mj as a k-scheme. By the 
rigidity of quasi—isogenies the quasi—isogeny g extends in a unique way into 
a quasi—isogeny of p-divisible groups over Mo, 


o Xm Xm. 


Since the closed immersion Mj C M has a canonical divided power struc- 
ture we may apply the theory of Grothendieck—Messing. Therefore ([Me], 
LV. 2.2.) if X is any lifting of X to O and if N > 0 is such that p% 9’ is an 
isogeny, there is an induced homomorphism of locally free Oj4—modules of 
finite rank, 


ON : Mg, — Mx. 


Since there exists a morphism from X yy: to x mi, such that the compositions 
with po! are a power of p it follows that @y induces an isomorphism be- 
tween the corresponding O,4ris—modules. Furthermore there is a canonical 
identification (compatibility with base change) 
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Mz, = N(X) @w(k)e O ris. 
The desired isomorphism is now defined as 


c= = - ORI: N(X) @ Onria — My’. 

It has all the properties stated in theorem (5.15). 

(In the previous argument when p = 2 the application of the result of 
Grothendieck—Messing is not justified - one also needs the nilpotence of 
the divided power-structure. We leave the modifications of the argument 
needed in this case to the reader). 

We now consider the general case. We may assume M affine, M = Spf A. 
We recall (cf. (5.5)) the way in which the associated rigid space M9 was 
defined. Using the notations introduced there, M"9 is the union of the 
open subspaces Spm(B, ® F) and Spf B, comes with a morphism to M. 
Since Spf B, is a m—adic formal scheme we may apply the first part of the 
construction to the pull—back of X to Spf B,. The desired isomorphism @ 
then arises by passing to the limit over the open subspaces Spm(B, ® F). 


5.16 Going back to the set-up of (5.13) we see that the quasi—isogenies @ 
appearing in the moduli data induce a canonical isomorphism 


N(X) Oxo Opyrig = MY. 


On the other hand the isocrystal N(X) is identified with V @ Ko, cf. (3.19), 
which establishes the desired isomorphism (5.1). This isomorphism is com- 
patible with the actions of B and, in case (PEL), preserves the alternating 
forms up to a scalar in QY. 

The surjective homomorphisms My — Lie(X,) induce surjective homomor- 
phisms Mj'4 — Lie(X,)"9 which are independent of A and will be denoted 
by 


Mut yi Tie( Xt, (5.2) 


Recall from chapter 1 the Grassmann variety F over E parametrizing the 
B-invariant totally isotropic subspaces of V in the isomorphism class of 
V,. The kernel of (5.2) is a point with values in M"9 of F, i.e. defines a 
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rigid—analytic morphism #! : M9 — + F @g E. We abbreviate F @r E 
into F. On the other hand recall from (3.52) the morphism x from M to 
~. We denote by 7? the resulting morphism of rigid—analytic spaces over 
E, *2 : M"9 — A. Here A denotes the discrete rigid—analytic space with 
A as its underlying point set. The product morphism 


tax w ri9 Fx A 
is called the pertod morphism of the moduli problem. Recall from chapter 1 
the algebraic group J over Q, associated to the group G and b € G(Ko). 
The group J(Q,) acts via 


h-(Xc,0)=(Xc,0-h*), hE J(Qy) 


on the moduli problem and hence on M (cf. (3.22)). The group J(Q,) also 
acts on F, (cf. (1.35)), as well as by translations on A, cf. (3.52). We let 
J(Q) act diagonally on FxA. It follows immediately from the construction 
above that 7 is J(Q,)-equivariant. 


Proposition 5.17 The period morphism 7, or equivalently its first compo- 
nent x!, is étale. In particular M9 is a smooth rigid-analytic space. 


Proof: We are going to use the infinitesimal criterion (5.10). Let Z be as 
in the statement of this criterion. Then Z is of the form Z = Spm(R® E), 
where R@E is the Tate algebra associated to a finite flat Oz—algebra R such 
that, denoting by n C R the nilradical, R/n is a complete discrete valuation 
ring. Consider the set of R-algebras R’ which are finite flat O,—algebras 
with R/n ~ R’'/n- F’ and with R @o, ER! @ox E. Then these form in 
an obvious way a directed set S under the inclusion relation. We fix a free 
R/n-module Mp of finite rank. There is an obvious functor (” associated 
rigid module” ): 


locally free R’—modules locally free Oz—modules 
”lim” | M’ of finite rank, together M of finite rank, together 
Ries with an isomorphism sa with an isomorphism 
M’' @p R/n= Mo M 80; O02, inde 


This functor is exact and an equivalence of categories, compatible with base 
change R — R, where R; is another finite flat O-algebra as above. 
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We now turn to the verification of the existence of the dotted arrow in the 
diagram of (5.10). Replacing R by a larger R’ € S, we may assume that 
the morphism Zp — M9 is induced by a morphism of formal schemes 


Spf R/a—> M, 


piece a C nis a nilpotent ideal. Proceding inductively we may assume 
a? = (0). By pullback we obtain an object (X¢,0, go) of the moduli problem 
(3.21) over Spf R/a (i.e. over all its truncations). The morphism Z — F 
making the solid diagram commutative defines a locally free factor module 


N(X) ® Oz Bf (5.3) 


We equip a with trivial divided powers. Let M, be the value of the crystal 
associated to Xa,o on Spf R. Then Ma (A € £) is a (polarized) chain and 
there is a compatible family of natural identifications, 


N(X) ® Oz = MX’. 


Furthermore, the homomorphism (5.3) is induced by a unique surjective 
homomorphism onto a locally free module 


Ma — Ly, 


at least after replacing R by a larger R’ € S. The transition homomorphisms 
My, — Mj induce homomorphisms La — L and tensoring with @RR/a 
gives us back 


Mx,.,0 —_— Lie(Xx,0), AECL. 


By Grothendieck—Messing, the system above is induced by a unique chain 
of p-divisible groups X¢ = (Xa; A € L) over Spf R such that the above 
homomorphism is equal to 


Mx, =r Lie Xa 


and restricting to Xc.o. The quasi— isogeny go lifts automatically. It is 
obvious that (X¢, gi is an object of M (Spf R). The induced rigid—analytic 
morphism Z —+ M4 renders the diagram commutative. The uniqueness 
assertion is proved in the same way. 
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Remark 5.18 We recall (cf. (3.29)) the morphisms of formal schemes over 
Spf Ox 


N a Mec 


i 


v 


M 
The associated rigid—analytic space N"9 classifies the trivializations 
7: My? — V @O gyrig 


of the isocrystal of the universal object (X¢, @) over M. The construction 
of the first component of the period morphism above may therefore be 
interpreted as defining a canonical section to the projection morphism, 


eo M9 A 


Furthermore, M!° is a projective scheme over Spec Og whose generic fibre 
may be identified in an obvious way with F. The horizontal morphism in 
the diagram above induces therefore a morphism V9 F". The first 


component of the period morphism 7! is the composition 
paris 2, frie _, FM, 


A variant of the above proof that 7 is étale (which uses the reference 
[Ro]) would be to imitate the proof of proposition (3.33). Namely, if the 
statements from EGA used in that proof could be transposed to the rigid— 
analytic context, it would follow that the étaleness of 7 could be checked 
on diagrams as in (5.10) for Z = Spm K[e] and Zp) = Spm K, for a finite 
field extension K of the residue field of a point of X. In this case a cofinal 
system in the set S appearing in the proof of (5.17) is given by 


Ri =0x|-| On [ XI (a XV y0t = 0,1, 2ives 2 


Here a denotes a uniformizing element in Ox. 
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5.19 We give a different definition of the period morphism for formal groups, 
which is due to G. Faltings. 

Let R be aring such that p is nilpotent in R. Let R’ + R be a PD-extension 
with nilpotent kernel. Later we will also consider the case where R’ is adic 
and the kernel is topologically nilpotent. We define a category Extp:—p as 
follows. The objects are quadruples 


(VE, G8) 


Here X is a p-divisible formal group over R, FE is a (smooth) formal group 
over R’, V C E is a vector group and @: Ep — X is a morphism, such that 
the following sequence is exact: 


Oi Vaiss Be oO. 


We note that E/V is a formal group over R’, which is a lifting of X. 

A morphism (V, E,0,X) — (V’, E’, 0’, X’) is a morphism v : E — E’ of 
formal groups, such that the following conditions are satisfied. 

The map vp gives rise to a morphism of exact sequences: 


0 — Vr ites jf ae gee 


a) ET 5 RR ae en, 


We require that vp is a morphism of vector groups. Moreover we require 
that there exists a lifting of vo to a morphism of vector groups tg : V — V’, 
such that 


t' 0%) —v|V: V — E’ 


is an exponential in the sense of Messing. Here v’ is the given inclusion 
W:V— E’. 

The conditions on a morphism are easier to explain in Cartier theory ([Z4], 
esp. (2.3), (2.4)). Let Eg be the Cartier ring of R’. We denote the Witt 
ring by W(R’) and by wp, : W(R’) > R! the Witt polynomials. Let L be a 
R’-module. We define a Eg’-module C(L) as follows. As an additive group 
we set 
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[oe] 


C(L)=|[2. 


i=0 
An element of this product with component 2; we write formally as 


fo,0) 


Se Viz; 5 


c=0 


The Er:-module structure is given by the following equations 

2 . 

(Seve 
s—0 
sas . . 

V (>. v's ever le 
i=0 i=0 
“2 . oy . 

F 6s v's) ye V'- pz; 
1=0 r= 


If L is a finite locally free R’-module, this is the Cartier module of the formal 
group associated to L. 

Let a be the kernel of R’ — R. The PD-structure defines an isomorphism 
of additive groups 


Yo Viun()ai, €€ W(R) 
0 


log: W(a) —>]]2,a, 
€ +> [] walé)/p” 


where the divided powers give a sense to the expression w,(é)/p”. The map 
a — [];2,a ~ W(a) that maps a to (a,0...0) is a ring homomorphism, 
that maps a to an ideal in W(R’). 

An object (V, £, 0, X) gives rise to an exact sequence of Cartier modules 


0 — C(L) — Mg — M— 0, 


where L = V+ aLieE C LieE, Mg is the Cartier module of EF, and M that 
re, a, | 

One has aMg C L C C(L) where the last inclusion is given by | +— 
(1,0...0). Then a morphism (V, E, @, X) + (V', E', o', X') is simply a mor- 
phism of exact sequences 
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0 — C(L — Me — M — 0 
vo | | | 
0 — C(L') — Mg — M' — 0 
such that vo is induced by an R’-module homomorphism L — L’. The 
category Extp/—p lies over the category of p-divisible formal groups on R. 
By a theorem of Messing the fiber Extgy—r(X) at X has an initial object 
E(X)""", ie. Hom (E(X)""’, (V, E, @)) consists of a single element. 


5.20 Let us consider the following situation. Let k be a perfect field of 
characteristic p. Let W = W(k) be its Witt vectors. Let Ko = Wa be 
the field of fractions. Let K be a finite field extension of Kp and O = Ox 
be its rings of integers. We set R = O/pO. Let X be a p-divisible formal 
group over R and Xp = X @rk be its reduction. We denote by M = M(X) 
respectively Mp = M(Xo0) the Cartier modules of X respectively Xo. 

Let Cx,,« be the category of morphisms of K-vectorspaces 


Mo ®w K — L. 


We consider functors for varying O and X 


Exto—r(X) —_ Cx,,K 


of the form E +— [Mo @w K —> Lie FE @o K]. We require that for any 
extension K’/K there is a commutative diagram 


Exto—r(X) Cxo,K 
base change QxK K' (5.4) 
Exto: Rr (Xp:) Cxo,K! : 


We require that a morphism (V, FE, @,X) — (V’, E’, 0, X') gives rise to a 
commutative diagram 


Mj(X)@w K — Lie Ex Qo K 


| | (5.5) 
Mo(X‘) @w K — Lie Fy: @o K. 
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Finally we require that for K = Ko the map 


Mo(X) ®w Ko —> Lie E(X)""" @yw Ko (5.6) 


is an isomorphism. 

We claim that any two families of functors with these properties differ by 
an automorphism of the functor X ++ Mo(X) @w K. 

Indeed for that we verify that Mo(X)@w K — Lie E(X)"""Y @o K is always 
an isomorphism. We have W C O and hence k C R. If X = Xp @; R, we 
get what we want by base change (5.4). In the general case we have a quasi— 
isogeny Xo,R —*. X, which induces the identity on Xo. We can apply the 
commutative diagram (5.5) to p”a and p™a! for a large m € N to get 
the assertion. The uniqueness of the families of functors follows from the 
existence of the universal extension. 

We will call a family of functors as above a period map in Cartier theory. 
Let us replace for a moment the module Mp in the definition of the category 
Cx,,« by Lie E(Xo)*™"’. Then the crystalline theory [Me] provides us with a 
period map (family of functors) as above (compare proof of (5.15)). Clearly 
this crystalline period map agrees with any other period map in Cartier 
theory via the isomorphism (5.6) by uniqueness. 


5.21 For the construction of the period map in Cartier theory, which is in- 
dependent of the crystalline theory, let us consider a more general situation. 
Let O be a torsion free p-adic ring. Let R = O/p. We will assume that 
there is a natural number m, such that 2” = 0 for any element in the kernel 
of R — Rreq and that Rreq is perfect. Let X be a p-divisible formal group 
over R and let M be its Cartier module. Let Mg be a reduced Cartier 
module over O and let L be an O-module. Assume we are given an exact 
sequence of modules over the Cartier ring Eo, 


ad iM A 


Then we will construct for large natural numbers / and i homomorphisms of 
abelian groups 7; : p|'M — Mg such that prj = %41 and et; = p’. For the 
construction we fix a number h, such that Ker(F* : M — M) = Ker(F* : 
M—M), t>h. Let Mo be the Cartier module of Xreq. Moreover we fix 
a natural number r such that 


V"Mo C FM. 
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This is possible because the multiplication by p : X — X is by assump- 
tion an isogeny and the ring Rrea is perfect. Since p*M = p" Mo, we get 
V'"p*M C F"p*M for any natural number n. We have maps for each 
im h: 


o; : F'M — Mg/p'*C(L). 


For the definition we represent « € F'M as x = F’m and choose a lifting 
m € Mr of m. We define 


o;(z) = F'm. 
For a different choice m’, im’, we have F‘(m — m’) = 0 and hence F”(m — 
m’) = 0. Hence we get F"(m— 1m’) € C(L) and F*(m—m’) € F*-"C(L) = 
p'~"C(L). Therefore the map is well-defined. Clearly we have o;(r) = 
oi41(x) mod p'-"C(L) for z € F#+1M. 
Let us set M = p"M. For n > h we get maps 


F'o,V°%: M — Mz/p™t*-*C(L). 


Lemma 5.22 The operator F""0,V"™ is divisible by p™-™". For each 
n>h one has the congruences 


F"'s,V" = preg venir mod grt stetcir) 


Proof: The first assertion makes sense because Mg has no p-torsion and is 
an obvious consequence of the second one. To prove the congruence we may 
on the right hand side replace 0, by on-1. Take x € M. We choose m € M 
such that V"-1)"z = F"-!m and hence V"'r = F"-!V"m. Fora lifting 
m of m we get 


Ls Pade led 3 = FR" -ly' yp = pRO-l)rpn-1y 
= prFO-Drg, _,VO-Dryg mod pas <3C( by, 


We define 


jae a 
Thr (@) = lim poh e” OnV & 
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Since C(L) is p-adically complete, the limit exists by the lemma. We have 
OThr(z) = p"x. Indeed, the difference between two members in the se- 
quence above is in C(L); hence it is enough to check that 0(F""¢,V"") = 
p"’, which is trivial. For i > hr we define 

mA) SS pt (GX), 


For different choices of r and h we would end up with the same 7;, whenever 
they are defined. 

We note that if the ring R is reduced and perfect, we may choose h = 0. 
Then 7 is defined and is a section of o. 


Lemma 5.23 The homomorphisms 7; have the following properties 
(i) TF EF = F7; 
(ti) 7#Ve-—-VrA2xELCC(L) forzre M. 
Proof: The verification of (i) is trivial. For the verification of (ii) we note 
that it is enough to check that 
F(7;V = V7;) = () ; 
which follows from (i). O 
Let us denote by k the ring Rreq. Let W = W(k) be the Witt ring. The 
homomorphism W(O) — W(k) has a section 6, which is defined as follows. 
For a fixed w € W(k) we find a sequence wn, € W(k) such that F°w, = w. 
We define 
6(z) = lim Fw, 
where wW, are liftings of w, and the limit is in the p-adic topology. We 
denote by 6p the composite of the maps 
5p: W(k) + W(O) — W(R). 


The sections 6 resp. 6g commute with the action of the Frobenius. 


Lemma 5.24 For any i such that 7; is defined, we have 


7;(6p(w)x) = 6(w)ri(x), xe M. 
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Proof: With the notations above we may assume i = rh. We fix n > 
h and choose m such that V""x = F"m. This implies V""6r(w)z = 
F"6r(Wnrtn)m. Let m € Mg be a lifting of m. We obtain 


E"'o,V" bp(w)x = E+" 5(wartn)m 


pir-Ajr 7” pir—A)r 


d(w)E tm = spy Erg Ve mod p™*t"-*O(L). 


ne pir—h)r p(n—h)r 


Passing to the limit we get what we want. bet 
5.25 Let us localize the exact sequence that we associated to (V, EF, 0, X): 


0 —+ C(L) @z Q — Mg @z Q + M @zQ— 0. (5.7) 


We note that the map r = 1/p'r; is a natural W(k)[F]-linear splitting 
of the sequence. Moreover the natural projection M — Mp has a kernel 
annihilated by a power of p and hence induces an isomorphism 


ME®Q— MQ. 


Hence we may rewrite the sequence as follows 


0 — C(L) @z Q — ME 8z Q5 My) @Q — 0. 
e 


We obtain a Ko-linear map 


7: Mp ®Q— (Mz/VMz) ® Q = (Lie E)q. 


Proposition 5.26 The functor that associates to an extension (V, E, 0, X) 
the map T: M(Xo)q — (Lie E)q is a period map in Cartier theory. Let C 
be the category of pairs (Mo,q,Mo,q — L), where the arrow is a Ko-linear 
map to a K-vectorspace L and Mo,q is the rational Cartier module of a 
p-divisible group over k. Then the functor 


Etto+r®Q — C 
(V, E, @, X) ed (M(Xo)aq;T) 


is fully faithful. 
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Proof: Let us first prove that the functor is fully faithful. By Cartier the- 
ory we know that the functor which associates to an object (V, E,0,X) of 
Exto—r ® Q the exact sequence (5.7) is fully faithful. Hence we have to 
show how to recover this sequence of modules over the Cartier ring Eo from 
Mo(Q), Lie FE @ Q and the morphism 7. 

By (5.19) we have an isomorphism La ~ (Lie E)g. We obtain an isomor- 
phism C(L) ®z Q ~ C((Lie E)q). The section 7 defines an isomorphism of 
abelian groups 


Mr ®z Q = C((Lie E)q) ® Mo,q. (5.8) 


We are done if we describe the action of Eo on the right hand side of (5.8) 
in terms of 7. Let us first look at the action of the Witt ring W(O). Since 
W(R) @ Q= W(k) @ Q we get a split exact sequence 


0 —+ W(p0)®Q —W(0)@QSW(k)e@Q—0 
~| log 
(I]pO)®Q 


Hence W(O) @ Q = Ko @[], K, where [], K C K@ are the elements with 
bounded denominator. Then (5.8) is a decomposition of Ko[F']-modules, 
where Ko acts on C(L) ®@z Q by 


ko(>_ Vil;) = Yo Vio' (koi , o = Frobenius. 
For a € |], K we have 
a (= vi) = > Vi pi ail: 
am = >; Vi (a; ®7F'm) € C(L) @Q. 


Finally we have to define the action of V on elements m € Mo,q C Mz,q. 
We note that the map Vr — TV : Mo,q — (Lie E)q given by lemma (5.23) 
may be identified with —7V : Mo,q — (Lie E)q. Hence V is given by 


V(0,m) = (-7Vm, Vm). 
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It remains to check that 7 is a period map in Cartier theory. We show that 
the map Mo(Xo0) ®w Ko — Lie Bix ye @w Ko is an isomorphism. The 
other requirements for a period map are obviously fulfilled. 

In the case K = Ko the section rT is even a section of the sequence 


0 —+ C(L) — Me — M(Xo) — 0, 


i.e. without killing torsion. The same argument as above therefore shows 
that the category of such sequences is equivalent to the category of commu- 
tative diagrams 

L 


M(Xo0) —- Lie £ 


~ 


M(Xo0)/VM(Xo) 


Hence we get the universal extension if we set Lie FE = M(Xo). 


5.27 We now return to the general case and consider the problem of deter- 
mining the image of the period map associated to a moduli problem of type 
(EL) or (PEL). By Fontaine [Fo] the image of the first factor of the period 
morphism *! : M"!9 — F lies in the weakly admissible subset. 


Proposition 5.28 Let us assume Fontaine’s conjecture ([Fo2], 5.2.5) that 
a weakly admissible filtered isocrystal (V,®,F*) with F? = (0) and F® = 
V @x, K comes from a p-—divisible group over SpecOx. Hence to every x € 
E(k) there ts associated via Fontaine’s functor a Qp-vector space V(x) 
with an action of B and a non-degenerate alternating Q,-linear form up to 
a constant in QX. We make the further assumption that the isomorphism 
class of V,() is independent of x € F °. Then the image of the period 
morphism is of the form 


where A’ is a union of cosets of the subgroup of finite index in A formed by 
the Q,-rational cocharacters of the center of G, unless M"'9 is empty. 
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Proof: Let K be a finite extension of # and x € (FY Fontaine’s 
conjecture says in this case that there is a p-divisible group X over Spec Ox 
with rational Dieudonné module of its special fibre equal to V ® Ko such 
that x corresponds to the natural surjection of K—vector spaces, 


V @K = Mx @o, K — Lie(X) @0, K. 


The p-divisible group is uniquely determined up to isogeny over Ox, cf. 
((Fol], IV., 5.2). Consider the rational p-adic Tate module of the generic 
fibre of X, 


Vp(X) = Vp(X @ox K). 


Then V,(X) is the image V,(z) of the filtered isocrystal corresponding to z 
under the Fontaine functor ([Fo2]). By hypothesis, the isomorphism class 
of V(x) is independent of the point x. Let 2’ € F”*(K’) be a point in the 
image of M"9(K’), for a finite extension K’ of K. Let (X‘, 0’) be an object 
of M(Spf Ox:) mapping to x’. The p-adic Tate modules of X) define a 
polarized multichain of Og—lattices £’ in V,(X') whose members are in a 
natural one-to-one correspondence with the members of L. Let L” be the 
image of L’ under a fixed isomorphism 


Vp(X) ~ Vp(X"). 


There is a finite extension K” of K such that £” is stable under Gal(E/K"). 
Hence there is a chain of p-divisible groups Xa (A € L) over Ox in the 
isogeny class of X ®x K”. Furthermore, the identification Mx, ®o,., K” = 
V @ K” provides us with a family of quasi-isogenies over the residue field 
of Ox», 


on: X — Xp Bon K- 


We claim that (X ¢,@) is an object of M(Spf Ox). We have to check 
conditions (i) — (v) of (3.21). Consider the determinant condition (iv) on 
the generic fibre of X,. However, Lie(X, @o,.,, K") = Lie(X) @ox K" isa 
module over the semi-simple algebra B @ K” and therefore prescribing the 
determinants of elements of B comes down to prescribing the dimensions 
of the corresponding modules over the various simple factors of B. Since 
Lie(X) @ K satisfies the determinant condition, so does the generic fibre 
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of Xq and hence Xq itself. In the presence of condition (iv), condition (ii) 
is equivalent to condition (ii bis) of ((3.23), d). To check this condition 
we may assume B simple. However, for any two neighbours A C A’ the 
height of the isogeny X, — Xq/ is equal to the order of the cokernel of the 
induced map on the p-adic Tate modules of the generic fibres. Since the 
indices of members of £ and corresponding members of £” are identical the 
condition (ii) is indeed satisfied. Of the remaining conditions, (iii) and (v) 
are trivially satisfied and (i) is automatic. Therefore we have found a point 
(Xc,0) € M(Spf Ox) whose image under the first factor of the period 
morphism is clearly the point z with which we started. 

Let Z be the center of G. Then Z is also a central subgroup of J. The 
assertion follows from the fact that the image of 7 is stable under 7(Q,) 
and that the image of Z(Q,) under wy (3.52) is a subgroup of finite index 
in A. O 


Remark 5.29 In (1.19) a cohomology class cls(z,b) € H'(Q,, G) was as- 
sociated to z € Fi (i ), if z is admissible. It seems reasonable to expect 
this class to be constant as x varies through F*. This is true by the for- 
mula in (1.20) if G is connected with simply connected derived group. In 
this sense the last assumption in proposition (5.20) seems reasonable. 


5.30 In the unramified case we can say more. Let (F, B,Op,V,6, pu, L) be 
unramified data of type (EL) or (PEL), cf.(3.82). Let M be the correspond- 
ing formal scheme over the Witt vectors Spf Ox,. By the flatness of M 
(cf.(3.82)) it follows that M9 is non-empty. Let K be a finite extension 
of Ko with ring of integers Ox. Let (X,e) € M(Spf Ox) be an object 
of our moduli problem, cf. (3.82). Then the rational p-adic Tate module 
Vp(X) of the generic fibre of X is the image of the filtered isocrystal over 
K associated to X under the Fontaine functor. It contains the p-adic Tate 
module T,(X) as a Og-lattice which in case (PEL) is selfdual with respect 
to the non-degenerate alternating Q,-form on V,(X). 


Proposition 5.31 Let (B,F,Og,V,b,py,L) be unramified and let x be a 
point of F°°(Ko). Then x is admissible. Let Vp(x) denote the image un- 
der the Fontaine functor. We make the assumption that V,(x) contains a 
selfdual Op-lattice (automatic, if G is connected, cf. (5.33) below). Then 
there exists y€ M"™9(Ko) with (y) = 2. 
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Proof: We only treat the case (PEL), the case (EL) being similar but sim- 
pler. By the theorem of Laffaille [L], proving Fontaine’s conjecture in the 
unramified case, comes from a p-divisible group X over Ox,- In par- 
ticular, the first assertion is true. Using similar arguments as in the proof 
of the previous proposition the second assertion will be proved if we can 
exhibit a p-divisible group in the isogeny class of X which is equipped with 
an Og-action and an Og-linear principal polarization. For this it suffices 
to find a selfdual Or—lattice A’ in the rational p-adic Tate module V,(X) 
which is stable under the action of the Galois group Gal(Ko/ Ko). Indeed, 
the stabilizer of A’ in B is a maximal order O’p, invariant under +, and any 
element of B which conjugates O', into Og also conjugates A’ into a Galois 
stable selfdual Og—lattice which then yields the desired p—divisible group. 
The image of the Galois group Gal(Ko/Ko) in GL(Vp(X)) is contained in 
the group of B-linear symplectic similitudes. It is therefore contained in a 
maximal compact subgroup of this group and therefore stabilizes an Or— 
lattice A C V>(X) with 


ION” Geos ae 


Indeed, consider a Galois invariant A such that A C A* and such that the 
index [A* : A] is minimal. If pA* Z A consider the lattice A’ = A+ pA*. 
Then (A’)* = A*Np~'A. Hence A’ C (A’)* with a smaller index, which is a 
contradiction. We are going to replace A by a Galois invariant Op—lattice A’ 
with A C A’ = (A’)* C A*. Proceeding inductively we may assume A # A* 
and that there is no Galois invariant Or-lattice A’ with ASA’ C (A’)* GAY. 
We want to derive a contradiction. 

On the F,—vector space 


Peas 
we have a non-degenerate alternating bilinear form 
(0, 0') =p-(v,v') mod p, v,v' € A*. 


The Galois group acts on V and preserves this form. We remark that V 
cannot contain a non-zero Galois-stable totally isotropic subspace. Indeed, 
the orbit under Op of the inverse image in A* of such a subspace would 
yield a Galois invariant Or-—lattice A’ with AGA ag 0) Eilts contrary to 
our hypothesis. 
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Claim: The Galois module VY is trivial. 


The Galois representation on V is defined by a finite flat group scheme over 
Ox, killed by p (the kernel of the polarization induced on the p-divisible 
group corresponding to A). We may therefore apply Raynaud’s theory [Ra2]. 
It follows (loc.cit, §3) that on each Jordan - Holder factor of V the Galois 
group Gal(Ko/Ko) acts through its tame quotient I;. Furthermore, if W 
is a Jordan - Holder factor of Y, then the commutant of J; in End W is a 
finite field F and W is an F—vector space of dimension 1. The action of J; 


is given by a character 
v x 
I, —> pg-1(Ko) — F*. 


Here gq’ = p” denotes the cardinality of F. Let xo be the inverse of the 
Teichmiller character, and consider the fundamental characters 


r—1 


X0;X1 Ee eee = 1, 


Any character 7 as above has a unique expression of the form 
poN, ew LO amped 


By Raynaud and since the ramification index of Ko is one, the character 
wy defining the Jordan - Holder factor W has as exponents n; only 0 or 1 
=O 20,7 —1), 

Let now W be a simple Galois submodule. The bilinear form defines a 
Galois homomorphism of W into its contragredient W*. By the simplicity 
of W this homomorphism is either an isomorphism (i.e. the restriction of 
( , ) to W is non-degenerate), or zero (i.e. W is totally isotropic) and 
the latter case is excluded by our inductive hypothesis. We may write the 
restriction of ( , ) to W as the trace of an F-bilinear form defined by 


(aw, w’) = Trryp, a-(w,w’)’, ae F. 
The F-valued form satisfies 
(aw,a’w')' =a-(w,w')'a’", aa’ EF, 


where * is an involution on F. If W is defined by the character ~, then W* 
is defined by ~*~. Since W is isomorphic to W*, we obtain 
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S/R a 2 ee 
l= p=HxXp °° 'X--1 


if * is trivial, and 


pe wp : y* Bi ase so pao aaieaabone 

if * is the non-trivial automorphism of F = Fpr = Fp over Fos. 

By the uniqueness of the expression in terms of the fundamental characters 
and since 0 < nj +nj < 2 < p we conclude that W is a trivial Galois 
module. Replacing V by the orthogonal complement of W, an obvious 
induction proves the claim. 

We now finish the proof of the proposition. By assumption V,(X) contains 
a self-dual Og-lattice. This implies that there exists a self-dual Or—lattice 
A’ C Vp(X) with A C A’. By our claim above this lattice is automatically 
Galois invariant and this contradicts our assumption. is 


5.32 We now introduce the tower of rigid—analytic coverings of M5. Here 
M denotes as before the formal scheme over pf Ox representing our mod- 
uli problem for the data (F, B, Og, V,6, 4, £) of type (EL) or (PEL). 

Let x € M'9(K) be represented by (Xzc, e) € M(Spf Ox). Then the 
rational p-adic Tate module V,(X) is equipped with an action of B and, 
in case (PEL), with an alternating form up to a constant. Unfortunately 
we do not know whether the isomorphism class of V,(X) is independent 
of c € M”9(K), cf. remark (5.29). Therefore we fix representatives 
Vi/,(, )§ (= 1,...,t) of the isomorphism classes of V,(X), as z varies 
through M"9. Fix i and let V’ = V/. Then V’ defines a twisted form of 


our original group, with 
G'(Qp) = {g' € GLa(V’); (9'v,9'v')’ = e(9') (v, 0)’, e(g') € QF}. 


This expression refers to the case (PEL). The group G’” is an inner form 
of G since the B-modules V and V’ are isomorphic and since the forms 
( , ) and( , ) are both compatible with the same involution * on B. 
Indeed, one easily checks that the B-modules V and V’ equipped with their 
alternating forms become isomorphic over the algebraic closure Q,. We fix 
a multichain of lattices C£’ in V’ which under an isomorphism of V’ with 
Vp(X)(z € M9) maps to the multichain T,(Xa),A € L, defined by the 
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p-adic Tate module of X,. Let Ki, C G’(Q,) be the corresponding fix 
group. The conjugacy class of CL’ resp. K, is independent of the choice of 
the isomorphism and of 2. We note that the members of £ and CL’ are in a 
natural one-to-one correspondence such that indices of corresponding pairs 
of lattices are identical, comp. the proof of proposition (5.28). 

Let M9 (i = 1,...,t) be the subset of points z € M9 where the rational 
p-adic Tate module V(X) is isomorphic to V;'. We also use the notation 
Mii! or MU! for Mi"! if V' = Vj, and CL’ is the multichain of lattices in 
V’ defined above. 


Lemma 5.33 The subset M"'! is a union of connected components of 
M94 =1,...,t. If G is connected then V(X) ~ V for all x € MS, 
i.e. t=1 and Vi =V. In particular this applies to the case (EL). 


Proof: We remark that the p-adic Tate modules 7,(X,), A € CL, for the 
points x € M9 piece together to a locally constant Z,—sheaf for the étale 
topology on M”9 (namely, T,(Xa) ® Z/p” is the generic fibre of the finite 
flat group scheme of p"—division of X, which is étale). By Nakayama’s 
lemma V,(X) is determined by T,(Xa) @ Z/p”, A € CL, for a fixed n > 0. 
The first assertion follows since this chain of finite étale group schemes triv- 
ializes over a connected finite étale covering of each connected component 
of M9. 

Now assume G connected. Let zr € M9 and let V’ ,L’ denote its rational 
p-adic Tate module with its natural multichain of lattices. Then L’ is a 
polarized multichain of Og—modules on Spec Zp of type (L), in the sense 
of chapter 3. Therefore (3.16) there exists an unramified extension L of Q, 
such that there is an isomorphism of polarized multichains, 


LeEO,L>L'@O;z. 


Therefore, the difference between V and V’ is measured by a 1—cocycle with 
values in K'¢(Oz) where we momentarily denote by K¢ the smooth Z,—form 
of G defined by £. However, since G is connected, Kz has connected fi- 
bres. Therefore by Lang’s theorem and a standard approximation argument 
(comp. [BT], 7.2) we conclude that after enlarging L this 1—cocycle is trivial, 
and hence V ~ V’. 


5.34 We denote by Te = {T,; A € L} the multichain of locally constant 
étale Z,-sheaves defined by the p-adic Tate modules of the universal p= 
divisible group X, on M. Fix i (i = 1,. ptpranddet (WL) = (Vit): 
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We also have the inner form G’ of G. Let K’ C KK‘, be an open compact sub- 
group. We consider the finite étale covering Me: x: of Mis parametrizing 
the classes modulo K’ of trivializations of the local system T¢ over Ms, 


a:Te >L' (mod kK’). 


Then for K’ = K{, we have obviously Me, Kt. = = Ms. Let K’' C K'g: 
and let g’ € G’(Q,) be such that g!~'K’q’ C K'c:. We are going to 
construct a canonical isomorphism 


L(g’) E Me K: a Me 9-1 K%g! 


We content ourselves with giving the construction pointwise. Let us describe 
the image of a point x € Me: x:(K) corresponding to ((Xz¢,@),a). The 
inverse image under a @z, Q, of the multichain gL’ defines a multichain of 
p-divisible groups X/ over Ox with a quasi-isogeny X¢ — X/,. We obtain 
an object (X/, 0’) of M by taking o’ to be the composition of @ with the 
special fibre of this quasi—isogeny. Finally, the trivialization a’ of T,(X/) is 
given by the composition 


fo ee re 


To perform the same construction starting with a point of Me: K' with 
values in the rigid space associated to a p-adic formal scheme S — M 
the main point is the construction of (X/, 0’). In general the p-divisible 
group (X/)"9 over S”9 corresponding to the multichain g’L’ extends to a 
p-divisible group over S only after replacing S by an admissible blowing-up 
({BL], thm. 4.1). 

The definition of the Hecke correspondences is now done exactly as in the 
classical case ([De], 2.1.). We therefore obtain for every pair of open compact 
subgroups K’, K{ C G’(Q,) contained in K{, and any g’ € G’(Q,) with 
g’\Kjg' C K' a morphism 


TKKG) >MeK: — Mex: 


defined by the composition of u(g’) : >Meg Kim Me, q’-1 Kg! and the projec- 
tion morphism M Li,g'-1Kig! > Me, x induced by the inclusion g'~1K{g’ C 
kK’. Furthermore, if KS is ‘another open compact subgroup contained in KG, 
and gi € G’(Q,) such that gj Kg, C Ky we have that 
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TK! KG’) ° ™K!,K1 (91) = TKKG): 


Furthermore if K’ C K{, and K{ C K’ is anormal subgroup the morphisms 
™K!,K/(g’) define an action of K'/K}, on Me) x: with 


Mer «1 /(K'/K{) > Mex. 


The last formula allows us to define Me)x even if K’ is not contained 
in K4,. Namely, we take a principal congruence subgroup Kj which is a 
normal subgroup of K’ and such that K, C K/,. Then we define Mex: 
through the last formula. All we have said above remains valid for arbitrary 
open compact subgroups K’ C G’(Q,). 

The Hecke correspondence on Mc, x’ defined by g’ € G’(Q,) is given by 
the diagram 


Me: King! Kg’? 
ef \ 79’) 


Me K: Oe tl Me xK:. 


We abbreviate 7x’ «(1) into mK K. 
The tower of rigid-analytic spaces {Mc/x’; K’ C G'(Qp)} with the right 
action of G’(Q,) defined above are our candidates for the conjectured étale 


coverings of F , (cf. (1.37)), 


The : Me. x: ——— 7 Yee 
If K’ C K¢,, we introduce 72, : Mex: — A as the composition of TKK, 
and 7”. It is clear that this definition extends in the obvious way to all 
open subgroups kK’ C G’(Q,). 


5.35 We note that the (left) action of J(Q,) on M" 9 is lifted to each 
member Me: x: of the tower. 


Lemma 5.36 Let Z be the center of G. Then we may also identify Z with 
the center of the inner form G’ of G and also with a central subgroup of J. 
The left action of an element z € J(Qp) with z € Z(Q,) coincides with the 
right action of z € G'(Q,). 
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Proof: We check this on points. Let x € Me: x:(K) correspond to a triple 
((Xc,@),a). The Hecke correspondence associated to z € G'(Qp) sends z 
to x’ corresponding to ((X{, g’), a’) where X/ is connected to X¢ through 
a quasi—isogeny T appearing in the following commutative diagram 


a 


Tp(Xc) —— L£! 


| es 


Tp(X,) — 2L! 
However, z may be considered as an element of F* and defines a self— 


quasi—isogeny of X¢. Furthermore, there is an isomorphism of X/. with X¢ 
making the following diagram commutative 


pee: Le 
r| lz 
Xt ~ Xe ; 


as one checks on Tate modules. This isomorphism allows us to identify 
X‘, with X¢. Under this identification g’ becomes z~'g and a’ becomes a. 
Hence 


OE, oa) 2X c527 ei a) = (Xie por*, ay: 


Here in the last equation z is considered as a self—quasi—isogeny of X. Re- 
calling the definition of the action of J(Q,) on the moduli problem the last 
equation says that the Hecke correspondence z € G’(Q,) acts on Mc,x: as 


z € J(Qp). 


Proposition 5.37 Let K’ C G’(Q,) and consider the first component of 
the period morphism 

Ihe : Mce.x: —— a, 
Two points 21,22 € Me: x: have the same image under tk, if and only if 
they are mapped into each other under a Hecke correspondence, i.e. if there 
exists g’ (S G’(Qp) andy € Me King! K'g!-} with 
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w= TK'ng! K'g'-1,K! (1)(y), v2 = TKiag!K'g!—, KG )(Y)- 


In other words, the fibre of ti, through a point x € Me. x: may be identified 
with G'(Q,)/K'. Let G’(Qp)' be the subgroup of G’(Q,) where the values of 
all Q,-rational characters are units. Then the fibre of the pertod morphism 
tk = th, x t%, through x € Me: x! may be identified with G’(Q,)'/K’. 


Proof: Let x; be represented by (Xz, o'), a’) over Spf Ox. Since x; and 
zo have the same image in F , the fully faithfulness of the Fontaine 
functor implies that there is a B-quasi—isogeny r : X} — X2 over Ox such 
that 0? equals the composition of @! with the special fibre of 7. We define 
g’ € G’(Q,) so as to make the following diagram commutative 


anu 


T(Xi)@Q — V'! 


fo 


T(X2) 60 Srv" 


The double coset of g’ mod K’ is well-determined by a! mod K'‘ and a? mod 
K’'. It is easy to see that the point y represented by ((X}, 0'),atmod K‘N 
g' K'g'—*) has the required property. The last assertion follows easily. 


5.38 Let C, be another multichain of lattices in V and let Mj, be the 
formal scheme over Spf Ox corresponding to the moduli problem where 
the multichain £ has been replaced by £;. Assume that £; is a refinement 
of £ and denote by 


a:M,—M 


the obvious morphism. Let V/ (i = 1,...,t1) be the set of isomorphism 
classes of rational p-adic Tate modules of points x € M1’. It is obvious 
that this is a subset of the corresponding set for MM"!9. We now encounter 
the problem that it may be a proper subset (the worst case would occur if 
Mi'4 were empty - which would contradict the flatness conjecture before 
(3.36)). We note however that if V occurs in one of these sets it occurs in 
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both. Indeed, let « € M"9(K) be represented by (Xzc, @) over Spf Ox and 
let 


V(X) ~V 


be an isomorphism taking the p-adic Tate module chain 7;(X) into £. The 
inverse image of £; in V,(X) under this isomorphism is invariant under the 
Galois group Gal(K/K") of a finite extension K’ of K and defines in the 
obvious way an object (X/, 0’) of M's over Spf Ox:. 

We now fix V’ which occurs in both the set of isomorphism classes corre- 
sponding to Mj, and to M. Again we denote by £‘ and L’ and G’ the 
corresponding multichains in V’ and the inner form of G. Then CL} is a re- 
finement of £’. Let Ke and K‘, be the corresponding fix groups in G’(Q,). 
We obtain a commutative diagram of rigid—analytic morphisms 


1 
9 recy " 
Lh Bn Ko 
Mi ene Mine a 


Since 7 is proper, so is mee and therefore also 1. On the other hand, if 


re Mii (K) i is a point represented by (X¢, @) over Spf Ox, to give a point 
ry€ MP (K) represented by (X¢,, @) over Spf Ox mapping to z is equiv- 
alent to giving a refinement of type LC of the multichain T,(Xz) of V,(X), 
which is Gal(K /K)-invariant. It follows that « induces a bijection on points. 
Similarly one shows using the infinitesimal criterion (5.11) that wee i is étale. 
Hence z is finite, étale and bijective and therefore an eodicaniel? It fol- 
lows that the towers {Mer x1; K’ C G’(Qp)} and {Mci,x1; K’ C G'(Q,)} 


defined by Mi and M’! are canonically identified. 


5.39 Finally we mention that the tower {M c.K'; K’ C G’'(Qp)} is indepen- 
dent of the choice of £’. More precisely, let h’ € G’(Q,) and let Li = h’L' be 
another candidate for the polarized multichain in V’. We define as follows 


an isomorphism of towers 


g:Me),K — Moe arKin'-3 
(Xc, 0, @) ioe: (Xc, 0, h'a) 
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One verifies easily that this isomorphism is Int(h’)—equivariant with respect 
to the action of G’(Q,) by Hecke operators on both sides, 


yong’) = m(h'g'h ') og. 


Here 1(g’) resp. 71(g’) refers to the action of G’(Q,) on the tower defined 
by L’ resp. by Li. Furthermore, using that h’K{, is uniquely defined by L’ 
and £/, one sees that this isomorphism depends only on L’ and L}. 


5.40 We now want to compare the rigid—analytic Hecke correspondences 
with their formal counterparts, cf. chapter 4. We start with the data for 
our moduli problem (F, B, Og, V,b, pu, £). We fix V’ = V; (t =1,...,t) and 
introduce again the multichain £’, the inner form G’ of G and the subgroup 
Kt. C G'(Q,). For an element g’ € G’(Q,) we have the rigid—analytic 
Hecke correspondence 


or s . 
T(g)cr = Me,K+ ng Kt,g'- C Mein, X Mex, 


We fix an indexing by Z of the members of £ and therefore also of L’. The el- 
ement g’ € G’(Q,) defines the function t = t(g’) = (ti;(9’)) = (tij(9'L’, L’)), 
cf. (4.12) and (4.18). (As a matter of fact, g’ defines such a function for 
each simple factor of B, cf. (4.41)). We stress that we are applying the 
considerations of chapter 4 to V’ and L’, not to V and £. Consider the 
formal Hecke correspondence associated to t = t(g’), cf. (4.43) resp. (4.57), 


C(t) = Corr (t) C Mx M. 
Let C(t)" be the pullback of C(t)" under the morphism 
Mi! x MP —+ M9 x M9, 


For any point ((Xc,0),(X¢,0')) € C(t)(Spf Ox) defining a K-rational 
point of C(t)77 the quasi-isogeny 997! on the special fibre lifts uniquely 
to a quasi-isogeny from X,- to X/, over Spec Ox. Consider the multichains 
of their p-adic Tate modules T,(X¢) and T,(X{) in their common rational 
p-adic Tate module V,(X) = V,(X’). It is obvious that they are in relative 
position t. Therefore there exists an isomorphism a of V)(X) with V’ which 
sends Tp(X¢) to gL’ and T,(X/) to L’. This construction defines a rigid— 
analytic morphism 
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0: C(te? — Tiger, 
compatible with the projections to Mis = Me: gee 
’ Lc! 
Proposition 5.41 The above morphism is an isomorphism. 


Proof: Since C(t) is a locally closed formal subscheme in M x M, it follows 
(5.3), (iv) that C(t)? is an admissible open in a Zariski-closed subspace 
C(t) 2? of M79 x MS. It is obviously contained in Wg en, 


PCE CH ig— rn. 


However, since the relative position of (X¢,@) and (X4, 0’) over Spf Ox 
can be checked on their p-adic Tate modules, it follows that v is bijective 
on points. Since T(g Je is reduced, ¢ is an isomorphism. 


Remark 5.42 As a consequence of this proposition, C(t)29 is Zariski- 
closed in Mis x Mis . This is in contrast with the fact pointed out in 
(4.44) that C(t) very often is not Zariski-closed in M x M. 

Consider quite generally a locally closed formal subscheme of a formal 
scheme formally locally of finite type over a complete discrete valuation 
ring O, 


7: YX. 


Assume that i7?9 : y"'9 — 479 is a closed embedding. Then, as R. Huber 
pointed out to us, 7 is a closed embedding, provided that Y is O-flat. 
The upshot is that the formal Hecke correspondences are formal models of 
the rigid—analytic Hecke correspondences which are not flat over Ox. 


5.43 Recall that we defined a Weil descent datum on M over Spf Op, cf. 
(3.48). We are now going to construct a Weil descent datum a on Fx 
over Spec E, compatible with the period morphism. (Here we transpose our 
terminology from (3.44) - (3.47) which referred to the descent from Spf Ox 
to Spf Og to the descent problem from E to E.) 

We place ourselves in the general context of (1.35) and (1.36). Let r = of 
be the Frobenius in Gal(E/E). Let R be a E-algebra. We then define the 
isomorphism a as follows, 
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a:Fx A(R) — (F aX) sha) F(R Digg gst an) xD 


(Fi,w) — (bo)! (Ff, w) ae (bo)! Few + f ord (b)). 


Here ord (0) is defined by the identity 
(ord (6), x) = ord, x(b), x € XQ,(G). 
Since under the isomorphism of isocrystals 
(bc) :V @ Kyo — (V @ Ko) 


the filtration F{ is carried into (bo)/ (Ff) it is obvious that a respects the 
admissible open subset Foe Sek, 


5.44 Let v = y be the slope homomorphism associated to b € G(Ko). Let 
s > 0 be a sufficiently divisible integer such that sv factors through Gin. 
Let 7; = sv(p) € G(Ko). Obviously ord 7; = s[v] € A where [v] is defined 
by the identity 


(v],x)=xovEQ, x € XG, (G). 


Under either of the following two conditions the quotients of FxA resp. 
FN by I, = 7% exist in the category of rigid—analytic spaces. 

(i) 6 is basic. 

Indeed, in this case the action of I’, on the first factor is trivial. 

(ii) 1 40. : 

Indeed, in this case the action of I’, is obviously properly discontinuous for 
the Zariski topology on F x A. 


Since 7; commutes with bo the descent datum a induces a Weil descent 
datum on the quotient, 


a:(F x A)/T, — (Fx A/T,)’. 


Proposition 5.45 We assume condition (i) or (ii) above satisfied. The 
Weil descent datum on (F x A)/T's is effective and defines a projective 
scheme F, over E. There is an admissible open rigid—analytic subset teow 
in F, with an action of J(Qp) defined over E such that 
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Fe a (C) ALT, 


If s' is divisible by s, then the action of [;/T4: on Fy: is defined over E 
and 


Fy= Fyf(lefTy); Whee = FSS (laf Ty). 


Proof: We first assume that 6 is a decent element satisfying a decency 
equation for s, cf. (1.8). Then 7; € G(Qp:) and b € pe ). Furthermore, 
the equation (bc)* = 7; - o* shows that a* = a7 .@7q@ coincides with 
the Weil descent datum for the obvious form ((F On E,) x A)/T, over the 
unramified extension EF, of E of degree s. In particular, a° is effective. 
Since we are dealing with projective schemes it follows (cf. (3.47)) that a 
itself is also effective. In order to construct the admissible open subset Fy * 
of F it suffices by proposition (1.34) to define a closed subset 


WEF. FBo BF) 


such that 


v wa 


F29(C) = (F'"(0) x A/T. =F\ Uo Me. 
tET(Qp) 


We return to the proof of (1.36). Let V be a faithful Q,-rational repre- 
sentation. For T we take the same scheme as in the proof of (1.36) except 
that we apply the considerations there to s’ where QE = Es. Therefore 
T is a Q,-form of the Q,./—scheme T’ parametrizing the subspaces V’ of 
V @Q,» compatible with the isotypical decomposition. Instead of giving 
H we give 


Hoc l\ Fame E,) x ir. @Q,.! E;) 
invariant under the descent datum. Let R be a E,-algebra. We put 
HI(R) = {(F4,4),V)€ (F(R) x APs) x TR) 
Dirk (greay(V')) > Ark (Vx)}- 


This proves the second statement of the proposition in this case. The last 
statement is obvious and allows us to reduce the case of an arbitrary s > 0 
to the case where s is sufficiently divisible. 
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If now b is a decent o-conjugacy class and b € b is an arbitrary element, 
write b = gb’o(g)~! with b’ € b descent and g € G(Ko). Then F* + 
g~1(F*) defines an isomorphism between the quotients of F' by s(p) and 
by svy(p) compatible with the respective Weil descent data. Therefore the 
result already proved for b’ implies the corresponding result for 6. The 
assertion for a non—-decent o-conjugacy class is treated as in the proof of 
(ii) of proposition (1.36) by embedding the group G in a larger one, G1, in 
which it becomes decent. O 


5.46 We claim that the period morphism 
t: MI Fx A 


is compatible with the Weil descent data. Here we must be careful that we 
are working with covariant Dieudonné theory. To define the Weil descent 
datum on the period domain we use the pair (w(p)~1b, w—') where 


w:Gm—G, trot-idy 


is the obvious central cocharacter. We remark that the spaces F e* obtained 
from (b,) and (w(p)~1b,w71y) are canonically isomorphic, via F* +> 
(F © 1(-1))*. The compatibility of the Weil descent data now follows 
immediately from the fact that the Frobenius morphism of the p—divisible 
group X relative to the residue field « of F induces on V @ Kp = M(X)@Q 
the inverse of the f—-th power of the Verschiebung, 


(Frob;')* = V~! = (w(p-') -b- 0). 


We also remark that if we exclude the uninteresting case that X is étale, 
the condition (ii) of (5.44) relative to (w(p)~'b, w~') is satisfied. Applying 
proposition (5.45) we obtain for varying s a projective system of morphisms 
of rigid spaces defined over E, 


nm: M, — Fy". 


5.47 It follows immediately from the definition (3.48) that the Weil descent 
datum a on M lifts to the universal p-divisible group on M. We therefore 
also obtain a Weil descent datum on the towers {Mc.x:; K’ C G'(Q,)}, 
compatible with the period morphisms 7x, K’ C G’(Q,) for the various 
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forms V/, i= 1,...,t. After passage from M to M,, the finite étale cover 
Me \K! aie to a finite étale cover Mc: x:,s of the descended rigid space 
Me, of ne Be For varying s these form a rau system. 


5.48 We now give some examples for the period morphism. We start with 
the Drinfeld example (3.58). We will compare the period map (5.16) in 
the Drinfeld case to the map given in [Dr2]. This compatibility result was 
communicated to us by G. Faltings. We keep the notation of (1.44): D, Fye: 
F+Q, CC,,E=c(F),7EF 0 € D,r. The invariant of D is 1/d. 

In (3.54) we constructed a crystal (M, V, F) of a special formal Op-module 
X over Fy. Let MC M be the associated r — Wr(F,)-crystal with oper- 
ators V and F. We identify the Or-module of invariants MiYSe with OF 
(3.73). By (1.46) the period space 24 in this example consists of the points 
of Lei which do not lie on any F-rational hyperplane. 

By (5.16) we have a map of rigid analytic spaces over E: 


wt: M9 —. 04 @p. E. 


Let K C C, be a finite extension of Ko, which contains e(F). Then wt is 
defined on the K-valued points as follows. A point of M9 is given by a 
special formal Op-module X over Ox, and a quasi-isogeny 9: Xr — XR 
over the F,,-algebra R=Ox/pOx. We use @ to identify the isocrystals of 
Xpand Xr. Hence the value of the isocrystal of Xp at the PD-extension 
SpecR — SpecOx is identified with Ma @x, K. The Hodge filtration 
associated to X gives a map 


Ma @x,K— Lie X Go, K. 
By the decompositions in (3.56) and (3. 58) we find a point of P4(K), 
F4=MBY - LieX @o, K. 


It is weakly admissible by Fontaine and therefore in Q¢(K). This defines 
the image of (X, @) under 7. 


5.49 On the other hand we have Drinfeld’s period map, which is defined by 
the isomorphism 


M — Et xsppor Spf Ox. 


266 CHAPTER 5 


By (3.71) we have a canonical isomorphism of rigid analytic spaces cy A 


Q4 x Z. Hence we get the Drinfeld period map 
Ripe M9 SS OF @r es 


On the K-valued points this map is explicitly described as follows. Let M 
be the Cartier module of the p-divisible group X over Ox. Let MC M be 
the Cartier module relative to Op and N = a M/U together with the 
operator y the module defined by (3.75). Let T be any artinian quotient of 
Ox and X7, Mr, Mr, Np, etc. the objects obtained by base change. Then 
by Drinfeld [Dr2] (compare 3.65) for any surjection T — T we have an 
isomorphism 


Considering the degree zero part with respect to the Z/d-grading we get a 
map 


NF, ,0 Cc lim N79 = No a Mo/V Mo (5.9) 
rf 


(xo,..-,24) —+ 2% mod VM. 
The quasi-isogeny X — Xp, provides us with an isomorphism 


Fl= MoQ Eat NF ,,0 Sor F. 


Combining this with the map (5.9) we get the definition of the Drinfeld 
period of (X, a): 


F4 = np) @0p F —+ Mo/VMo @o0x K = Lie’X @0, K. (5.10) 


To show that this map coincides with the period given by 7?, it is enough 
to verify that the map deduced from (5.10) 


Mf,0 ® Q= nF, 0 @or. Wr(Fp)q — Lie°X Go, K 


coincides with the period map given by proposition (5.26). 
Let T be any quotient of Ox. Consider the maps 
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Mr —> Np—> Mr 
m +— (m,0...0) 
(mo,...,Ma-1) > T4-*mp + 4-2Vmy + ---+ V4! mg_1 


We have 10 A = II?! and Aor = I?! Hence 1 ® Q is an isomorphism 


Mr ®Q~N7@Q, (5.11) 


which we use to identify these modules. It is easily checked from the defining 
relation AL = F for the operator L, that » induces on the left hand side of 
(5.11) the operator IIV~!. Hence from (5.11) we get an inclusion ne ,,0 C 
Mo ® Q. Its composition with the canonical map Mp @ Q — Lie°X @Q 
is the Drinfeld period. The coincidence of the period maps follows if we 
show that this composition np, 9 > Lie’ X @ Q coincides with the map 7 of 
proposition (5.26). More precisely 7 is the map associated to the extension 
of Cartier modules 


0 —+ C(pLieX) —- Mx — Mx, —0, 


where R = Ox /pOx. 

Let m € np, 9 C Mp, ® Q. The inclusion np, 9 C M @ Q provides us with 
a lifting m € M @ Q, which satisfies Im = Wm. The claimed coincidence 
would follow from the equation 


‘ 


Ti == I. (5.12) 


Here the notation 7 has the meaning of (5.25). Since M is torsion free as 
an abelian group we may assume that mE MCM@Q. 

We s set n = [F' : Q,]. Then the equation Vm = IIm implies Vim = =epm C 
F Mg, since II? ¢(F/Qr) = ep, with e € Of. Since the same equation holds 


for m we conclude 
o,V"" 4m = V'"4m mod p’-*C(pLieX) 
and 


Fg. VI" ra prem mod pr? +"-hC(pLieX) ; 


where h is defined in (5.21). Hence we obtain 
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~ : 1 nrd — phnd 
Tangm = him. raha Ness y mn; 
This proves (5.12) and finishes the proof that the period map used by us 
agrees with Drinfeld’s. 


5.50 We now consider the moduli problem of formal Or—modules of di- 
mension 1 and height d, cf. (3.78). In this case the period morphism was 
constructed by Gross and Hopkins [HG1,2] in a different way which is, how- 
ever, essentially equivalent to our definition. It is a morphism 
t:M —+ PE? x Z. 

We noted in (1.48) that all points in the target space are weakly admissible. 
On the other hand, Laffaille [L] has proved Fontaine’s conjecture in the 
one-dimensional case, i.e. for formal O—modules of dimension 1. (In [L] he 
only considers the case O = Zp, but the proof seems to work in the general 
case.) 

The moduli problem is of type (EL) hence there is no twisting, i.e. G’ = 
G = Respjq,GLla. Let K C GLa(F) be an open and compact subgroup and 
consider the period morphism which is equivariant with respect to the action 


of the multiplicative group of the central division algebra with invariant 
= 1(mod d) over F, 


tk > Mx —> PE! x Z. 
It follows that 7 is a surjective étale morphism, with fibres of the form 
tr (tk (x)) = GLa(F)'/K. 
Here GLa(F)' = {9 € GLa(F); det(g) € OX}. 


5.51 We now consider the period morphism for the example considered in 
(3.80) resp. (1.50). We continue to use the same notations. In this case we 
had a decomposition into a disjoint sum 


M = I] Mn 92). 
GLn(Qp)/GLn(Zp)XGLn(Qp)/GLn(Zp) 
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We abbreviate (M(1))r#9 into M° and consider the restriction # of the first 
component of the period morphism to M?, 


a: M° = (Spf W(F>)[[Tin,---,Tan]])""7 — Grassn(V @ Ko). 


The source of this morphism is identified with the open unit disc of dimen- 
sion n?. The period morphism in this case is due to Dwork (comp. [Kal]). 
The weakly admissible subset was determined in (1.50). It is the big cell 
formed by the subspaces transversal to Vy C V. Let 


ih ee ere 


be the canonical coordinates on the big cell An oie, Tj is the function 
corresponding to the element in Hom(V_,V;) which sends e; into en4; 
and all other basis elements to zero. Recall from the proof of (3.81) the 
rigid—analytic functions on M?, 


yy: Ie Sey 
Proposition 5.52 The period morphism 7 is given by the following for- 
mula, 
a (75) = log gz, -4,3 = Lj yt 
Proof: Let 


V : Mx! —> Mx! @ Uo x, 


be the Gauss—Manin connection on the Lie algebra of the universal extension 


of the universal p—divisible group. Its sheaf of locally constant sections is 
the constant sheaf V @ Ko. Let F be the universal Hodge filtration, 


0+ F > MY = Lie (X)*? 0. 


Since F is transversal to V;@Ko at every point, F projects isomorphically to 
V_ @Oyyo (where the latter is considered as the quotient by Vj ®Oy4o). Let 
w; be the global section of F projecting to e; @1 € V_ @Oyo, t= 1,.-.,n. 
Then obviously, 


Wi =e @1+) ensj @ (Tij 07). 
j 
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Hence 


V(wi) = ees Gay; oF), 1 Tae: 
] 


On the other hand, by Katz [Ka3], 4.3.1., 


V(wi) = Sia ® dloggij, #= 1,74, nN: 
j 


The result follows since both functions in (5.52) vanish at the origin. For 
the right hand side this is obvious. For the left hand side it follows from 
the fact that F, = V_ @ Ko since the origin corresponds to the canonical 
lifting G?, x (Qp/Zp)” of X to W(F,). 


5.53 In the examples (5.50) and (5.51) the period morphism is not quasi— 
compact. In fact, in these cases the fibres of 7 are infinite. We now give 
an example which seems to show that the phenomenon that 7 may not be 
quasi—compact, lies deeper. 

We take up the example of type (EL) with rational data introduced in 
(1.49)(i), for integers r and s such that r+ s is prime to d. The corre- 
sponding variety F is defined over E = Q, and is an unramified twist of a 
Grassmannian, 


F XspecQ, Spec Ko = Grassq_,(W). 


Here W denotes a d—dimensional Ko—vector space. There is only one choice 
of a lattice chain £ possible. We denote by M the corresponding formal 
scheme over Spf W(F,). We have a decomposition of M according to the 
height of the quasi—isogeny @, 


M = TT. 
neZ 


We consider the first component of the period morphism restricted to one 
of these summands, 


mn). (nrig _, Grassq_,(W). 


In this case there is no twisting, i.e. G = G’, and Kg is the unique maximal 
compact subgroup of G(Q,). Furthermore, Kg is the stabilizer of M(™#9 in 
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the group of Hecke correspondences. Proposition (5.37) implies that 1) is 
injective on points. On the other hand, we noted in (1.49)(i) that all points 
of Grassq_,(W) are weakly admissible. A slight variant of proposition 
(5.28) shows that 2(") is surjective, provided that M(™ri9 is non-empty 
and that Fontaine’s conjecture holds true. Therefore under this hypothesis, 
if x") were quasi—compact it would follow that 7”) is an isomorphism. This 
is absurd since the rigid—analytic finite étale coverings M cx of M9 would 
define non-trivial algebraic étale coverings of the Grassmannian, which is 
impossible. We therefore see (assuming the above hypothetical statements) 
that the period morphism is not quasi-compact in a very serious sense in 
this case. 


5.54 We conclude this chapter with some more details on the conjecture 
in (1.37). We return to the general setting of (1.37). We therefore fix 
an algebraic group G over Q, and a conjugacy class of cocharacters and 
denote by F the corresponding partial flag variety over the Shimura field E. 
Let 6 € G(Ko) and let J be the corresponding algebraic group over Q,. We 
had constructed a 1—cocycle with values in G which measured the difference 
between two fibre functors on REP(G), cf.(1.19). The class of this cocycle 
should only depend on the conjugacy class of p, cf. (1.20). Let G’ be the 
corresponding inner form of G (defined by the image 1—cocycle with values 
in Gaa). The conjecture in (1.37) would define a G’(Q, )-equivariant tower 
of rigid—analytic étale coverings of (F;°)’, where (F;'°)’ maps to F;'* by 
a bijective étale morphism, 


{Mcz,x; K’ C G'(Qp)}, 


where each member is equipped with a lifting of the action of J(Q,) on 
Fy’. | 

We also mention the following speculation. Assume that 6 is basic and 
denote by G = J the corresponding inner form of G. We also assume 
that the 1-cocycle measuring the difference between the two fibre functors 
is trivial, so that G’ = G. Let {Mx;K C G(Q,)} be the corresponding 
tower. We identifiy Gx, with Gx,. Let 6 € G(Ko) correspond to 67? 
under this identification and let the conjugacy class of cocharacters jt of 
G correspond to y~! under this identification. The corresponding partial 
flag variety F is the opposite of F. Since the pair (b, jt) satisfies the same 
hypotheses relative to G as (b,p) relative to G and since the inner form 
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of G defined by b is equal to G, we obtain a tower {Mz;K C G(Q,)} 
of étale coverings of (#; °)’ on which G(Q,) acts as a group of the Hecke 
correspondences and with a lifting of the action of G(Q,) on F;°. The 
conjecture is that there exists a rigid—analytic space X with an action of 


G(Qp) x G(Q,) such that 
Mx = X/K (K C G(Q,)),Mg = X/K (K c G(Q,)), 


compatible with the actions of G(Q,) and G(Q,) on both sides. This is 
the natural generalization of a modification of a conjecture of B. Gross. 
That Gross’s original formulation had to be modified was pointed out by 
Drinfeld. Gross was considering the case where (G,b, 1) is the Drinfeld 
example, cf.(1.46) and (3.54). In this case (G,6, jt) leads to the moduli 
problem of formal Or—modules of dimension d — 1 and height d (dual in 
some sense to the moduli problem of formal Or—modules of dimension 1 
and height d considered in (5.50)). 


6. The p-adic 
uniformization of Shimura 
varieties 


In this chapter we establish non-archimedean uniformization theorems for 
Shimura varieties. We define a global moduli problem and prove a non- 
archimedean uniformization theorem for its formal completion along an 
isogeny class. In the case of a basic isogeny class this theorem can be 
strengthened considerably. Finally we establish a p-adic uniformization the- 
orem under very special hypotheses. 


6.1 In this chapter we use different notations. Let B be a finite dimensional 
semisimple algebra over Q. Let + be a positive involution on B. Then the 
center F of B is a product of C'M fields and totally real number fields. Let 
V be a Q-vector space with an alternating bilinear form ( , ) with values 
in Q. Assume that V is equipped with a B-module structure, such that 


(bv, w) = (v, b*w), v, wEV, bEB. 
Let G C GLp(V) be the closed algebraic subgroup over Q, such that 


G(Q) = {9 € GLa(V) | (gv, gw) = c(9)(v, w), e(9) € Q}. 


We set S = Resc/pGm,c. Leth: S + Gr be a morphism that defines 
on Va a Hodge structure of type (1,0), (0,1), such that (v,h(/—1)w) is a 
symmetric positive bilinear form on V@R, i.e. the Riemann period relations 
are fullfilled. We get a decomposition 
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Ve = Vo,c ® Vic (6.1) 


where S acts on Voc via the character z and on Vi,c via z. These data 
define by Deligne [De] a Shimura variety over the Shimura field 


E = QU{Tre(b| Vo,c)}sen] 


In fact we denote here by h, what is hj! in the notation of [De] 4.9., where 
ho denotes the composition of hg with the complex conjugation S — S. 
But we retain the same reciprocity law as in [De], i.e. the reciprocity law 
obtained from h~! by loc. cit. 3.9.1. 

Making suitable hypotheses for the prime number p that ensure good re- 
duction, Kottwitz [Ko3] defines a moduli scheme of abelian varieties that 
is defined over Og @ Zp). The general fibre of the moduli scheme contains 
the Shimura variety mentioned above as a connected component. The other 
connected components are Shimura varieties too, but they may correspond 
to different groups. 

We will consider the moduli problem of Kottwitz but for less restrictive 
conditions on p. 


6.2 We consider an order Og of B, such that Og ® Zp is a maximal order 
of B®Q,. We assume that Og © Z, is invariant under the involution. The 
existence of such an order is a condition on p. Assume that we are given 
a selfdual multichain £ of Og ® Z,-lattices in V ® Q, with respect to the 
antisymmetric form (, ). 

Let C? C G(A‘) be an open compact subgroup. We fix embeddings Q — C 
and Q -> Q,. The v-adic completion of the Shimura field £ will be denoted 
by Ey, C Q,- 

Using the isomorphism Sc ~ C* x C*,z+— z x Z, we define p to be the 
composition 


eye Pen go eee 
Let K C Q, be a finite extension of Q,, such that (6.1) is defined over K, 
Vk = Vo @ Vj. 


Let V be the Zp-scheme that represents the functor R+ Og @z Ron the 
category of Zp-algebras R. Then as in (3.23), a) we may view 
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detx (0; Vo), b EB 


as a morphism of schemes Vo, — Ao,: One verifies that this morphism 
is defined over Og,. 


6.3 We will work with a category AV, which is defined as follows: The 
objects of AV are pairs (A,z), where A is an abelian scheme over some base 
S and z is a homomorphism 


t:OB8® Z(p) — EndA® Zip): 


The homomorphisms between two objects (Aj, 11) and (Ag, 42) are homo- 
morphisms between abelian varieties that respect the Og-actions, tensored 
with Z(p) 


Homay (Ai, A2) = Homa, (Ai, A2) ® Zip). 


We call AV the category of abelian Og-varieties up to isogeny of order 
prime to p. It is a fibred category over the category of schemes. An isogeny 
in AV is a quasi—isogeny of abelian schemes relative to some base scheme 
S, which is a morphism in AV. We note that the p-divisible group of an 
object of AV is well-defined, i.e. functorial. An isogeny A; — A? defines an 
isogeny of the corresponding p-divisible groups X; — X2 in the usual sense. 
We define the kernel of an isogeny A; — Az over a base scheme S to be the 
kernel K of X; — Xp. Then K is a finite locally free group scheme whose 
order is locally a power of p. Let B@Q, = [];-; Bi be a decomposition 
into simple algebras such that 


Op ® Zp = II Oz; : 
Then K decomposes into a product of finite locally free group schemes 


08 ie 


where Og acts on K; via the projection to Og,. Assume that the order of the 
group schemes K; is constant on S. Then we denote by hx(2),i=1,...,r 
the height of Kj, i.e. p’* is the order of the finite locally free scheme Kj. 
We call the function h(i) = hx (i) the height of the isogeny Ay — Ad. 
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6.4 Let A be an object of AV with Og-action by v. For an element a € B* 
that normalizes Og @ Zip) we define as in the local case a new action 
17(b) = u(a~*ba), bE Og. 

We use the notation A® for the object (A, +). The multiplication by ¢(a) is 
a quasi—isogeny in AV 

a: A* —A. 
We have a canonical identification (A%?)*! = A%:%?. If (A, x) is an object of 
AV, we define an action of Og on the dual abelian variety A by the formula: 

ib) = 4(b")o. 


Hence A becomes an object of AV. For an element a € B™ that normalizes 
Og © Zp) we have a natural identification 


eT rere ee 
A polarization of an object A of AV is a quasi-isogeny 4: A — Ain AV, 
such that nA for a suitable natural number n is induced by an ample line 
bundle on A. We call the polarization principal if A is an isomorphism 


in AV. The condition that respects the Og-action is equivalent to the 
condition that the Rosati involution induced by J is the given involution +. 


Definition 6.5 Let L be a multichain of Og ® Zp-lattices in V @ Q>. A 
L-set A of abelian varieties is a functor from the category L to the category 
AV 

Ait An, own 2 An — Ane, 


such that the following conditions hold. 
(1) @a',a 18 an isogeny of height h(t) equal to log, |Ai/Ail. 


(ti) For anya € BX N(Ozp @ Zip)) that normalizes Op ® Zp) there are 
periodicity isomorphisms 64, such that the following diagrams are com- 
mutative 
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: Ai, — Aaa 


It follows easily that the isomorphisms 04 are uniquely determined and 
functorial in A. For any two lattices A’, A € £ there are quasi—isogenies 


Ova: Aa — Aa, 


such that for any A” C AN A’, A” € L we have 


QA, A! O° CAA" = CAVA”. 


With this definition there are isomorphisms 0, for any a € B™ that nor- 
malizes Og ® Zp), such that the diagram under (ii) is commutative. 


Let us now assume that C is a polarized multichain. To any C-set of abelian 
varieties a dual £-set A is defined as follows: 


An = '(Aa-)* 
Ona = (@n,a>)" 
Buttery lea=4-3 yo) 


Definition 6.6 A polarization of an C-set of abelian varieties A = {Ay} 
is a quast-isogeny of L-sets, t.e. a rational multiple of an isogeny of L-sets 


A:A— A, 


such that the morphism 


Ai chi GAOL ALE A i) 


is a polarization of the abelian variety Aq for each A. The polarization ts 
called principal if A, is an isomorphism in the category AV for each A. 


A polarization satisfies the symmetry condition 


x ate Ae 


Indeed this follows from the commutative diagram 
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AA 


An (Aa-)* 
OA*,A (@a+,a)* 
Aa+ (Aa)* 
Nite 


and the symmetry of the polarization (ga+,,)* 0 Aq. 


Definition 6.7 A Q-homogeneous polarization is a set \ of quasi-isogenies 
of L-sets of abelian varieties 


yee | 


such that locally two elements of X differ by a factor from Q* and such that 
there exists \ € X, such that X is a polarization. If \ may be chosen to be 
principal the Q-homogeneous polarization is called principal. 


6.8 Assume we are given an £-set A of abelian varieties over an algebraically 
closed field. For 1 # p the rational Tate module Vi;(Aqa) = Ti(Aa) @ Q is 
well-defined by the isomorphism class of A, in AV. Moreover the quasi— 
isogenies ga’, define isomorphisms V;(Aq) ~ Vi(Aa’). Hence the rational 
Tate module V;(A) of the £-set A is well defined. We will also denote it by 
H(A, Q;). As usual we can form the restricted product 


H,(4,A%) = (In) @Q. 


lZp 
Again this is well-defined independently of A. If A is given over any base S, 
we view H(A, A}) as a Al-sheaf for the étale topology. If A is polarized 
there is the Riemann form 
Hy(A, A‘) x Hy(A, A‘) —— A‘ (1) . 
We are now ready to define a moduli problem of abelian varieties associated 


to the set of data 


(B, Os, V,( ) } py 6, CPyv) 
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over the ring of integers Og, of the completion of the Shimura field at the 
place v. 


Definition 6.9 A point of the functor Ac» with values in an Op, -scheme 
S is given by the following set of data up to isomorphism. 


1. An L-set of abelian varieties A = {Ay}. 
2. A Q-homogeneous principal polarization X of the L-set A. 
3. A CP-level structure 

np: Hi(A, At) ~ V @ A} mod C? 


that respects the bilinear forms on both sides up to a constant in (A‘)* 
(Kottwitz [Ko3] §5). 


We require an identity of polynomial functions for each A 


(i) deto,(b; LieA,) = detx(b; Vo), be Og 


The representability of the functor Ac» by a quasiprojective scheme over 
Or, follows from Mumford’s theorem in a standard way (Kottwitz [Ko3] 
§5). For varying C? the schemes Ac» form a projective system A. The 
transition maps Agr — Ace for C? C C§ are finite. They are étale if C} is 
small enough, i.e. is contained in a principal congruence subgroup of level 
N > 3,(N,p) = 1. We define a right action of G(A4) on A. An element 
g € G(A) acts on A by morphisms 


g: Ace — Ay-1¢7, 
which are defined by (A, \,7)g = (A, X, 971m) on the S-valued points. 


6.10 Assume that p is locally nilpotent on S. Then we denote by Ma the 
Lie algebra of the universal extension of Ax. We have shown ((3.23), c)) 
that by the condition (i) we have locally on S an isomorphism 


Mx ~A®Os 
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of Op ® Og-modules, and that for any two neighbours A C A’ of L we have 
locally on S 


Mn /Ma ~ A'/A@Os. 


Assume that S is the spectrum of an algebraically closed field of charac- 
teristic 0. Then for each A the p-adic Tate module 7,(A,q) is well-defined. 
Again the condition (i) implies that there is an isomorphism of Og-modules 


Tp(Aa) ~A. 


Indeed, for this it is enough to show that there is an isomorphism of B- 
modules 


Vp(Aan) ~ V @Qp. 


To show this we may assume that the Og, -algebra Os is equal to the Oz, - 
algebra C. For 6 € Og we get an identity in Q in the sense of the chosen 
embeddings 


deta, (b; Vp(Aa)) = detc(6; Hi(A, C)) 
= detc(b; LieA,) + detc(b; LieAa) 
= detc(b; Vo,c) + detc(b; Vi,c) == deta(b; V), 


which implies the assertion. It is also a consequence of the existence of a 
CP-level structure. 

Consider again the decomposition of B into simple algebras over Qp, cf. 
(6.3). It induces a decomposition of the Tate module 


Ty(Aa) = T] T(A)aa- 
t=1 


Let A C A’ be neighbours in our multichain. The periodicity isomorphisms 
Oq imply that T,(A),:/Tp(A)a, is a vector space over the residue class field 
ki; Of Op,;. By the condition on the heights of definition (6.5) (i) the di- 
mension of this vector space is equal to the dimension of the «;-vectorspace 
A‘ /A;. Hence we get an isomorphism of Og,-modules 


Tp(A)as/Tp(A)a, = AG/ As , 
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and hence an isomorphism of Og-modules 


Tp(Aa‘)/Tp (Aa) peas A’/A : 


Therefore the £-sets of our moduli problem satisfy stronger conditions than 
those of definition (6.5). 


Definition 6.11 An L-set of abelian varieties A over a base scheme S is 
called a C-multichain of abelian varieties if for any lattice A of L and for 
any patr of neighbours A C A’ of L the following conditions hold 


(t) For any geometric point n of S of characteristic different from p there 
are isomorphisms of Og-modules 


Tp(Aan) = A, Tp(Aarn)/Tp(Aayn) = A'/A 


(ii) For any geometric point n of S of characteristic p there are isomor- 
phisms of 


Op ®z, On-modules 


Mayn~A QZ» On, Marn/May ~ A'/A @z, Oy ; 
where My, denotes the Lie algebra of the universal extension of Ay 1. 


We may replace the word £-set by £-multichain in the definition (6.9) with- 
out changing the functor Ac». 


6.12 Let us denote by « the residue class field of Op, and by & its al- 
gebraic closure. We consider a point of Ac»(k), which is given by the 
data (Ao, Xo, 70). We will give a description of the set of points (A’, v7’) 
which are isogenous to (Ap, Xo, fo), i-e. such that there exists a quasi—isogeny 
Ap — A’ that respects the Q-homogeneous polarizations. Let us fix a prin- 
cipal polarization A € Ao, and an isomorphism 1 € jo. 

Let Ko be the field of fractions of W(K). Let N be the isocrystal associated 
to Ag. The principal polarization induces an antisymmetric polarization 
form on N. There is an isomorphism of B ® Ko-modules 


N~V®@Ko (6.2) 
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that respects the antisymmetric forms on both sides. Indeed, the polarized 
multichain of abelian varieties Ag = {Aoa} induces a polarized multichain 
of Op ®z, W(k)-lattices in N. Since the scheme Spec W(k) does not have 
nontrivial etale coverings, it follows from theorem (3.16) that this multichain 
is isomorphic to the standard multichain L@z, W(k). Hence we get a fortiori 
the isomorphism of B @® Ko—modules above. 

In the discussion that follows the isomorphism above will be fixed. The 
Frobenius operator F on the left hand side may be written as 6 @ ¢@, for a 
uniquely defined 6 € G(Ko). Moreover we have by construction c(b) = p 
(compare (3.20)). Let M be the formal scheme over Oj, associated to the 
data (F, B,Op,V,6, u,£) and M = lim M, be the formal proscheme over 


Or, constucted from M. 


v 


6.13 We are going to define a morphism of functors over Nilp Og, 
M x G(A*) ———? Acp 


such that the image of the &-valued points are the points of Ac»(k) that 
are isogenous to (Apo, Xo, To): 

The definition is based on the following construction. Let A’ an object 
of the category AV of abelian Og-varieties up to isogeny of order prime 
to p over a base scheme S. Let X’ be the p-divisible group of A’. Then 
to any quasi-isogeny € : X' — X” of p-divisible groups over S with an 
Og ® Zp-action there is an object A’’ of AV whose p-divisible group is 
X" and a quasi-isogeny A’ — A” that induces X’ — X”. The arrow 
&, : A’ — A” in AV is uniquely determined. We will use the notation &, A’ 
for A’. If A’ carries a polarization \’ we will use the notation €,’ for the 
polarization (€5')*N E71. If S is a Zp)-scheme and A’ has a rigidification 
n: V?(A’) —+ V @ AX, we denote the rigidification n o V?(€z!) by &n. 
Clearly this construction is functorial in €, 


(€2€1)4A’ = Eon (E14A’). 


6.14 Let x be the polarized p-divisible group over & used to define the 
functor M. Its polarized isocrystal is identified with (V @ Ko,b @o) ~ 
(N,F). There is an object A € AV which is isogenous in AV to. Ao,a and 
whose p-divisible group is isomorphic to X. It is well-defined up to isogeny 
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of order prime to p and it inherits a Q-homogeneous polarization Ay and a 
rigidification 9 from the quasiiaogeny A — Ao.,. We fix a lifting X of X 
to the Witt ring W(x) = W and denote by A the corresponding lifting of 
A. 

Let (Xa, oa) be a point of M(S). Then each gq lifts to a quasi-isogeny 
0a : Xs — Xa. Applying the construction given above we obtain a polar- 
ized £-multichain of abelian varieties (6,).¥As = Aa. The rigidification of 
V?(A) obtained from jo carries over to a rigidification of V? (Aq) denoted 
by (@a)«Mo- 

Hence we have constructed a morphism of functors on Nilpo ty 


@:M x G(Ah)/C? —+ Ace x Spec On, (6.3) 
(Xa,0x)xg + (A=(Ga)eAs, 97*(Ga)«i0) 


The morphism @ is equivariant with respect to the right G(A‘)-action on 
the projective systems on both sides of (6.3). 


6.15 Let us denote by I(Q) the group of quasi—isogenies in End%y(A) that 
respect the given homogeneous polarization. Here we view I as an algebraic 
group over Q. By (6.12) the polarized isocrystal of A is identified with 
(V ®Ko, bc). Let us denote as before by J(Q,) the group of automorphisms 
of the isocrystal (V ® Ko,bo) that respect the polarization form up to a 
factor in QX. We obtain a homomorphism 


ap : I(Qp) — J(Qp). 


On the other hand we have a homomorphism 


a? : I(Q) — G(A$) 


which is defined by the following commutative diagram 


ages 
VP(A) oa VP(A) 
Ue) 10 
V® Al V® At 
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for € € I(Q) and some choice mo € Ho which is fixed. 
We define a left action of the group [(Q) on M x G(A‘) 


(Xa, 0a) X g + (Xa, On 0 p(E~*) 5) x a? (E)g. 


We claim that two points in the same orbit of [(Q) have the same image 
by ©. Indeed, since the quasi-isogeny ap(€~') : X — X is induced by the 
quasi—isogeny of abelian varieties €~! : A + A we have (€~'),A =A. It is 
clear that this equality respects the polarization. It follows that there is a 
canonical isomorphism 


(0A 0 ap(E~!)s)xA = (on)sA.- 


We need to verify that the induced rigidifications on both sides are the same 
if we multiply the left hand side by g~'ap(€~") and the right hand side by 
g~'. This follows from the equality 


gap (€~")n0Vp (EGR a) = 9 10Vp(2h a) 
where @a,a : Ag — Ay 5 = (@a)sAg denotes the isogeny that induces ea 
on the p-divisible groups. 
Hence the map O factors through a map 


1(Q)\M x G(A‘)/C? — Acer x SpecOx, . (6.4) 
We call this map the uniformization morphism. It depends on our choices 
(Ao, Ao, 70) and the isomorphism (6.2). 
Source and target of the uniformization morphism have an effective Weil 
descent datum relative to Ox /Oxz,. We will prove that (6.4) is compatible 
with these descent data. 
First we verify that © is continuous in the following sense. 


Proposition 6.16 Let S € Nilpo,, be an affine scheme. Then there exists 


a natural number t € N, such that @(S) : M(S) x G(A%)/C? — Ac»(S) 
factors through M;,(S). 


Consider the quasi-isogeny y, cf. (3.41). It is defined for sufficiently divisi- 
ble s. We have the relation 


(Yet) = (78)". 
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We postpone the proof of the proposition above and first show several lem- 
mas. 


Let us consider the natural injection 


End°A @q Q, © End°X. 


Lemma 6.17 The endomorphism y, of X lies in the center of the algebra 
End°(A) @ Q,. It satisfies the equation 


Iss =P. 


Proof: The homogeneously polarized abelian variety A is obtained from 
some A over F,. Replacing F, by an extension we may assume that 


End°A = End°A. 


Let X be the p-divisible group of A. Since the slope decomposition is 
defined over any perfect field we have y, € EndX. We conclude 7, € 
End? A @ Q,, since by a theorem of Tate End°X = (End°A) @ Q,. The 
remaining statements of the lemma are obvious. O 


We remark that y, is even in the maximal order of the center of (End°A) @ 
Q,-. Indeed this follows because there is a crystal isogenous to that of X that 
splits into a direct sum of isotypic components and therefore is invariant by 
Ys- 

Let us denote by Z the center of End°A. Let 7, be the image of y, by the 
natural inclusion 


Z@Q, — Z@ASF. 


Lemma 6.18 For any congruence subgroup Cz C (Z @ Ay)”™ there is an 
element z € Z and a natural number r, such that z = yf mod Cz and 


Lt ae ae 


Proof: The image of 7; in the finite group Z*\(Z@A,;)*/Cz has some finite 
order r. Hence there is an element z € Z, such that z = 7 mod Cz. To 
find in addition a z that satisfies z-z* = p’* we may assume that the group 
Cz is invariant under conjugation. Let p be the image of p by the map 
Z@®Q, > Z@ Ay. We find that 
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(z : z*)*(ys75)" es (zz*)~1pr* E Oe 


Since some power of pp~' is contained in Cz we get that for a possibly 
bigger r we have (zz*)~!p"’ € Cz. The last element is a unit in Z. The 
topology induced by the congruence groups on the group of units is the 
profinite topology. For small Cz our element is therefore in the group of 
units of the maximal real subfield of Z and is there a square 


(22°)r pis ue, aa 


The desired element is z - u. O 


Let us denote the rigidification of V?(A) obtained from the rigidification no 
of V?(Ao) by the same letter. We do the same with o. 


Lemma 6.19 There is an isomorphism of homogeneously polarized and 
rigidified objects of AV for a suitable natural number r 


(75 )a(A, Xo, No) = (A, Xo, To) : 


Proof: The element z of the last lemma induces an isogeny z : A — A 
that respects Ap and jo. Hence we get an isomorphism zx(A, Ao, To) = 
(A, Ao, 70), where the last z denotes the quasi-isogeny z : X — X. If 
we prove that (y7z~1).(A, Ao, 70) ~ (A, Ao, fo) we are done. For this it 
is enough to show that 7%7z~! : X — X is an isomorphism. But this is 
certainly an isomorphism if (77 z~!) is in a sufficiently small open compact 
subgroup of (2 ®Q,)*. Indeed we have a continuous faithful representation 
on the Q,-vectorspace N. For the small open subgroup we may take the 
inverse image of the subgroup of Auta, N that fixes the lattice of N given 
by the crystal M of X. Hence we are done if we choose Cz,» small enough. 


O 


We can strengthen the last lemma as follows. Let k > 1. Let A, be the 
restriction of A to Ox /p*Ox . 


Corollary 6.20 For a suitable number r we have an isomorphism 


(75 )«(Ax, Ao, fo) ~ (Ax, Ao, jo) 
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Proof: The proof we have just given works, if we can show that gent 
induces an isomorphism of the p-divisible group X, of Ay. For this it is 
enough to show that 7,271 lifts to a homomorphism. By a theorem of 
Grothendieck and Messing this is the case if y7z~! respects the Hodge fil- 
tration on M®o,, Ox, /p*. But a sufficiently small compact open subgroup 
of (Z ® Q,)* acts identically on the last space. This proves the corollary. 

Proof of proposition (6.16): Let (Xa, ea) bea point of M over a Ox/p*Ox- 
scheme S for some natural number k. Let 0, : X%,5 + Xa be the quasi- 
isogeny that lifts a4. Then the proposition asserts that for suitable r 


(x77 )w(Ax, Ao, flo) = Ga»(Ak, Ao, fo) - 


But this is obvious by the last corollary. O 


Theorem 6.21 The morphism (6.3) defines a morphism over Spf Og, 
©: M x G(A¥)/C? — Ac» , 


where the left hand side is the pro-formal scheme over Og, given by (3.51) 
and the right hand side is the p-adic completion of the scheme Ace. The 
action of I(Q) on Mx G(A>)/C? given by (6.15) descends to an action of 
I(Q) on the source of the above morphism and © is invariant with respect 


to this action. 


Proof: We need to verify that the action of the group J(Q) and O commute 
with the descent data given on both source and target of the arrow above 
and that I(Q) acts on the schemes M;. The assertions for I[(Q) hold 
because they hold for the action of J(Q,) by definition (3.22). To show the 
assertion about © let us first recall what the descent data on Ac» relative 
to Ox /Oz, is. Let us denote by r : SpecOz, — SpecOx, the morphism 
induced by the Frobenius automorphism of E, relative to E,. 

Let S be a Ox, -scheme and denote by y : S — SpecOy, the structure 
morphism. Let Sj;] be the same scheme as S but with structure morphism 
ry. Then the natural descent datum on Ac» x SpecOx, is given by the 


map 


Acr (S) —? Ac»p (Str) 


that views a polarized multichain A, on S as a polarized multichain on 5,,}. 
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It is enough to show that the restriction of the map © to M x1 is compatible 
with the descent data, 


M(S) — Acr(S). 


Let us first assume that S is a scheme over Oy/pOy. Let (Xa, ea) be a 
point of M(S) and let ea.«~*(A, Ho) be its image by the above map. The 
descent datum on M associates to (Xq, oa) the point (Xa, oxy*(Frob;')). 
Hence we have to show that the following points of Ace (S[;]) are the same: 


(oap*(Frobz'))+9"7*(A, fo) = onxe* (A, fo). 


This reduces to the obvious fact that there is an isomorphism 


(Froby’)«7*(A, fo) = (A, Mo). 


In the general case let us denote by (Aq,n) be the polarized rigidified 
multichain associated to the reduction (Xq, oa) of (Xa, ea) by the above 
map. Then the image of (X,q,e@q) is just given by the lifting A, of A, 
that is determined by the lifting X, of the p-divisible group Xq of Ag. 
Hence if we know that the images of (Xq, a) and (Xa, eng" (Frob;')) are 
isomorphic we know the same for the images of the points (X,, oq) and 
(Xa, eay*(Frobz')). Hence the proof of the theorem 6.21 is finished. O 


6.22 Let X be a scheme. We consider a family of closed subschemes J = 
{T;}, ¢J> such that each T; meets only finitely many members of TJ. Then 
we define the completion X/T of X along T as follows. For any point 
re User Ti we define 


mo-(yr(ys 


This is a locally closed subset of X. The underlying topological space of 
X/T is to be Use Ji with the inductive limit topology, i.e. a subset UC 
U; eq Li 1s open, iff T; NY is open for each i. The formal open subscheme 
of X/T with the underlying topological space T(x) is defined to be the 
completion of X along the locally closed subset T(z). 
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Theorem 6.23 Let I be the set of I(Q)-orbits of irreducible components of 
M x G(A‘)/C?. Let us denote by T; the image of any irreducible component 
in the 1(Q)- orbit 1 € I by the uniformization morphism (6.4). Then each 
Tj ts a projective subscheme of Ac» x Spf Oy, that meets only finitely 
many members of the family {T; el = = T. The morphism © induces a 
G(A})- —equivariant isomorphism of sheaves for the étale topology, 


: I(Q)\M x G(A})/C” — (Ace x Spf Ox,)/T. 


We note that a geometric point of Acr x Spf Oj, is in the union of the 
sets Tj, iff the underlying Q-homogeneously polarized Og-varieties A, are 
isogenous to (Ao, Ao). 


Proof: We remark that the map is formally étale. This is easily verified, 
because quasi-isogenies of p-divisible groups extend to infinitesimal neigh- 
bourhoods in the category Nilpo,, - 

Since the map is compatible with the action of G(A} ) it is enough to prove 
the assertion for sufficiently small open compact subgroups CP. We claim 
that for small C? the sheaf for the étale topology I(Q)\M x G(A‘)/C? is 
a formal algebraic space. We note that 


(Q) — J(Qp) x EGtAY ) 


is a discrete subgroup. Indeed, Bree an open subgroup U C J(Q,) x 
G(A4). For U sufficiently small the Zy-lattice no(Tz(A)) for £ # p is fixed 
by U and the quasi—isogenies of X defined by the elements in the image of 
the projection U — J(Q,) are isomorphisms. Hence an element of [(Q)NU 
induces an isomorphism of the polarized abelian variety (A, Ao), where Ao € 
Xo a polarization. Hence UN I(Q) is finite. We write 


1Q)\M x Gago? =| |t\a4, 


where T' runs through a countable set of subgroups of J(Q,) of the form 
(J(Qpy) x (gC? 9-1)) NI(Q) C J(Qy). This is a discrete subgroup by what 
we have said. 

We claim that for small groups C? the groups I are torsion free. Indeed, 
let h € T C I(Q) be an element of finite order m. Then we find a polar- 
ized abelian variety A in the isogeny class of Ao, such that h induces an 
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automorphism of A fixing a polarization and the n-division points for some 
n > 3 prime to p, so that by Serre’s lemma h = 1. 

Indeed, let Mo C N be the Cartier module of some abelian variety in the 
isogeny class Ag. We set M = Mop +hMo+:--+ h™-1!M,. We assume that 
CP fixes a lattice Vz» C V @ Al and acts etal) on Vz»/nVzr. Then we 
may take for A the abelian Ue with Tate module V?(A) = no ‘(gVzr) 
and Cartier module M. 

It follows from (2.37) that ['\M is a formal algebraic space. Next we remark 
that the map © is injective on geometric points. This is easy to check 
from the definition of J(Q). Since the formal algebraic space 1(Q)\M x 
G(A})/C? is formally locally of finite type over Spf Oy and has projective 
components, the subsets T; have the properties stated in the theorem. 

The morphism 9 is quasifinite. Indeed, since the geometric fibres are finite 
this follows because the formal algebraic spaces involved are locally formally 
of finite type over Spf Ox . Hence by Knudsen [Kn] II 6.7 it follows that 
1(Q)\M x G(A¥)/C? is a formal scheme. 

The reader checks easily that a morphism of finite type of locally noetherian 
schemes that is unramified, proper and radical is a closed immersion. Let 


0:x4* —y 


be the morphism of the theorem. It is formally étale, radical, surjective and 
the map Ored : Urea — Vrea is proper. We claim that any morphism O of 
locally noetherian formal schemes with these properties is an isomorphism. 
Clearly we may assume that V and J are affine. We set V = Spf (A,/) 
and 4, = Spec A/I". Let us first consider the case where ) is a reduced 
scheme. Then 1, — ) is an unramified, proper and radical morphism of 
schemes and hence a closed immersion. Since JY is reduced and the last map 
is surjective it is an isomorphism. In general this shows that the map @ is 
adic. Hence it is enough to prove the assertion in the case where VY and Y 
are schemes. In this case © is a closed immersion that is étale and surjective 
and hence an isomorphism. The theorem is proved. O] 


We note that for any affine scheme S € Nilpo,. there is an integer s such 
that the canonical map 


(1(Q)\M x G(A4)/CP)(S) — (1(Q)\M, x G(AF)/C?)(S) 


is bijective. This follows exactly in the same way as proposition (6.16). 


THE p-ADIC UNIFORMIZATION 291 


The theorem (6.23) shows that the family {7;} of projective subvarieties of 
Ac, x Speck is invariant by the action of Gal(E,/E,). Hence the formal 
scheme Acr/T is defined over the local Shimura field Oz, . 


Theorem 6.24 There is a G(A‘)-equivariant isomorphism of formal sche- 
mes over Op, 


© : 1(Q)\M x G(A¥)/C? — Acr/T. 
Proof: This is a combination of the theorems (6.23) and (6.21). oO 


6.25 The theorem takes a much simpler form if the element 6 € G(Ko) 
given by (6.12) is basic. By definition basic means that the corresponding 
slope morphism v : D — G which is defined over Ko, is central. We use 
this definition even in the case that G is not connected. 

Let F@Q, = i Bs Fp be the decomposition as a product of local fields. We 
get a corresponding decomposition of the isocrystal (N, F) = (V ® Ko, bc) 


N=@QMp. 
Pp 


The assumption that 6 is basic implies that each of the Np is an isotypic 
isocrystal. Indeed, assume that sv factors through G,. Then sv(p) € 
G(Ko) acts on the isotypic component N,/; of slope r/s of N by multipli- 
cation by p”. By definition sv(p) is in the center of G(Ko). Going to the 
algebraic closure (compare 1.39) we see that the center of G(Ko) is 


{f EF @Ko; ff* € Ko}. 


Hence sv(p) € F @ Ko. On the other hand sv(p) commutes with 6 € G(Ko) 
and with bo. We deduce that sv(p) commutes with o and therefore sv(p) € 
F @ Q,. This implies that Np is isotypic. 


6.26 Let X be a p-divisible group over a scheme S where p is locally nilpo- 
tent with an action s: Or — EndX. Then the set of points s € S such 
that the isocrystal of XAG) with its F-action is isomorphic to the isocrys- 


tal (NV, F) @x, W(k(s))q is closed. This is a variant of Grothendieck’s 
theorem on the specialization of the Newton polygon. The reader may ver- 
ify this using (4.30) and the relation between Hodge and Newton polygons 
explained in Katz [Ka2]. More generally we have the following result (cf. 


[RR]). 
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Theorem 6.27 Assume again that (N,F) is given by a basic element b € 
G(Ko). Let X over S as above be a p-divisible group equipped with an Op- 
action and a polarization that induces the given involution. Then the set of 
points s € S, such that there exists an isomorphism of the B-tsocrystal of 
Era and the B-isocrystal (N,F)®x, W(k(s))q) that respects the polar- 
ization forms up to a constant ts closed. 


Before we state the uniformization theorem for basic isogeny classes we need 
a lemma. 


Lemma 6.28 Let (A, ) be a polarized abelian variety over a finite field Fy. 
Let K C End°A be a commutative subalgebra such that the Rosati involution 
induces an automorphism of K. Let N be the rational Cartier module of 
A. Consider the decomposition K @ Q, = Tt Kp into local fields. We 
assume that in the corresponding decomposition of N = Doip Np each of 
the Cartier modules Np ts tsoclinic. Then some power of the Frobenius 
morphism Fr : A — A over Fg is contained in K. 


Proof: Since Np is isoclinic there is a W(F,)-lattices Mp C Np stable under 
Frobenius and Verschiebung such that F*r M, = p’? M,. We may assume 
that Mp is fixed by Ox,. We may assume that the Cartier-module of A 
is ®Mp and that Ox C EndA, by changing A in its isogeny class. Let us 
assume that all s, are equal to s and that q = p*, which we may do without 
loss of generality. Hence we have Fr Mp = p’® Mp. Let us denote by ord, 
an order function on Kp normalized by the condition ordpp = 1. We are 
looking for an element u € K that is a unit at all non archimedian places 
not lying over p and that satisfies the equations 


OFd gts tp du=q, (6.5) 


where w is the Rosati involution applied to u. Since we may enlarge the field 
F, it is enough to find a solution if we replace the integers r, by a multiple 
mrp and q by q™. Hence we find an element u with the required properties 
except for the second identity above. By the presence of the polarization 
we have rp + rp = 8. It follows that for u’ = q-u/u we get the equations 


ord 5u''= 2, uu =q’. 
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Hence we may assume the existence of an u € K with (6.5). It follows that 
€ = u7'Fr is an automorphism of A that fixes the polarization. Hence by 
the lemma of Serre we conclude that some power of ¢€ is 1. C] 


Corollary 6.29 Let A be an abelian variety over F, with a polarization 
and an embedding 1: K — End°A that satisfies the assumptions of the pre- 
vious lemma over BS Assume we have a second variety (A’, A’, 1’) satisfying 
the same assumptions. Then 


Hom, (A, A’) ® Qe 
Hom (A, A’) @ Q, 


Homx(Ve(A), Ve(A’)) for£¢p 
Homx((N, F), (N’, F)) 


O 


Theorem 6.30 Let (Ao, Ao, 70) be a point of Acr(K). Assume that the 

isocrystal 

(V ® Ko, bc) associated to it via (6.12) is basic. Let us denote by M the 

pro-formal scheme associated to the data (B® Q,, V @ Qp,b, 1, L). Let us 

denote by Z C Ace the closed set given by theorem (6.27). Then there is 
an open and closed subset Z'’ C Z such that the untformization morphism 


(3) zs I(Q)\M x G(A‘)/C? — + Acpr/z: 


given by (Ao, Ao, Ho) is an isomorphism over Spf Op,. The source of this 
morphism is a finite disjoint sum of formal schemes of the form T\M where 
I Cc J(Q,) ts a discrete subgroup which is co—compact modulo center. 

The group I ts an inner form of G. If G satisfies the Hasse principle the 
sets Z' and Z coincide. 


Proof: Let us first verify that J is an inner form of G. Let L = EndzV 
and Li eo= End? Ao. Let us denote the involutions on L (respectively La) 
induced by ( , ) (respectively by A) by *. By the Corollary (6.29) we 
have Lg ® Qz ~ Endgp(V2(Ao)). The existence of the symplectic similitude 
implies, that (La @Q¢, *) and (L@Qz, *) are isomorphic as F'@ Q¢—algebras 
with involution +. Hence there exists such an isomorphism y : L @ Q > 
La ® Q over Q. It defines an isomorphism between the groups G = {f € 
LX; 00" € Q} and I = {£ € LX; &e* € Q} over Q. Clearly it is enough to 
show that y is unique up to an inner automorphism by an element of G(Q). 
Indeed, let 9 : L@Q — L@Q be an automorphism of F'® Q-algebras that 
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respects the involution *. Then by Skolem—Noether there is ana € L @ Q, 
such that o(@) = afa~!. Since @ respects the involution, we have that a*a 
lies in the center F @ Q. Hence a*a = f? for some f € F @ Q. In the case 
of an involution of the first kind we may replace a by f~!a € G(Q). Indeed 
in this case 9 is the inner automorphism by f~'a. The case of an involution 
of the second kind is similar. 

We now verify the remaining statements. Clearly it is enough to verify these 
over Spf Ow. By definition of © we are also allowed to replace M by M. 
The homogenously polarized abelian varieties representing points of Z(k) 
are divided into finitely many isogeny classes (A;,\1),..-;(Am,Am)- In- 
deed, since the (Aj, \;) together with the subalgebra F C End°A; satisfy 
the assumptions of the lemma above, they are all isogenous as abelian va- 
rieties with a B-action. Hence we may assume Aj =... = Aj. We have 
to show that only finitely many homogeneous polarizations on A; up to 
isogeny come from points of Z(K). Let us fix a polarization A of A, induced 
from Z(«). Any other polarization of this type is of the form Aa, where 
a € EndgAj,a = a” and a is totally positive. The two homogeneous po- 
larizations A and Aq are isogenous, iff there exists 9 € End}, A, such that 
a = gGG* for some g € Q*. We consider the solution of this equation 
as a torsor for the algebraic group J defined over Q. Two homogeneous 
polarizations \a; and Aa are isogenous, iff the corresponding torsors are 
isomorphic. The existence of the rigidifications n implies that the torsors 
are locally isomorphic for any prime ¢ # p. The same is true for £ = p by 
the definition of Z and at the infinite place since a is totally positive. The 
isomorphism classes of the torsors are therefore in the kernel of the map 


H*(Q,1) — [] A'(Qu, J). 


This is known to be finite. 

To each (Aj, ;) we choose a point of Z(k) belonging to that isogeny class. 
It defines a uniformization morphism 0;. We consider the disjoint union of 
these morphisms: 


©: 1(Q)\UM x G(AP)/CP 3 Acrjz x Spf Op, (6.6) 


It is enough to show that (6.6) is an isomorphism. We already know that © 
induces an isomorphism with Ac» /T x Spf O pg, for some family of closed 
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subspaces JT = {Tj}. If we show that © is surjective it follows that T 
consists of the irreducible components of Z and we are done. 

By construction © is surjective on the &-valued points. Let us denote the 
morphism © by 4 — J. Consider a point y € Y. We prove the surjectivity 
by induction on the transcendence degree of x(y)/k. Take a regular point 
x € {y} of codimension 1. It is enough to find an extension L of «(y) ae 
that a L-valued point centered at y is in the image of A(L) — Y(L). 
suitable extension of O- , 18 a power series ring in one variable P[T] over 
an algebraically closed field P. Let L be the quotient field of P[T]. Let 
us denote by (A,A,7) the given point of the moduli functor over P[T}. 
It is enough to show that (Aq, A)z is isogenous to (AG, Ai)z for some 7. 
By induction assumption this is true, if we replace the index L by P. A 
theorem of Katz ([Ka2] 2.71) applied to A, tells us that the crystal of A, 
is isogenous to a constant crystal and hence to the crystal of (A;)pyry for 
some A; € A;. Therefore the isogeny ap : (A;,A4)p—>(Aa, A)p that exists 
by induction assumption extends to an isogeny of the crystals of (A;) pyr] 
and A,. The Hodge filtration which is given on the values at P[T] of these 
crystals is respected if we multiply ap by p. Therefore we may apply the 
result of Grothendieck-Messing [Me] and lift ap step by step to an isogeny 
(A;, i )PUT] ire) (Aa, A)pPpry(r): Finally by Grothendieck’s existence 
theorem we get an isogeny (A;, A;)pyry — (Aa, A). Hence the proof of the 
surjectivity is finished. 

The previous lemma implies that [(A%) = G(A%) and I(Q,) = J(Q,). The 
assertion that [ C J(Q,) is discrete and cocompact modulo center follows 
from the compactness modulo center of J(R), and the finiteness assertion 


from the finiteness of [(Q) \ I (At )/C?. O 


6.31 Weare going to formulate uniformization theorems on the level of rigid 
analytic spaces. Let us denote by X the general fibre of the scheme Ac». 
The isogeny class Z given by (Ao, Xo) defines a family of closed subvarieties 
T of the special fiber. We have a morphism of rigid analytic spaces: 


(Ace /T)"9 — XS. 


We call (Ac»/T)”*# the tubular neighbourhood of Z in X"*9. We will denote 
it by X"9(Z). If Z is basic, T is a closed subscheme of the special fibre and 
the above morphism identifies X"9(Z) with an admissible open subset of 
“X?'9, the tube over T, cf. (5.7). 
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6.32 Let us define a moduli problem over F,, that is represented by a union 
of connected components of X. Let C, C G(Q,) be the subgroup that fixes 
the polarized chain CL, i.e. 


Cy, = {9 €G(Q,)-gA— Ay AEC}. 


Let us denote by C C G(Ay) the subgroup C = C,C?. We define a functor 
Shc on the category of E,-schemes S as follows. A point of Shc(S) consists 
of the following data: 


1. An abelian scheme A over S up to isogeny and an injection of algebras 


t: B — End®(A) 


2. A Q-homogeneous polarization \ on A that induces the given involu- 
tion * on B. 


3. A C-level structure 
n:H,(A, As) ~V @Ags 
that respects the bilinear forms on both sides up to a factor in A; : 


We require an identity of polynomial functions 
deto,(b; LieA) = detx(b; Vo), be Og. 


Consider the universal polarized multichain A, of abelian varieties over X. 
The Tate modules T,(A,) form in each geometric point of X a polarized 
multichain of Og-modules. The set of points where this multichain is iso- 


morphic to the multichain £ form a union of connected components X¢ of 
X. 


Lemma 6.33 The scheme X¢ represents the functor Shc. 
Proof: Indeed, assume we are given a point (A,1, A, 7) of Shc. The inverse 


image of the polarized multichain L by jj defines a polarized C-set of abelian 
varieties A, and hence a point of X that is clearly in X¢. 
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6.34 Let us assume we are given a point (A, 1, X, n) of Shc, such that A has 
good reduction. Then the reduction of {A,} defines a point of the special 
fibre of Acr. The isogeny class Z of this point in the special fibre is a union 
of projective varieties defined over &, the algebraic closure of the residue 
class field of E,. Hence it is the isogeny class of some (Ao, Xo) for which 
we defined the uniformization morphism, cf. (6.13). Let ShG%(Z) be the 
inverse image of X™9(Z) over the connected component Shc of X. Then 
Shij4(Z) is non-empty since (A,2,A,7) lies in the image of the morphism 
into Shi . The theorem (6.24) applies to the isogeny class Z. 

For the rigid version of the uniformization theorem we work with the projec- 
tive limit of rigid analytic spaces M"9 = lim M7'9 over E,. Let us denote 


by Mis the union of connected components of M9, where the Tate mod- 
ules T¢ (compare 5.32) of the universal p-divisible groups form a polarized 
chain of Og-modules which is isomorphic to £. From theorem (6.24) we get 
an isomorphism of rigid analytic spaces, 


1(Q)\M%! x G(A%)/C? — ShG9(Z). 


We note that by (5.33) the spaces M"9 and Mi! coincide if the group G 
is connected. 


6.35 Let e C G(Q,) be an open compact subgroup contained in C,. Let 
M £,C> be the space parametrizing trivializations of the local system T on 


Ms, 
a:Ty— LmodCy. 


Then M LC, is a finite étale covering of Mie. We denote by M, Cp the 
corresponding pro-rigid space defined over E, which maps to M79. 

Let C C C be asubgroup which contains a principal congruence subgroup. 
Clearly the functor She makes sense. We define Shin! (Z) as the pullback 
of Snri9 (Z) by the morphism She — Shri9 . We allow us to call this the 


tubular neighbourhood of T. 


Theorem 6.36 Let C = Gy Cle G(Ayz) be an open and closed subgroup 
that contains a principal congruence subgroup, and such that on Gr Gos 
Consider a point of She such that the corresponding abelian variety has 
good reduction. The reduction defines an isogeny class I of points in the 
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special fibre of Sho wp. Then we have an isomorphism of rigid analytic 
P 


spaces over Ey, 
1(Q)\Mz ¢, x G(A4)/C? = Shi (Z). 


This isomorphism ts for variable G equivariant with respect to the action as 
correspondences by G(Ay) on both sides. On the left hand side the action 
of G(Q,) is the one defined in (5.34), whereas the action of G(A}) is the 
obvious one. On the right hand side the action of G(Ay) is through Hecke 
correspondences. In the case of a basic isogeny class T the space on the right 
is an admissible open subset of Sha? 


This theorem follows because the etale covering She — Sho ep may be 
described as the classifying space of the trivializations of the polarized chain 
of Tate modules T,(Aq) + £ on She @». By the morphism in (6.34) the 


polarized chains T and T,(Aq) are identified. O 


6.37 In the end of this chapter we give examples of Shimura varieties, which 
are moduli schemes for abelian varieties with a given PEL-structure and 
admit a p-adic uniformization by products of Drinfeld’s formal schemes 
Q4,. Let us start by defining the datum (G, h) that gives rise to the Shimura 
variety. We use slightly different notations. 

Let D be a central division algebra of degree d? over a number field K. Let 
* be a positive involution of the second kind on D. Then K is a CM-field 
and the invariants by + on K form the maximal totally real subfield F. 
Let V bea left D-module and y an alternating Q-bilinear form on V, which 
satisfies the equations 


p(v, w) = o(v, fw), 2ED, v,wev. 
Let G be the reductive group over Q defined by 


G(Q) = {9 € GLp(V); b(gv, gw) = e(g)¥(v, w), e(g) € Qh. 


Then Gr, is a product of unitary groups as follows. Let us fix a CM-type 
® C Hom (K,C) of K. We choose isomorphisms of C-algebras 


D Kye Cw M,(C), (6.7) 
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such that the tensor product of * with the complex conjugation takes the 
form X ++ ‘X on the right hand side. The decomposition 


Dp =D@R~ || Dex, C 
eED 


induces an orthogonal decomposition with respect to wy 


Va =V@R= |[[ Vex. C. 
e€® 


Since by (6.7) the algebra M,(C) acts on each factor we may write 


V Ox, CX C4 Gc Wi. (6.8) 


Here W. is a C-vector space and the action of Mq(C) on the right hand 
side is via the first factor. We define an antihermitian form h, on W, by 
the equation 


V(Z1 ®@ Wi, Z2 @ W2) =Trejr('Z1Zohe(Wi, We)), W1i,W2 € W- 
Tee CP. 


Choosing a suitable isomorphism W, ~ C™” we may write h, in normal form 
he(Wi, We) = *W,H-W2, where 


H, diag (—V te, VV 1/1 V1), 


We denote by rz (resp. rz) the number of places, where —\/—1 (resp. /—1) 
appears in H,. Let Je : V @x C — V @x,e C be the endomorphism 
given by the matrix idca ® —He. It has the property that the R-bilinear 
form .(z, Jey) in z,y € V @x,< C is symmetric and positive definite. The 
endomorphism J = @J),J* = —1, defines a complex structure of Va. For 
this complex structure we have 


Tre(£; Va) = D rga(Tr°e), £€ D, (6.9) 
a:kK—-C 


where T'r°é denotes the reduced trace of D over K. 
Let 


GU(r9,7g) = {AE Mrn(C);'AH,A = e(A)Hp, (A) € R*} 
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be the group of unitary similitudes. We have an injection 


Gr— I] GU(ro,ts), Totrzg= m= ; dimx V 
eE® 
such that Gr is a normal subgroup with a torus cokernel. We define a 
homomorphism h : RescjpGm,c — Gr by the condition that A(r) for 
r € R* acts on Vg by multiplication with r and h(,/—1) acts as J. The 
pair (G,h) gives rise to a Shimura variety Sh, which is defined over the 
number field E C C generated over Q by the numbers (6.9). 


6.38 We will obtain examples for p-adic uniformization with Drinfeld’s Q 
only in the cases where r, € {0,1,m,m-— 1} for all 9: K — C and m=d. 
As before we fix embeddings Q + C, v:Q-—C,. Then v defines a 
p-adic place of the Shimura field E. We define a model of Sh over the ring 
of integers Oz,, if v satisfies the following conditions. 

Let pi,..., pz be the prime ideals of Or lying over p. We assume that K/F 
is unramified at these primes. Let us assume that for some s, 1 < s < ft, 


p= Gide. lor 4-1 2s, 
where q; # q; are prime ideals of Ox, and 
piOx=q; for i=s+1,...,t 


are prime ideals. 

Let us assume that Dg; is a matrix algebra over Kg, fori = s+1,...,¢. In 
fact, this is implied by the existence of the involution of the second kind +. 
Moreover we make the assumption that there is a maximal order Op,» C 
D ® Q,, which is invariant by the involution *. By the methods of the 
appendix to chapter 3 one checks the following. 


Lemma 6.39 There exists up to isomorphism a unique symplectic Op p- 
module (Tp, pp), such that 


(i) Tp is a free Zp—module of rank dima,V. 


(ii) The patring tp : Tp x Tp + Zp is perfect and satisfies 


Pp (lv, w) = pp(v, Cw) for £ € Opp, v, w E Tp. 
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We assume that there exists an isomorphism of symplectic D® Q,-modules 


(V @q Qo, v) ~ (Tp, bp) @z, Qp. (6.10) 


Let us denote by A C V @q Q, the image of Tp by this isomorphism. We 
have the decomposition 


A= @Ay,. 


The multiples of the Ap; generate a multichain CL (see definition 3.13). 

Let us denote by p : Gmc — Ge the cocharacter such that hc = Le Xx ph, 
cf. (6.2). We have defined a moduli problem (6.9) which is for small C? 
representable by a quasi—projective scheme Ac» over Og, attached to the 
data (D, Op, V, >, uw, £, C?, v) where C? C G(A}) is a congruence subgroup. 
We note that in our case the whole C-set of abelian varieties is determined 
by the single abelian variety up to isogeny of order prime to p, Aq, which 
in the following will be simply denoted by A. 

Let (A,4,7), 7: H(A, A‘) —V®q A’, mod C? be a point of the moduli 
problem over C. 

Since X contains by definition a polarization A of order prime to p, it induces 
a perfect pairing on the Tate—module 


E* -T,(A) x T)(A) == Zp. 
Hence by lemma (6.40) there is an isomorphism 


(Tp(A), E*) ~ (Tp, 4p). 


We conclude that locally at any finite place w of Q there is a similitude 
between the symplectic D-modules (H;(A, Qw), E*) and (V,7%) @ Qu. By 
the condition ((6.9), i) such a similitude exists also at the infinite place. 

If our group satisfied the Hasse principle this would imply the existence of 
a symplectic similitude between the D-modules (H1(A, Q), E*) and (V, y). 
This would show that Acr @o,, Ey, is isomorphic to Shc @g E,, where the 
subgroup C C G(Ay,) is of the form C = C,-C?. The subgroup Cp C G(Qp) 
is given by Cp = G(Q,)N Endz,A. 

Unfortunately the group G does not satisfy the Hasse principle. Therefore 
we obtain for any symplectic B-module (V;, %;), which is locally isomor- 
phic to (V,#) a Shimura variety Sh; on which G(A,) acts. If (V,~) = 
(Vi, ¥1),---»(Vas Pn) are all classes of such modules we have 
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h 
Acp oz, Ey= | | Shi,c. 
11) 


6.40 We consider the p-adic uniformization of Ac» under a whole series of 
assumptions which we explain now. We assume that the invariants of the 
division algebra D are as follows at the primes over p 


mv D = 1/d for t= 1a 
inVg,;D = 0 1Or3 sos + Lp aa, t- 


Here r < s is a fixed integer. The other invariants are arbitrary but satisfy 
InVg,D = —imvqg;D, t= 1,...,¢. 


We will also assume that V is a free D-module of rank 1, i.e. m = d. 
The next assumption is the existence of a CM-type ® of K, which has the 
following properties and which will be fixed. 

Let us first note that the chosen embeddings v : Q > ‘ae and Q — C allow 
us to identify the following sets 


Hom (K,C) ~ Hom (K, Q,). (6.11) 


We require that 6 M Hom(Kp,,Q,) = Hom(Kgq;,Q,) for i = 1,...,s. If 
pi :Ox = q; is a prime ideal, we consider the maximal subfields Ke Gita 
and Fy, C Fp,, which are unramified over Qp. Since by assumption K§, / Ee 
is a quadratic extension, it makes sense to consider a CM-type Di. G 
Hom (K%,, Qp) relative to Kj,/F5,. We require that 6 Hom (Kq,, Qp) is 
the inverse image of a CM-type 4, for the extension K§,/F}, by the map 


Hom (Kq;; Qp)—> Hom (K§,, Qp). 


For any 2, such that 1 < i < r we choose arbitrarily an embedding a; : 
Kai > Qp. 
The condition we put on the numbers rg is as follows. 


, if a € {a1,..., ar} 

-1, ifae{a,...,a,} 
ifae®\ {aj,..., a} 

j ifa Ee ®\{aq,...,a,} 


ea 


ae 
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Whether this condition is fullfilled depends of course on the place v, which 
was used for the identification (6.11). 
For each prime ideal q of K over p, we define 


Eva=Q[ D> raa(Trp, (0); £€ Dy). 


a:Kqg—Qp, 
We find easily 
Eva: = Ev,q; = %(Kaq;); ie er eet Ce 
Eva: = Eva: = Qp; ee oe ae od ee 


Gal(Qp/Ev,q:) = {7 € Gal(Qp/Qp); rO,,=9,.}, for i 


The localization FE, of the Shimura field is the composite of the fields E 
fores Det. 2 


ee SS RN 


V,qi 
Let (Ao, Ao, 70) € Ac»(K,) be a point over the residue class field of E,. By 


(6.12) this point determines a o—conjugacy class b of an element 6 € G(Ko) 
such that e(b) = p. 


Lemma 6.41 The conjugacy class b is basic and does not depend on the 


choice of the point (Ao, Ao, Mo). 


t 
Proof: The decomposition F, = [] Fp, induces an orthogonal decomposi- 
al 


tion V ® Q, = ®Vp, and moreover an injection with torus cokernel, 
Gae,— 1G. (6.12) 
Here Gj, is the algebraic group over Qp given by 


GE (Qp) = {9 € Endp,,V @r Fp. ¥(gv, gw) = ci(g)¥(v, w), ci(g) € QF}. 


We will show in fact a stronger assertion than (6.41), which will be explained 
now. Let Gi; C G be the subgroup given by the condition c(g) = 1. The 
group G;(Ko) acts by o-conjugacy on the set of elements g € G(Ko) such 
that c(g) = p, 


gt h-*go(h), he G(Ko). 


Let Bi(G) = {g € G(Ko); ¢(g) = p}/Gi(Ko) be the orbit space. Let us fix 
a principal polarization Ap € Ao (6.6). The class in By(G) of the element 
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b € G(Ko) defined by (6.12) depends only on the pair (Ao, Ao) and not on 
the choice of the isomorphism (6.2). 

Since Bi(Gaq,) C I] B1(G),) it suffices to show that the components b; € 
Bi(G4,) of 6 do not depend on the choice of (Ao, Ao) and that the images 
of b; in B(G),,) are basic. 

In the case where p, splits in K there is a further decomposition into totally 
isotropic subspaces 


Vp; = Va: cB Va; - 


For the remaining primes p; we have by definition Vp, = Vg, = Vq;. Similar 
decompositions are obtained for the isocrystal (NV, F) associated to (Ap, Ao). 
By (6.25) b; is basic if all isocrystals (Nqg;,F) and hence by duality also 
(Ng;, F) are isoclinic. For the second assertion of the lemma we need more- 
over to verify that for i = 1,...,s the isomorphism classes of the isocrystal 
(Nq;,F) and for i = s+1,...,¢ the isomorphism classes of the polarized 
isocrystals (Np,;, F) do not depend on (Ap, Ao). 

The cocharacter p defines a decomposition for each i = 1,...,¢ into weight 
spaces 


Vp; ® C, = Vp;,0 @ Vp;,1- (6.13) 


Of course for the Shimura variety and the associated moduli problem only 
the conjugacy class of u respectively of (6.13) matters. More directly we 
obtain the decomposition (6.13) as follows. 
For each a : K — Cp we choose a D @x,a Cp-submodule Va of V @xK,a Cp 
of dimension dime, Va = ra: d. Then Vp; 0 = Va, where the direct sum is 
over all a which induce on F the valuation given by pj. 
8 t 

Let X = [](Xq; x Xq;) x J] Xq, be the p-divisible group of Ap. The 

tol t=s+1 
condition (i) of 6.9 implies 


detg, (@ Lie Xq;) = dete, (6; Vq;,0)- 


For i = 1,...,r this implies that Xq, is a special formal Op,,-module for 
the Ox,,~algebra structure on K, given by a; : OK, — Or, (3.59). For 
i=r-+1,...,s this implies that Xq, is étale. Hence for i = 1,...,s5 the 
component of b in Gp, is a basic conjugacy class and the isomorphism class 
of the polarized isocrystal (Np,,F) is independent of the choice (A, Ao, To). 
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It remains to treat the primes p; for i > s. We fix an isomorphism ODg, 
Ma(Ox,,) and a perfect hermitian pairing inducing the involution +, 


era d 
H ° OK, x Ce ORS 


which is linear in the first variable and antilinear in the second. 
Let M’ be the Cartier module of Xq,. There is a Cartier module M with 
an action of Ox,, and an isomorphism of Cartier modules 


M'~o?¢ @0x,, M 


ts 


which respects the Ma(Ox,,)-module structure on both sides. Let W’ be 
a perfect polarization form on M’ belonging to \. Then there is a perfect 
polarization form V on M, defined by 


W'(zx@m, y@n) = V(A(z, y)m,n). 


We have to show that M is isoclinic and that (M, W) is unique up to isogeny. 
Let W = W(K,_) be the Witt ring and ¢: OK:, — W an embedding. We 
set Lp = Kg; xt ,p Wq and let OL, = = Ox, Boxe. y W be its ring of 


integers. 
We have the decomposition 


Hence we get for the Cartier module 
M=Q™,. 
y 


Because of the equation 
U(km,n) = U(m,kn), k € Ox,,,; 


M, and M, are orthogonal unless y' = ¢. 

We denote by o the Frobenius automorphism of W. The Verschiebung 
induces maps V : M,, — My. By the condition on the determinants (6.9 
(i)) the cokernel of the last map is a K,—vector space of dimension 0 if 


306 CHAPTER 6 


y € 0%, and of dimension de for y € ot .» Where e = [Kq; : Kj,] is the 
index of ramification of Kg,. Since My is i free O;,,-module of rank d, we 


obtain 


VMop = M, _ forgve ®,. 


te (6.14) 
VM, = pM, forpe OF. 


Let f; = [Ff, : Qp] = #04,. We fix an embedding Yo : Kg, + Wa and we 
set M; = M,-i,,- 

It follows by (6.14) that the map U = p~/*V°/* : Mo — Mo is an isomor- 
phism. This shows that M is isoclinic of slope 1/2. We will verify that the 
polarized crystal (M,) with its Ox,,—action is uniquely determined up to 
isomorphism by the conditions (6.14). 

There is an integer a, such that p?V/ : My) — M y is an isomorphism. 
Consider the perfect pairing 


Sh Mo x Mop—— W 
defined by the equation 
Q(m, m’) = (m, p*V4 m'), m,m! € Mo. 


Let + = of the Frobenius automorphism of Lo relative to Fp,. Then 2 
satisfies the following relations 


Q(lm,m') = Am Lm’), LE Or, 
Q(Um,Um') = Q(m,m’')™” (6.15) 
Q(m, m’) = —Q(m’,m) for m,m! € Mo. 


The crystal (M, ~) is uniquely determined by (Mo, U,Q). Let '9 = MY be 
the Ox,,—module of invariants. Then Q induces a perfect pairing 


Wr, : To x Po— Ox: , 


which is Ox: —linear in the first and r-linear in the second variable. Again 
(To, Yr.) determines (M, ~) uniquely. 
Clearly Wp, is antisymmetric and satisfies 


Ur, (em, m’') = Uro(m, em’), m,m’ ET, £€ Ox,,.. 
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By lemma (6.39) the pair (Io, Up,) is uniquely determined up to isomor- 
phism. The lemma is proved. Ba 


Let i> s. Let us set [ = OK. S0Kg, Po with its natural Op, = = Ma(Or, is 
module structure. On I we eine the perfect antisyminetric Zp -bilinear 
form 


vr(z ®@m, y@m')= Trxt /Q,¥ro(H (x, y)m, m’). 
Then the symplectic module (I’, yr) is isomorphic to (Ap,, 7). 
6.42 Lemma (6.41) shows that the assumptions of theorem (6.30) are full- 
filled in our situation, and that Z consists of the whole special fibre of Acp. 
Let us describe now more explicitly the group J(Q) and the formal scheme 


M over opt Ox, with its Weil descent datum. 
We consider the orthogonal decomposition with respect to ~ @ Q,, 


t 


V @Q, = QV @r Fy. 


4=1 
Correspondingly (cf. (6.12)) 
t 
G(Qp) ¢ [] Gp, (Qp). 
a= 
The data b, 1 decompose naturally as a product 6 = I], cae Mgt; eke 


decomposition 
Vp: ®Q =VvWON 


defined by p; is up to conjugation determined as follows. Consider the 
decomposition 
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where Vo.q C Vo isa D@Fa Q,-submodule of dimension rg -d. The local 
Shimura field associated to 
(Kp; Dp;, Op, 5 Vpis bis Mi, Api) (6.16) 


is E,q,;. Let us denote this field by E;. Let M; be the associated formal 
scheme over Spf Oy,. It is equipped with a Weil descent datum relative to 
E;/ Ei. On each M; we have defined a function ¢; : M; > Z, comp. proof 
of (3.53). 

One sees easily that M is the formal subscheme of 


(M1 xspy on, SPL Ox,) Xspf Og, ---X Spf Op, (Me Xspz On, Spf Op,), 
where the functions ¢; agree. 


6.43 We consider the formal schemes MM; more closely. Let us begin with 
the cases i = 1,...,r. The group XQ, (Gp;) has three generators n,n*,c, 
satisfying the relation n-n* = c™, where m; = d[Fp, : Qp]. We have 
defined a morphism 


x: M; —> Hom(X@,(G4,), Z) 
by giving the Z—valued maps 
h=< 4.n>n =< on > e=< ,e>). 


Let us denote by 6 : Gp,(Qp) > Hom(XQ (Gj), Z) the map defined by 


< 6(9),x >= ordp x(9), x € XQ,(Gp,), 9 € Gp,(Qp). 


We define an action of G),,(Q»,) on M; from the right, which commutes 
with the action of J,,(Qp) from the left. Let g € G,,(Qp) and (X, @) be 
a point of M; with values in some Ox -scheme S. There is an element 
b € Dp,, such that bb* € Q, and bg~'Ap, = Ap,. We define the action by 


(X, e)g = (X°,ex(b-")Jo). 


This action and 6 make x into a G),,(Qp)-equivariant map. 
Let (X, @) be a point of M;. Because of the decomposition Op, = Op,. x 
Op,, we have the induced decomposition X = X, x X2. The condition 
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on the determinants (3.21, (iv)) implies that X, is a special formal Ony= 
module. Moreover X2 has to be isomorphic to the dual of X;. More precisely 
the involution on Op: induces an isomorphism Cbs ~ OD, With this 
identification X becomes isomorphic to the Op,,-module X, x X; and the 
polarization on X becomes the tautological polarization on X; xX. Hence 
in the definition of the functor M; we may take for X a p-divisible group 
of the form X = Y x Vi where Y is a special formal Op,,-module and the 
polarization is the obvious one. 

Then the fibre of x over zero consists of points (X, @), where 0 = 01 X 2: 
Y5 x Ys — (X1 x X2)z is such that g, and g» are quasi-isogenies of height 
0. Such a point is isomorphic to (X; x X1,01 Xx a7): Hence the map 
(X,@) — (Xi, a1) defines an isomorphism of the fibre of x over zero and 
Drinfeld’s formal scheme QF, XSpf Or,, SPF Ox,. 

Let If € Op,, be a prime element. Then II : X; — x is a quasi— 
isogeny of height f;d. It follows easily from (3.53) that the images of 6 and 
zx coincide. Therefore we obtain an isomorphism 


Mi % (O8, xsp¢ on, SPF On.) x Gp,(Qp)/Cp., (6.17) 
where Cp, = ker 6 is the maximal compact subgroup of Gj), (Q,). 

Let us compare the descent data on both sides. To formulate the result we 
write the group Gj, in a more suitable form. Let us fix an isomorphism 
V ~ D and hence a right action of D on V. As above the form w and the 
involution + provide us with isomorphisms 


Vp; = Va: BVG,, Dp; ~ Da: x Dai’ 


which take y respectively * to the obvious alternating form respectively 
involution on the right hand sides. 
From these isomorphisms we get an identification 


Gp, (Qp) = {(b1, 62) € Dg??? x Day; bib2 € Qp}- 


Lemma 6.44 The Weil descent datum on M; induces on the right hand 
side of (6.17) the canonical Weil descent datum on (O24, X Spf Or,, Pf Op,) 
times multiplication by (II, p/‘II-1) on the second factor, where f; = eae 
Qp] is the degree of inertia. 
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Proof: Indeed, consider a point (X1, 01) of OF X Spf Ors, Spf Ow,. Then 
the canonical descent datum is given by 


(Xi, tye Xe py {Tey Fro), 


where Froby is the Frobenius morphism relative to the residue class field 
of E;. 
The point (X1, @1) is mapped by (6. 17) to the point (Xj x XGowx oy ) of 
M;,. The Weil descent datum on M; maps this point to 

(X1 x X1, a1 Froby’ x 67! Froby") = 


(X1 x Xi O1 Froby’ x (o1 Froby')*~!p-F*). 


The comparison follows easily if one takes into account that X]1~* = x ae 


Let J; be the algebraic group associated to the data (6.16) by the defini- 
tion (3.22). It acts on (Qf, Xspf Or, SP£ Ox,) x Gp,(Qp)/Cp, by the 
isomorphism (6.17). Let us make this action more explicit. 

Let us choose an isomorphism Autp, Y ~ ~ GL4a(Fp;) in such a way that the 
isomorphism of theorem (3.72) becomes equivariant. We find an inclusion 


Ji(Qp) C Auth, Y x Author ¥ = GLa(Fp,) x GLa(Fp,)?? 
which identifies J;(Q,) with 


{(a,b) € GLa(Fp,) x GLa(Fp;)??; ab € Qo}. 


By definition the action of ae, b) on a point (X1 x X2, a1 X @2) of M; gives 
the point (X1 x X2, @,a7! x g2b- 1). 

We may rewrite this point as follows. Let ab = c € Q, and let o(a) be the 
integer ordp, deta. Then g = (11%), cI-°C*)) € Gp,(Qp) acts from the 
right on M; and we have 


(X1 x Xo, @1a7! x g9b-1) 


—o(a) $ xg) tx, (11%) 0,47}, tx, (c~ 11-4) 995-1) -g. 


= (xT 


It follows from theorem (3.72) that the natural action of GLa(Fp,) on 4 Fy, 
defined by (3.68) is given in terms of the modular interpretation by 


@1 > ox, (11%) 9,47} 
We obtain the following 
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Lemma 6.45 An element (a,b) € Ji(Qp) acts on 


(Qh, Spf Or,, Spf Ox.) x Gp,(Qp)/Cp; 


by the natural action of a on the first factor and multiplication by te 
g(a, 6) = (11%), cM-°()) on the second factor. 


We note that the image 6(g) coincides with wj,((a,b)) (see (3.52)). 
Hence we have described M,; with its Weil descent datum and the action of 
J;(Q,) in terms of Drinfeld’s Q, for i=1,...,r. 


6.46 Next we consider M; for i = r+ 1, ...,8., Consider a point (X, ¢) 
of Mi (Fp). We have decompositions Dp; = Dg, x Dg?, X = X1 x Xo. 
The p-divisible group X; is étale by the condition on the determinants, 
and Xp» is isomorphic to X;. Let Y be the étale p-divisible group with 
Op,,~action whose Tate module 7,(Y) = Ag;. We may take the X in 
the definition of M; to be Y x Y. This identifies J;(Qp) with a subgroup 
of Autp,,Vq; x Autper? Vq,, which is equal to G,,(Qp). The stabilizer of 
Ap, ®Af, is a maximal compact subgroup Cp, C Ji(Q,). It follows that M; 
is the constant étale scheme G},,(Qp)/Cp, and that J;(Q,) acts naturally 
from the left by the identification J;(Q,) ~ G},(Qp) given above. One 
easily checks 

Lemma 6.47 The Weil descent datum on M; = Gp, (Qp)/Cp; relative to 
E; = Qp is given by multiplication with (1,p) € Gp,(Qp) C Autp,. Va; x 
Aut pg? je 


6.48 Finally we consider the primes p; for i = s+1,...,¢. We keep the 
notation of the proof of lemma (6.41). In particular we make the identifi- 


cation 


Z/2fiZ % Hom(K§,,Qp) 
me > goo ™ 

Let u be the smallest natural number, such that ®g; + u = %q;. Then u 

divides 2f;. All the intervalls [mu,(m-+ 1)u] contain the same number of 

elements of Sg, respectively of ®g;. Hence u is an even number. The local 

Shimura field E; = Ey,q; is the unramified extension of degree u of Qp. 
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Let (X, @) be a point of M;(F>). In the proof of lemma (6.41) we have asso- 
ciated to X in a functorially a symplectic (Op,, , +)-module ([(X), Wrcx)). 
In particular the polarized (Op,, ,*)-module X is uniquely determined up 
to isomorphism. 

Let us fix an isomorphism (I'(X), Upx)) ~ (Ap,, ¥). It defines an isomor- 
phism J;(Qp) ~ Gp,(Qp). By the deformation theory of Grothendieck— 


Messing one easily checks that M; is étale. We get an J;(Q,)-equivariant 
isomorphism 


Gpi(Qp)/Cp. = Mi (6.18) 
7 (X, idx -g~*) 


By (6.14) the Weil-descent datum on M,; relative to E; /E; induces on the 
left hand side of (6.18) multiplication by p*/?. 


Proposition 6.49 J(Q,) ts the inverse image of the diagonal by the map 


t t 
I< : I] % a 1] Greece 
t=] t=! 


Similarly G(Q,) is the inverse image of the diagonal by 


t t 
[[« : I[¢ ee [] Gn.2,- 
t=1 t=1 


The actions of Jj(Qp) on Gi,,(Qp)/Cp,;, which we described induce an action 
of J(Qp) on G(Q,)/Cp. We have an J(Q,)-equivariant isomorphism of 


formal schemes 


M ~ [[@?,, X Spf Orp, Spf Oy) x G(Qp)/C>. 
el 

The action of J(Qp) on the first r factors on the right hand side is via 
the projections J(Qp) > Ji(Qp) + GLn(Fp,) and on the last factor as 
described above. 

The Weil descent datum on M relative to E/E induces on the right hand 
side the natural descent datum on the first r factors multiplied with the 
action of the element g € G(Qp) on the second factor, where g is given by 


THE p-ADIC UNIFORMIZATION 313 


g= a ool) x II (1, p!) x ll pil?, 


t=]. t=r+1 i=s+1 


where the right hand side is viewed in IG,,(Qp). Here Il; is a prime 
element in Dg; fori=1,...,r, and f; respectively f are the index of inertia 
of E; respectively E,. 


Proof: This follows by what we have said about M;. 


Theorem 6.50 The Shimura variety of (G,h) and level C has under the 
assumptions made on vy: Q > Q, and C' a model Shc over Og,. The 
action of the Hecke-algebra H(G(A‘)//C) extends to Shc. There is an 
H(G(A*)//C)-equivariant isomorphism of formal schemes : 


1(Q)\T]@#,, xspr or, SPF Ox,)xG(As)/C  ShExsp7 on, Spf OF, 


i=1 
(6.19) 
Here Shé, is the p-adic completion of Shc. The group I ts an inner form of 
G, such that I(Qp) is the group J(Q,) defined above and I(A}) ~ G(A}). 
This defines the action of I(Q) used in forming the quotient above. 
The natural descent datum on the right hand side of (6.19) induces on the 
left hand side the natural descent datum on the first r factors multiplied with 
the action of g € G(Q,) on G(Ayx)/C defined by (6.49). 


Proof: By the general theorem 6.30 the left hand side of (6.19) with the 
descent datum given is. Agr/z: Xspf Oz, SPf Ox. Since the uniformiza- 
tion morphism is compatible with the Hecke operators it follows that the 
scheme theoretic closure of Shc in Ac» has the special fibre Z’. In fact, 
to see this it is enough to verify that G(A*) acts transitively on the con- 
nected components of limShc. Consider the map ¥ : G — F* x K* 
whose first component c is the multiplier and whose second component n 
is given by (3.52). The kernel is the derived group Ger and the image 
is a torus T. Since G4" is simply connected we have by Deligne [De], 
that 7o(Shc) = T+(Q) \ T(Ay)/7(C). Hence we only need to verify that 
T(A‘) acts transitively on to(Shc). This follows since T(Q) is dense in 
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T(R) x T(Qp). Indeed, for K* and F’™ in place of T this is well known. 
For T' itself we obtain it from the exact sequence 


1— FX— F*xkK* — T—1 


(f,k) > (fkk, fk?). 
O 


For the convenience of the reader we formulate separately a special case of 
the previous theorem. 


Corollary 6.51 Let (D,K,*,F,V,w) and the associated algebraic group G 
over Q be as in (6.37). We assume that the D-module V is of rank 1. We 
also assume that there is precisely one prime ideal p above p in F and that 
P=q:94,4F4q, splits in K. We assume that 


inivgD Vd 

invgD = -Il/d. 
We fix an embedding v: Q > Q,- Let ® be the CM-type of K such that 
under the identification (6.11) all elements of ® induce the place q of K 


above p. We fir an element a€ ®. We make the following assumption on 
the signature (cf. (6.37)) 


1 
0, c€ ®\ {a}. 


Toe 


le 


Let Sh be the assoctated Shimura variety which ts defined over the Shimura 
field E, cf. (6.37). Let Cy C G(Qp) be the unique mazimal compact 
subgroup and let C? C G(A‘) be a sufficiently small open compact sub- 
group. Then there is a model Shc of the Shimura variety of level C over 
Oz,. There is a H(G(A})//C)-equivariant isomorphism of p-adic formal 
schemes 


1(Q) \ (Qh, x spr or, Spf Ox,) x G(As)/C & ShO Xspp On, SPf Op, 
(6.20) 
Here I(Q) is the group of Q-rational points of an inner form of G such that 
I(Qp) = {(a,b) € GLa(Fp) x GLa(Fp)??; ab € Qy} and with I(A}) ~ 
G(A‘). We used a to identify Fp with Ey. The natural descent datum on 
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the right hand side induces on the left hand side the natural descent datum 
on the first factor multiplied with the action of 


g = (Il, p/ I~") € G(Qp) C Dy x DE, 


on G(A;)/C. Here Il ts a uniformizing element of Dg and f is the index 
of inertia of Fp. 


We note that C, C G(Qp,) is a normal subgroup under the assumptions 
of (6.51). Hence G(Q,) acts by right translation on the left hand side of 
(6.20). The reader checks that this is compatible with the action of G(Q,) 
on the general fibre of Shc. 
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